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NOTATION 


In the following definitions, the first number is the number of the chapter and the second 
number is the number of the section within that chapter. 


dim JC (X) (resp. dim Cf *(X)) dimension of a differential (resp. complex- 

analytic) manifold X at a point x: 16.1 

dim(X), dim c (X) dimension of a pure differential (resp. 

complex-analytic) manifold X: 16.1 

c | V restriction of a chart c to an open set V: 

16.1 

u(c ) image of a chart c under a homeomor- 

phism u : 16.2 

T^X) tangent space at a point x of a differential 

manifold X: 16.5 

0 C>JC , 0 C mapping of T x (X) onto R" induced by a 

chart c = (U, <p, n) at the point x: 16.5 

x x canonical mapping of T X (E) onto E, 

where E is a finite-dimensional affine 
space: 16.5 

T x {f) tangent linear mapping to / at the point 

x: 16.5 

rk x f rank of/ at the point x: 16.5 
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dj (resp. d x f) 

H ess x (/) 

X|r 

®c|R 

J X 

TJX)* 

d' x f,d>'f 

grad/(x) 

Jj(X, Y ) y , J£(X, Y), 
J*(X,Y) y ,J k (X,Y) 

m/) 

X x z Y 

GL(/i, R), GL(/z, C), GL(«, H) 
.y* h/f 1 

SL(/2, R), SL(/2, C) 
sk x ,h s x 


tf p , q (E), je( e ) 


0(0), 0(«, R), 0(/f) 

SO(«, R), SO (n) 

U(«), U(/i, C), U(»,H),U 


differential at the point x of the mapping f 
(resp. /) of X into a vector space (resp. 
into R): 16.5 

Hessian of/at the point x: 16.5 
differential manifold underlying a com¬ 
plex-analytic manifold X: 16.5 
mapping of T x (X| R ) onto R 2n , where X 
is a complex-analytic manifold of dimen¬ 
sion n : 16.5 

R-linear automorphism of the tangent 
space at x to a complex-analytic mani¬ 
fold, defined by multiplication by i : 16.5 
space of antilinear forms on the tangent 
space at x to a complex-analytic manifold 
X: 16.5 

C-linear and C-antilinear parts of d x f\ 
where / is a complex function on a 
complex-analytic manifold: 16.5 
gradient of /at the point x: 16.5, Prob¬ 
lem 7 

sets of jets of order k from X to Y: 16.5, 
Problem 9 

jet of order k of the mapping / at the 
point x: 16.5, Problem 9 
fiber-product of two manifolds X, Y over 
Z: 16.8, Problem 10 

general linear groups in n variables over 
R, C, H: 16.9 

actions of elements s, t of a Lie group G 
on a tangent vector h x at a point x e G: 
16.9 

special linear groups: 16.9 

s an element of a Lie group G, x a point 

of a manifold X on which G acts, h s a 

tangent vector to G at s , k x a tangent 

vector to X at x: 16.10 

spaces of quadratic (resp. hermitian) 

forms over a real (resp. complex or 

quaternionic) vector space E: 16.11 

orthogonal groups: 16.11 

rotation groups: 16.11 

unitary groups: 16.11 
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xi 


SU(n) 

special unitary group: 16.11 

S„, P (R), S n> p , S n> P (C), S n> „(H) 

Stiefel manifolds: 16.11 

G„, „(R), G„ p , G„ P (C), G„, P (H) 

Grassmannians: 16.11 

P„(R), P„(C), P„(H) 

projective spaces: 16.11 

SO(3>) 

rotation group: 16.11, Problem 4 

Sp(4>) 

symplectic group: 16.11, Problem 6 

B' x B X,/*(A) 

inverse image of a fiber bundle: 16.12 

f*(s) 

inverse image of a section: 16.12 

r(B', x) 

set of C“-sections of a bundle X over a 
submanifold B' of the base: 16.12 

X x B X' 

fiber-product of two bundles over B: 
16.12 

X x g F 

bundle associated with a principal bundle 
X (with group G), with fiber-type F: 
16.14 

x-y 

element of X x G F corresponding to 
xeX and ye F: 16.14 

h x y,xk y 

x a point of X, y a point of F, h x a 
tangent vector at x to X, k y a tangent 
vector at y to F: 16.14 

o,o E 

zero section of a vector bundle E: 16.15 


zero element of a fiber E b of a vector 
bundle E: 16.15 

rk fc (E) 

rank of a vector bundle E at a point b 
of the base manifold: 16.15 

T(M) 

tangent bundle of a differential manifold 


M: 16.15 


canonical projection of the tangent bun¬ 
dle T(M): 16.15 

AB;R) (resp. ^(B;C)), AB) 

algebra of real- (resp. complex-) valued 
C°°-functions on B: 16.15 

Mor(E, E') 

vector space of morphisms of E into E', 
where E and E' are vector bundles over 
the same base B: 16.15 

r(B, E), r(E) 

vector space of C “-sections of a vector 
bundle E over B: 16.15 

E' © E" 

direct sum (Whitney sum) of two vector 
bundles E', E" over B: 16.16 

s' © s' 

direct sum of a section s' of E' and a 
section s" of E": 16.16 

E' ® E" 

tensor product of two vector bundles E', 
E" over B: 16.16 
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s' <g) s" 

tensor product of a section s' of E' and 
a section s" of E": 16.16 

mE, E® m 

direct sum (tensor product) of m copies 

m 

of a vector bundle E: 16.16 

AE 

rath exterior power of a vector bundle E: 
16.16 

*lAS 2 A ••• A S m 

exterior product of m sections of E: 16.16 

m 

A« 

rath exterior power of a homomorphism 

0 

of vector bundles: 16.16 

E®°,AEJ 

trivial line-bundle: 16.16 

Hom(E', E") 

vector bundle of homomorphisms of a 
vector bundle E' into a vector bundle E": 
16.16 

E* 

dual of a vector bundle E: 16.16 

<s, s*>, <s*, s> 

s a section of E, s* a section of E*: 16.16 

'u 

transpose of a homomorphism u of vector 
bundles: 16.16 

Hom(z/, u") 

homomorphism of Hom(E', E") into 
Hom(F', F") corresponding to two vector 
bundle homomorphisms u'\ F'-»E', 
u": E"->F": 16.16 

U„,/R), U n> P (C) 

canonical vector bundle over G„ jP (R), 
(resp. G„ fP (C)): 16.16, Problem 1 

S m (E), A m (E) 

bundle of symmetric (antisymmetric) 
tensors of order ra over a vector bundle 
E: 16.17 

S m (E;,), A m (E(,) 

space of symmetric (antisymmetric) ten¬ 
sors of order ra over the fiber E fc : 16.17 

4 

contraction of the contravariant index j 
and the covariant index k: 16.18 

Tr(«) 

trace of an endomorphism u of a vector 
bundle: 16.18 

a 

antisymmetrization operator: 16.18 

S At 

p 

exterior product of a section of f\E 
q 

and a section of /\E: 16.18 

AE 

exterior algebra bundle of a vector 

w 

bundle E: 16.18 

AE* 

rath exterior power of the dual (= dual of 
the rath exterior power) of E: 16.18 

*(*)**> 4 • z* 

interior product of a section s of E and 



NOTATION xiii 


a section 2 * of /\E*: 16.18 


E(0 

complex vector bundle obtained by 
extension of scalars from a real vector 
bundle E: 16.18 

/*(E) 

inverse image of a vector bundle E: 16.19 

Tf(M) 

tensor bundle of type (p, q) over a mani¬ 
fold M: 16.20 

•T'(M) 

vector space of C°° tensor fields of type 
(p, q) on M: 16.20 

p, r(M), rf p (M) 

vector space of C°° real differential p- 
forms on M: 16.20 

df 

differential of a function / of class C 1 : 
16.20 

K x 

canonical differential 1-form on the co¬ 
tangent bundle T(X)*: 16.20 

'/(«), '/(*) 

inverse image under / of a p-form a 
and of a covariant tensor field Z: 16.20 

to' A B (*>", to' A «)", B(w, to) 

exterior products of vector-valued differ¬ 
ential forms relative to a bilinear mapping 
B: 16.20 

o(x) > 0 

v a differential 77 -form on an oriented 
manifold X: 16.21 


/ a submersion of X onto Y (oriented 
manifolds of dimensions n and m 9 
respectively), C y an / 77 -covector at the 
point y — /(x), (resp. v) an 77 -covector 
at the point x (resp. an /7-form): 16.21 

f u, f 0 , f o(x) 

J J x J x 

integral of an 77 -form v over an oriented 

manifold X of dimension n: 16.24 

-X 

X an oriented manifold: 16.24 

/ 

Y an oriented submanifold of dimension p 

Jy 

of the manifold X, a a p-form on X: 
16.24 


surface measure of the sphere 

16.24 

a 1 ’ 

integral along the fibers of a differential 


p-form a: 16.24, Problem 11 

X! #X 2 

connected sum of two connected manifolds 
of the same dimension: 16.26, Problem 15 

^x(X), ^(X,*) 

fundamental group: 16.27 
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rc„(X), 7t„(X, a) 
n n (X, A, a) 

/(U), ^c(U) 

<? W (U), ^c'(U) 
r (r) (u, E) 

//X), ^ r) (X) 
^(X;K),^>(X;K) 

2 p {X), 

&(X; K), @ (r) (X; K), 

®(X), ® Cr) (X) 

«** 

Taco 

% ■ T 

a(T) 

%{X), ®; W (X) 

3'(X), ^ ,(r) (X) 

<T, «>,<«, T> 

<T,/>, </,T),J/(x)^T(x) 
Supp(T) 

VT) 

*-,.loc(X) 

T, 

T/ 


/ 2 th homotopy group («^2): 16.30, 
Problem 3 

nth relative homotopy group: 16.30, 
Problem 4 

space of complex-valued C 00 -functions on 
the open set U: 17.1 

space of complex-valued C r -functions on 
the open set U: 17.1 

space of C r -sections of a vector bundle E 
over an open set U: 17.2 
space of C 00 (C r ) complex-valued differ¬ 
ential //-forms on X: 17.3 
the subspace of <f p (X) (<f£ r) (X)) consisting 
of //-forms with support contained in the 
compact set K: 17.3 

the union of the 0 P (X; K) (0< r) (X; K)) 
for all compact subsets K of X: 17.3 
particular cases of @ P (X; K), ^ ( P \X; K), 
0 p (X), & P \X) for // = 0: 17.3 
Dirac //-current defined by the tangent 
//-vector z x : 17.3 

T a //-current, co a differential #-form 
(ggp): 17.3 

T a //-current, Y a vector field: 17.3 
T a current, u a proper mapping: 17.3 
space of //-currents (//-currents of order 
gr) on X: 17.3 

space of distributions (distributions of 
order ^r) on X: 17.3 
T a //-current, a a differential //-form 
with compact support: 17.3 

T a distribution,/a function: 17.3 

support of a current T: 17.4 

inverse image of a current under a local 

diffeomorphism n: 17.4 

space of locally integrable (n — //)-forms 

on X: 17.5 

//-current defined by an (n — /z)-form /? on 
an oriented manifold: 17.5 
/ 2 -current defined by a scalar function /: 
17.5 
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T|, 0 

^-current defined by a distribution T, 
relative to an «-form v 0 : 17.5 

T/(=T /Bo ) 

distribution defined by a function / 
(relative to an «-form d 0 ): 17.5 

D V T 

derivative of order v (v = multi-index) of 
a distribution T e where U is an 

open set in R n : 17.5 

Y,Y X 

Heaviside’s function: 17.5 

Supp sing (T) 

singular support of a distribution T: 17.5 

*«(T) 

inverse image of a current under a sub¬ 
mersion: 17.5, Problem 8 

tr (/) 

value of the trace measure tr on a function 
/: 17.5, Problem 10 


space of real-valued C r differential p- 
forms on X: 17.6 

*'(U) 

space of distributions with compact 
support: 17.7 

7C(T) 

image of a compactly supported current 
T of order !gr — 1 under a C r mapping it: 
17.7 

<T, a> 

T a ^-current with compact support, a a 
differential/7-form: 17.8 

A 

Laplacian: 17.9 

Pf(r ? ) 

finite part of r c : 17.9 

Pf(A) 

finite part of x c + : 17.9 

distribution on R: 17.9 

□ 

d’Alembertian: 17.9 

Zc 

distribution on R n : 17.9 

P.V. (i),p.v.(^W) 

\Xf 

Cauchy principal value: 17.9, Problem 1 

S ® T 

tensor product of two distributions: 
17.10 


value of S ® T at/: 17.10 

T x * T 2 * • • • * T„ 

convolution of n distributions T } on a 
Lie group: 17.11 

f 

T a distribution on a Lie group: 17.11 

Diff(X) 

algebra of differential operators on X: 
17.13 

7>T 

P a differential operator, T a distribution : 
17.13 

o x 

Lie derivative relative to a vector field X: 
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[X, Y] 

da 

£T 

da 

d'a, d"a 

C 


rel c 


vu 

da 

r f 

r 

r 

t 

t 

<x, x*>, <x*, x> 

C E 

f U 

V 1 

% X 


17.14 

Lie bracket of two vector fields X, Y: 
17.14 

exterior differential of a ^-form a: 17.15 
boundary of a ^-current T: 17.15 
exterior differential of a vector-valued 
p-form a: 17.15 

C-linear and C-antilinear parts of da on 

a complex manifold: 17.15 

linear connection in a vector bundle: 

17.16 

horizontal lifting of a vector field relative 
to a connection C: 17.16 
covariant derivative of a mapping 6 of 
a manifold N into a vector bundle E, 
in the direction of a tangent vector h z 
to N, relative to a linear connection in E: 

17.17 

covariant differential of a tensor field U 
on M, relative to a linear connection on 
M: 17.18 

covariant exterior differential (relative 
to a linear connection on E) of a differ¬ 
ential p-form with values in E: 17.19 
curvature morphism relative to the 
mapping/: 17.20 

curvature morphism (or curvature) of a 
connection in a vector bundle E: 17.20 
curvature tensor of a connection in E: 

17.20 

torsion morphism of a connection on M: 

17.20 

torsion tensor of a connection on M: 

17.20 

x an element of a module, x* an element 
of its dual: A.9.1 

canonical mapping of a module E into 
its bidual: A.9.1 

transpose of a linear mapping: A.9.3 
contragradient of an isomorphism of one 
module onto another: A.9.3 
transpose of a matrix X: A.9.4 
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E!® a E 2 ®a’-® a E» 


E®", T"(E), Tg(E) 
T*(E)0>£0,^0) 

Tr(«) 
a • z 

s- z, a- z 

UAV 

m 

AE 


e H 

m 

A u 

Ae 

Zq —J U p + q 

i(x) 

Sp(E, B), Sp(n, K) 
z p z q 

S„(E) 

S(E) 

e a 

ad(a) 

ad g (x) 3 ad(x) 
Der(g) 


tensor product of linear mappings: A.10 
tensor product of finitely-generated free 
A-modules: A. 10.3 

nth tensor power of a finitely-generated 
free module: A. 11.1 

module of tensors of type (p, q): A. 11.1 
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and the covariant index j : A. 11.3 
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basis elements of /\ E: A. 13.3 
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A.13.4 

exterior algebra of a finitely-generated 

free A-module E: A.13.5 
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(P+q)~ form: A. 15.1 
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symplectic groups: A. 16.4 
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tensors: A.17.1 
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A.19.4 



CHAPTER XVI 


DIFFERENTIAL MANIFOLDS 


One of the dominant themes of modern mathematics may be described 
as “analysis on differential manifolds.” Of course, the word “analysis” 
is to be understood here in its widest sense; in it are inextricably blended a 
range and variety of concepts whose latent fertility would be stunted by 
confining them within the old and artificial divisions of algebra, geometry, 
and analysis in the classical sense of these words. 

The traditional domain of differential geometry, namely the study of 
curves and surfaces in three-dimensional space, was soon realized to be 
inadequate, particularly under the influence of mechanics. A solid body 
depends on six parameters, and a system of n points depends on }n parameters, 
in general connected by certain relations. It is therefore natural to represent 
such systems by points in a space R N (where N is any positive integer) re¬ 
stricted to lie on a “ submanifold ” of this space, defined by certain equations; 
and it is important to have available on such a “manifold” algorithms 
generalizing those of differential and integral calculus on open sets in R N , 
which were developed in Chapters VIII, X, and XIII (see [37], Introduction). 
This and the two following chapters are devoted to the development of such 
algorithms. 

The classical viewpoint in the differential study of surfaces consists in 
regarding them as embedded in the ambient space R 3 . This point of view can 
be generalized, and in fact there is no loss of generality in considering only 
differential manifolds embedded in R N (Section 16.25, Problem 2). In certain 
problems, such an embedding can be a useful device (Sections 16.25 and 
16.26). Nevertheless, this conception is patently artificial (for example, a 
sphere remains the same surface whether we embed it in R 3 or in R 4 ). More¬ 
over, the necessity of embedding every manifold in a space R N would be an 
intolerable constraint in relation to many operations which arise naturally 
on manifolds (for example, the formation of “orbit manifolds” (16.10.3)). 
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The first of the two fundamental notions which are developed in this 
Chapter is therefore the concept (which goes back to Gauss) of a differential 
manifold as an intrinsic object, independent of any adventitious embedding 
in a Euclidean space. The essential idea is that locally a differential manifold 
of dimension n can be identified with an open subset of R ff by means of a 
chart (16.1), and the structure of the manifold resides in the manner in which 
the charts are patched together. 

The property, for two mappings of R into R”, of being tangent at a point 
t 0 e R (8.1) is invariant under a differentiable change of variables in R or 
in R w . This fact makes it possible to define, for two differentiable mappings 
/, g of R into a differential manifold M of dimension «, the relation “/and g 
are tangent at a point t 0 e R” (which implies that f(t 0 ) = g(t 0 ) = x 0 e M). 
The equivalence classes for this relation (with / 0 and x 0 fixed) are no longer 
called “ derivatives” but tangent vectors to M at the point x 0 . They form in a 
natural way a real vector space T Xo (M) of dimension n , called the tangent 
vector space to M at the point x 0 (16.5). The fundamental difference, compared 
with analysis in vector spaces, is that the space T X (M) varies with x (whereas 
all the values of the derivative of a function with values in R" are considered 
as belonging to the same vector space). This variation of the tangent space 
may seem familiar, from the example of surfaces in R 3 ; unfortunately, geo¬ 
metric intuition here is misleading, because it suggests that the “tangent 
plane” also is embedded in R 3 . To see that one cannot arrive in this way at a 
correct conception of tangent vectors, it is enough to remark that a tangent 
vector at a point x of a surface S depends firstly on the two parameters which 
determine x , and then for each x on two more parameters which fix the 
vector in the tangent plane T X (S). The tangent vectors to S must therefore 
be considered as forming a/oar-dimensional manifold, which clearly cannot 
be embedded in R 3 . The notion which is appropriate here, and which enables 
us to “pull” the tangent vectors out of the ambient space, is the second 
fundamental idea in this chapter, that of a fiber bundle. In its various forms it 
dominates nowadays not only differential geometry, but all of topology 
(see [43] and [49]). 

This chapter is very long, and the greater part of it consists essentially of 
transcriptions : either in order to give intrinsic expression to properties (usually 
of a local nature) of mappings of one differential manifold into another, by 
reducing to the case of open sets in R" by means of charts; or in order to 
transpose to the context of vector bundles the elementary notions and results 
of linear and multilinear algebra. Apart from the theorem on the existence 
of orbit-manifolds (16.10.3) and its consequences, there is no substantial 
theorem before Section 16.21. The only aid to digestion of this accumulation 
of definitions and trivialities that I have been able to devise is to make the 
chapter yet longer, by inserting in the text and in the problems as many and 
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various examples as possible, in order to show the full richness of the ideas 
introduced. The, most important of these examples are connected with the 
notion of Lie group (which will be studied in greater depth in Chapters 
XIX and XXI) and the closely related notion of homogeneous spaces. It is a 
fact of experience that the most important manifolds in applications are 
homogeneous space (for example, the upper half-plane Jz> 0 is a homo¬ 
geneous space of the unimodular group SL(2, R)). From the fact that such 
a space can be put in the form G/H, one has algorithms available arising 
from the group structure of G; the precept of “lifting everything up to the 
group” has shown its validity in all studies of homogeneous spaces, and the 
reader will have many opportunities to see it in action. 

From Section 16.21 pnwards, we can at last begin to study some ele¬ 
mentary global questions on differential manifolds: orientation (16.21), 
integration on a manifold (16.22-16.24), elementary properties of approxi¬ 
mation and homotopy (16.25 and 16.26), and finally the theory of covering 
spaces, limited to differential manifolds (16.27-16.30). 


1. CHARTS, ATLASES, MANIFOLDS 

Let X be a topological space. A chart of X is a triplet c = (U, cp, n ), 4 
where U is an open set in X, n is an integer ^0, and cp is a homeomorphism 
of U onto an open set in R\ The integer n is called the dimension of the chart c , 
and the open set U is its domain of definition. If V is an open set contained in 
U, it is clear that the restriction <p | V is a homeomorphism of V onto an 
open set in R", and therefore c | V = (V, (p\ V, ri) is a chart, called the restric¬ 
tion of c to V. 

Consider two charts c = (U, cp, n) and c = (U, cp', n') of X with the 
same domain of definition U. They are said to be compatible if the two 
homeomorphisms 

cp'ocp- 1 : <p(U)-+(p'(U ), 

(p°<p'~ l : <Jo'(U)-*■ <KU) 

(called the transition homeomorphisms) are indefinitely differentiable (8.12). 
This implies that, for each xecp( U), the derivative D(<p' ° <p~ l ){x) is a 
bijective linear mapping of R" onto R"', hence n = n f . 

(16.1.1) For two charts (U ,(p,n) and (U, (p\ n) with the same domain of 
definition to be compatible , it is necessary and sufficient that (p f ° <p~ x should 
be an indefinitely differentiable bisection of cp( U) onto (p'(U) whose derivative 
D(cp' ° <p~ x ) has rank n at every point of <p(U). 
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The condition is clearly necessary, and the sufficiency follows from 
(10.2.5). 

Two arbitrary charts c = (U, cp , ri) and d = (U', cp\ ri) of X are said to be 
compatible if either U n U' =* 0 or the restrictions (U n U', (p\ (U n U'), ri) 
and (U n U', <p' |(Un U'), ri) of c and c' to U n U' are compatible. If c 
and d are compatible, then for each pair of open sets V c U and V' c U', 
the restrictions c|V and d |V' are compatible. 

An atlas of X is a set 21 of charts of X, each pair of which are compatible 
and whose domains of definition cover X. Two atlases 21, S of X are said 
to be compatible if 21 u S is an atlas of X, or equivalently if each chart in 21 
is compatible with each chart in S. 

(16.1.2) On the set of atlases ofX, the relation R: “21 and S are compatible ” 
is an equivalence relation . 

Reflexivity and symmetry are obvious; we have to prove that the relation 
is transitive. Let 2 l u 21 2 , 2t 3 be three atlases of X such that 2I X and 2t 2 
are compatible, and 2I 2 and 2l 3 compatible. We shall show that if c L = 
(U l5 <Pi 9 n t ) and c 3 = (U 3 , <p 3 , n 3 ) are charts belonging to 2l t and 2t 3 , 
respectively, then they are compatible. We may assume that Uj. n U 3 ^ 0 , 
or there is nothing to prove. If f l 9 f 3 are the restrictions of <p l9 (p 3 to U t n U 3 , 
it is clear that / 3 o ff 1 is a bijection of <Pi(U t n U 3 ) onto <p 3 (Ui n U 3 ). 
Moreover, for each x e Ui n U 3 , there is a chart c 2 = (U 2 , (p 2 , n 2 ) in 
2I 2 such that xeU 2 . If g u g 2 , g 3 are the restrictions of (p t , <p 2 , (p 3 to 
Uj n U 2 n U 3 , the hypothesis that 2l t and 2I 2 (resp. 2I 2 and 2I 3 ) are 
compatible implies that n x = n 2 (resp. n 2 = n 3 \ and (denoting the common 
value of n u n 2 , n 3 by ri) that g 2 °gl 1 (resp. g 3 o g' 1 ) is indefinitely differ¬ 
entiable with derivative of rank n at every point of <p x { U x n U 2 n U 3 ) 
(resp. p 2 (U, n U 2 n U 3 )). It follows that o g~ l = (g 3 og- 1 )* ( g 2 » g- 1 ) 
is indefinitely differentiable with derivative of rank n at every point of 
<Pi(Ui n U 2 n U 3 ) ((8.12.10) and (8.2.1)). This shows that / 3 o f ~ 1 is in¬ 
definitely differentiable and has derivative of rank n at every point of 
4 > 1 (U 1 n U 3 ). Hence the result, by (16.1.1). 

(16.1.3) It follows from (16.1.2) that the union of all the atlases of a given 
equivalence class is the largest atlas in this class. Such an atlas is said to be 
saturated. A chart which is compatible with all the charts in an atlas 91 
belongs to the saturated atlas of the equivalence class of 91. 

A differential manifold is by definition a separable metrizable topological 
space X on which is given an equivalence class of atlases (with respect to the 
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relation R) or, equivalently, a saturated atlas. The topological space X 
is called the underlying topological space of the differential manifold defined 
be a saturated atlas on X. 

If X is a differential manifold, an atlas ofX is any atlas in the equivalence 
class defining X, and a chart of X is any chart belonging to one of these 
atlases (or, equivalently, any chart belonging to the saturated atlas of X). 
If c = (U, <p, n ) is a chart on X, we say that c is a chart of X at a for each 
point aeU. The real-valued functions <p l = pr, o : U R (1 ^ i g n) are 
called coordinates in U (for the chart c). For each point ae U, we say that 
(<P f )i^n is a system of local coordinates at a, and the numbers q>\a) are the 
local coordinates of a for the chart c. 

Since all translations in R" are indefinitely differentiable, there always 
exists a chart (U, <p, n) of X at a point a e X such that q>(a) = 0. 

An atlas 91 on a separable metrizable space X defines a structure of 
differential manifold on X, namely that defined by the equivalence class 
of 91. 

(16.1.4) (i) A differential manifold is locally compact and locally connected , 
and every point has a neighborhood homeomorphic to a complete metric space . 
The set of (open) connected components of a differential manifold is at most 
denumerable , 

(ii) For each open covering (V a ) aeI of a differential manifold X, there 
exists a locally finite denumerable open covering (U„) which is finer than (V a ) 
and consists of relatively compact connected sets which are domains of definition 
of charts on X. 

Assertion (i) is an immediate consequence of the definitions (cf. (3.18.1), 
(3.19.1), and (3.20.16)) and of the fact that a differential manifold is separable. 
Since clearly there exists an open covering which is finer than (V a ) and con¬ 
sists of connected domains of definition of charts on X, assertion (ii) follows 
from (12.6.1) and from the fact that the restriction of a chart on X to an 
open set contained in its domain of definition is again a chart on X. 

When the differential manifold X is compact, the number of connected 
components is finite (because they form an open covering of X) and in (16.1.4, 
(ii)) we may take the covering (U w ) to be finite . 

(16.1.5) Let X be a differential manifold, x a point of X. Then for all the 
charts (U, cp , n) on X such that igU, the integer n is the same; it is called 
the dimension of X at the point x and is written dim x (X). Since dim y (X) = 
dim x (X) for all ye U, the function x i-> dim^X) is a continuous mapping of 
X into the discrete space N; hence it is constant on each connected component 
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of X (3.197). When xh->dim x (X) is constant over X, the manifold X is 
said to be pure. If X is pure and not empty, the common value of the numbers 
dim^X) is called the dimension of X, written dim(X). A pure differential 
manifold of dimension 1 (resp. 2) is often called a curve (resp. surface ); 
but these terms can lead to confusion, since they have several commonly 
accepted meanings. 


Remarks 


(16.1.6) (i) A separable metrizable space X is said to be a topological 
manifold if these exists a family of charts on X whose domains of definition 
cover X. The topological space underlying a differential manifold is therefore 
a topological manifold, but examples are known of compact topological 
manifolds which are not the underlying topological spaces of any differential 
manifold. 

(ii) If in the definition of compatible charts given above we replace 
“indefinitely differentiable” by “analytic” (9.3), we have the notion of 
real-analytically compatible charts. A real-analytic atlas on a topological 
space X is a set of charts each pair of which are real-analytically compatible 
and whose domains of definition cover X. The notion of “real-analytic 
compatibility” for two such atlases is defined as above, and (16.1.2) extends 
immediately to this new definition, by virtue of (9.3.2). A real-analytic 
manifold is then a separable metrizable space endowed with an equivalence 
class of real-analytic atlases. Since a real-analytic atlas is an atlas and since 
analytically compatible atlases are compatible, it follows that the analytic 
atlases of a real-analytic manifold X define on X a structure of differentiable 
manifold, called the differential manifold underlying the analytic manifold X. 

(iii) We can also replace R" by C n in all the definitions: in this way we 
define a complex-analytic atlas and a complex-analytic manifold. A complex- 
analytic atlas of a complex-analytic manifold X is also a real-analytic atlas, 
hence defines on X a structure of a real-analytic manifold, called the real- 
analytic manifold underlying the complex-analytic manifold X. 

If is a system of (complex) local coordinates at a point a of a 

complex-analytic manifold X, the 2n real-valued functions &<p j and J<p j 
(1 n) form a system of local coordinates at the point a for the real- 
analytic manifold underlying X. If at a point xeX the dimension of the 
complex- analytic manifold X (written dim Cx (X)) is n 9 then the dimension 
at x of the underlying real-analytic manifold is In. If X is a pure manifold, 
the common value of the numbers dim C jc (X) is written dim c (X) and called 
the (complex) dimension of X. 
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A Riemann surface is a pure complex-analytic manifold of dimension 1 
(so that the underlying real analytic manifold has dimension 2). 

In this book we shall not study the general theory of analytic manifolds; 
we shall merely mention, from time to time, the existence of analytic struc¬ 
tures which arise naturally on certain differential manifolds (see [7], [17], 
[18], [19], [39], [41], [42], [45]). 


PROBLEMS 


1. Let X be the subspace of R 3 consisting of the points (*i, x 2 , * 3 ) satisfying jc| = x\ 4- x\ 
(a cone of revolution). Show that X is not a topological manifold. (Consider the con¬ 
nected components of V — {*}, where V is an open neighborhood of a point x eX.) 

2. The differential manifolds defined in the text are also called “ C "-manifolds,” and 
topological manifolds (16.1.6) are also called “ C°-manifolds.” Define in the same way, 
for each integer r 1, C r -mantfolds, by replacing in the definition of differential mani¬ 
folds the phrase “indefinitely differentiable” by “r times continuously differentiable.” 
Examine the validity for C r -manifolds of the properties proved in the text. 


2. EXAMPLES OF DIFFERENTIAL MANIFOLDS: DIFFEOMORPHISMS 

(16.2.1) On any (at most denumerable) discrete space X there is a unique 
structure of a pure differential manifold of dimension 0. If (x„) is the sequence 
of points of X, the charts are the triplets ({*„}, cp n9 0) where <p n is the unique 
mapping of {x„} onto R° = {0}. 

(16.2.2) Let E be a real vector space of finite dimension n , endowed with 
the unique Hausdorff topology compatible with its vector space structure 

(12.13.2) . Let cp: E R" be a bijective linear mapping. The triplet c — (E, q>, n) 
is a chart and SSL = {c} is an atlas. Moreover, if <p* is another bijective linear 
mapping of E onto R”, then cp' o <p _1 is a linear bijection of R n onto itself, 
hence is indefinitely differentiable (indeed analytic). The equivalence class 
of the atlas is therefore independent of the choice of the linear bijection cp. 
In future, whenever we consider a finite-dimensional vector space E as a 
differential or analytic manifold, it is always the structure (called canonical ) 
defined by this equivalence class that is to be understood, unless the contrary 
is expressly stated. E is a pure manifold of dimension n. 

(16.2.3) Let (e^o^,, be the canonical basis of the space R w+1 , and let us 
identify R” with the hyperplane spanned by e l5 ..., e„. Let (x|y) be the 
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usual scalar product on R" +1 , such that (e f |e 7 .) = <5 l7 (Kronecker delta), 
and ||x|| the corresponding norm (6.2). The sphere whose equation is ||x|| = 1 
relative to this norm is denoted by S„ and is called the “ Euclidean unit sphere 
of dimension n, ” considered as a subspace of R" +1 . We shall define on S„ 
a structure of a pure real-analytic manifold of dimension n. To do this, we 
associate with each point x # e 0 of S M with coordinates (0 ^ i ^ n) the 
point y where the line through e 0 and x meets the hyperplane R". A simple 
calculation gives 

ry = (l-^)" 1 (x~^e 0 ), 

(16.2.3.1) ||y|| 2 - 1 2 

r = IyF+7 e ° + !yF+T y ’ 

and consequently these formulas define a homeomorphism 

<Pt* — {e 0 } R" 

called sterographic projection with pole e 0 . In the same way we define the 
stereographic projection 

<Pi : S n — { — e 0 }R" 
with pole - e 0 , such that for x ^ — e 0 

(16.2.3.2) <p 2 (x) = (1 + ^°) -1 (x - £°e 0 ). 

We have thus defined two charts 

A = (S„ - (e 0 >, <p lt n), c 2 = (S„ - {- e 0 }, <p 2 , n). 

Let us show that they are analytically compatible. For each y # 0 in R" 
we have, by (16.2.3.1) and (1 6.23.2), 

(16-2.3.3) 

and since 

<M(S„ - {e 0 }) n (S„ - {-e 0 })) = cp 2 ((S n - {e 0 }) n (S„ - {-e 0 })) 

= R" - {0}, 

n 

this proves our assertion, since ||y|| 2 = £ (rj 1 ) 2 is a polynomial. Since 

i = 1 

S„ — {e 0 } and S„ — {— e 0 } cover S„, we have defined an analytic atlas 91 = 
(c l5 c 2 } on S„. In future, whenever we speak of S„ as a manifold (analytic 
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or differential), it is always the structure defined by the equivalence class of 
the atlas 91 that is meant (cf. (16.2.7)), unless the contrary is expressly stated. 
The differential manifold S„ so defined is compact , since it is a bounded 
closed subset of R n+1 ((3.15.1), (3.17.3), (3.17.6), and (3.20.16)) and connected 
if 1 by virtue of (3.19.2). We remark that, since a nonempty open set 
in R n cannot be compact if n ^ 1, an atlas of a nondiscrete compact manifold 
contains at least two charts (cf. Problem 5). 

(16.2.4) Let X be a differential manifold, 91 an atlas of X, and Y an open 
set in X. We have seen (16.1) that the restrictions to Y of any two charts c , 
c f belonging to 91 are compatible. Hence, as c runs through 91, the restric¬ 
tions c|Y form an atlas on Y, called the restriction of 91 to Y, and written 
911Y. Moreover, the equivalence class of 91 |Y depends only on that of 91, 
and therefore defines on Y a structure of a differential manifold depending 
only on that of X. This structure on Y is said to be induced by that on X. 
Here again, whenever we consider an open subset Y of a differential manifold 
as a differential manifold, it is always the induced structure that is meant. 
If Y is an open set in R n , then (Y, 1 Y , n) is a chart on Y, called the canonical 
chart. 

(16.2.5) Let X be a separable metrizable space and (X a ) aeI an open covering 
of X. Suppose we are given on each X a a structure of a differential manifold 
in such a way that for each pair (a, p) the structures of differential manifold 
induced on the open set X a n X p by those on X a and X fi (16.2.4) are the 
same. It then follows immediately from the definitions that if 9l a is an atlas 
of X a and 91 the union of the 9I a , then 91 is an atlas of X, whose equivalence 
class depends only on those of the 9l a . The structure of differential manifold 
on X defined by 91 is said to be obtained by patching together the differential 
manifolds X a ; it is clear that it induces on each X a the given structure of 
differential manifold. 

(16.2.6) Let X be a differential manifold, X' a topological space, u : X X' 
a homeomorphism of X onto X'. For each chart c == (U, (p , n) of X, the 
triplet (w(U), <p ° w“\ n) is a chart on X', which we denote by u(c). If c 
and c' = (IF, <p\ n') are compatible, then so are u(c) and u(c'), because 
(<p f o i/- 1 ) o (cp o w" 1 )" 1 — o (p~ l . As c runs through the saturated atlas 
of charts on X, the u(c) from a saturated atlas of X', defining a structure of 
differential manifold, which is said to be obtained by transporting the structure 
on X by means of the homeomorphism u. 

If X, Y are two differential manifolds, a mapping u:X-* Y is a diffeo- 
morphism (or an isomorphism of differential manifolds) if w is a homeo¬ 
morphism and if the structure of differential manifold on Y is the same as 
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that obtained by transporting the structure on X by means of w. Two differ¬ 
ential manifolds X, Y are said to be diffeomorphic if there exists a diffeo- 
morphism of X onto Y. 

Remarks 

(16.2.7) Consider the real line R, endowed with its canonical structure of 
differential manifold (16.2.2), and let u be the real-valued function such that 
u(t) - t for t S 0, and u(t) — 21 for t ^ 0. It is clear that u is a homeomor- 
phism of R onto itself (4.2.2), and we may therefore endow R with the struc¬ 
ture of differential manifold defined by the single chart u(c), where c = 
(R, 1 R , 1) is the single chart defining the canonical structure. Since u is not 
differentiable at the point t = 0, the charts c and u(c) are not compatible. 
If X x and X 2 are the differential manifolds defined on the underlying space 
R by c and u(c ), respectively, then u is a diffeomorphism of X t onto X 2 , 
and we have therefore defined on R two distinct (but isomorphic) structures 
of differential manifold. In other words, the identity mapping 1 R is not a 
diffeomorphism of X* onto X 2 . 

It can be shown that, for certain values of n ^ 7, there exist on the topo¬ 
logical space S w several nonisomorphic structures of differential manifold, 
having the same underlying topology. 

It can also be shown that the only connected differential manifolds of 
dimension 1 are (up to diffeomorphism) R and Si (Problem 6). 

(16.2.8) Let X be a differential manifold, X' a set, w:X->X' a bijection 
of X onto X'. We can begin by transporting the topology of X to X' by means 
of w, by defining the open sets in X' to be the images under u of the open sets 
in X. Since u then becomes a homeomorphism of X onto X' we can transport 
to X' (again by means of u) the structure of differential manifold on X, as 
explained in (16.2.6). 


PROBLEMS 


1. Show that the space T" = R"/Z" (12.11) is endowed with a structure of real-analytic 
manifold for which there exists an atlas of n + 1 charts whose images are translations in 
R" of the open cube I", where I = ]0,1[ (cf. (16.10.6)). 

2. (a) Let K be a compact subset of R” and B a closed ball whose interior contains K. 
Show that for each e > 0 there exists a homeomorphism / of R" onto itself, such that 
fix) = x for all * £ B and such that the diameter of f(K) is e. (We may assume that 
0 is the center of B; take/to be of the form f(x) = *<p(||;c||), where cp is a suitably chosen 
real-valued function.) 
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(b) Let W be an open set in R" and a a point of W. Show that, for each open ball B 
with center a contained in W, there exists a homeomorphism of W onto an open neigh¬ 
borhood of a contained in B, which coincides with the identity on a neighborhood of a 
(same method). 

3. Let X be a metrizable space and A a compact subset of X such that there exists a 
fundamental system (V*) of relatively compact open neighborhoods of A which are all 
homeomorphic to R". In these conditions, the space X/A (Section 12.5, Problem 10) 
is homeomorphic to X; moreover, for each relatively compact neighborhood U of A, 
there exists a homeomorphism h of X/A onto X such that, if tt : X X/A is the can¬ 
onical mapping, h ° n coincides with l x onX-U. (We may restrict ourselves to the 
case where U = Vx, and V fc+1 V*. Using Problem 2(a) and (3.16.5), show that there 
exists a sequence ( g k ) of homeomorphisms of X onto itself with the following properties: 
(i) = 1 x ; (ii) g k + 1 agrees with g k on a neighborhood of X — V*; (iii) the diameter 

> of 0 fc (V*) is ^Mk. Deduce that the sequence (g k ) converges uniformly to a continuous 
mapping g of X into itself such that g( A) is a single point, and show that g factorizes 
into h o 7r; h is the required mapping.) 


4. Let A be a compact subset of R", and suppose that there exists a homeomorphism h of 
R"/A onto an open set W in R" such that, if tt : R" -> R"/A is the canonical mapping, 
we have /r(7r(A)) = {a}. Show that there exists a fundamental system (V*) of relatively 
compact open neighborhoods of A which are homeomorphic to R". (Using Problem 
2(b), show that there exists a fundamental sequence (U k ) of relatively compact open 
neighborhoods of a in R", and for each k a homeomorphism f k of W onto U*, which 
coincides with 1 R « on a neighborhood of a. Take V* — 7r~ 1 (h~ 1 ( U*)), and show that 
there exists a homeomorphism g k of R M onto V* which coincides with 1 R « on a neigh¬ 
borhood of A and is such that h ° tt o g k = f k o h ° tt.) 

5. Let M be a compact connected metrizable space which has an open covering consisting 
of two subspaces X, Y each homeomorphic to R". Then M is homeomorphic to S„ 
(. Morton Brown's theorem). (If A = M — Y X, observe that M/A is homeomorphic to 
S„, hence X/A is homeomorphic to an open set in R”; then apply Problems 3 and 4.) 

6. Let X be a connected differential manifold of dimension 1. Then there exists an atlas 
((U fc , <p k , 1)), where the <p k (U*) are open intervals in R, such that (U fc ) is an at most 
denumerable locally finite covering of X by relatively compact open sets, and such that 
<p k extends to a homeomorphism of an open neighborhood of O fc onto an open interval 
in R. 

(a) Suppose that U/,nU^0 but that neither of U h , U k is contained in the other. 
Show that there are just two possibilities: 

(a) <p/,(U* n U*) is an interval, one of whose endpoints is also an endpoint of <p h ( U h ), 
and <p k QJ h n U*) is an interval, one of whose endpoints is also an endpoint of 
9*(U*); 

0) 9>f«(U h n U*) is the union of two disjoint intervals, each of which has an endpoint 
which is also an endpoint of ^(U*), and likewise for <p k (\J h n U*) and <p*(U fc ). In 
this case (j8), show that every other U, is contained in U„ u U fc and that X is diffeo- 
morphic to S t . 
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(b) Deduce from (a) that X is diffeomorphic to either R or Si. (Assume that X is not 
diffeomorphic to S x , that each U fc+i intersects Ui u ••■uU t and that neither of these 
two sets is contained in the other. Using (a) and induction, construct a diffeomorphism 
f k of Ux u *• • v U* onto an open set in R, such that f k+1 extends./*.) 


3. DIFFERENTIABLE MAPPINGS 

Let X, Y be two differential manifolds. For each integer p ^ 0, a mapping 
/: X-+ Y is said to be p times continuously differentiable (resp. indefinitely 
differentiable ) if / is continuous on X and satisfies the following condition: 
for each pair of charts (U, cp , n) and (V, i p, m) of X and Y, respectively, 
such that /(U)c: V, the mapping 

F = iA°(/|U)o< ?? - 1 : cp( U)->iKV) 

(which is called the local expression of / for the charts under consideration) 
is p times continuously differentiable (resp. indefinitely differentiable) (8.12). 
(For p = 0 we make the convention that the derivative of order 0 of F is F 
itself.) 

(16.3.1) For a mapping /: X -> Y to be p times continuously differentiable 
(resp. indefinitely differentiable ) it is necessary and sufficient that for each 
x 0 eX there exists a chart (U, (p, n) ofX , a chart (V, \j/ 9 m) of Y and a mapping 
F: (p{ U) -> \l/(V) which is p times continuously differentiable (resp. indefinitely 
differentiable ), such that x 0 e U, f(x 0 ) e V and such that /|U = xj/~ 1 ° F o 

The condition is clearly necessary. Conversely, suppose that it is satisfied. 
Clearly it implies that / is continuous on X. Let (U', n') and (V', \j/ f , m') 

be charts of X and Y, respectively, such that/(U')cz V'. We have to show that 
*A'°(/|U')°<P''~ 1 satisfies the appropriate differentiability condition. For 
each Xq e U', let (U, (p , «), (V, m), and F be two charts and a mapping 

satisfying the conditions of the proposition. Then first of all we have n = n' 
and m = m\ because x 0 eUnU' and f{x Q ) e V n V'. Replacing U and U' 
by Un U', and V and V' by V n V', we may assume that U = U' and 
V = V'. However, then we have 

0 (/| U) o q >'- 1 = (xj/' o xjj” 1 ) o F o (<p o ^ /_1 ) 

and the result follows from the definition of compatible charts (16.1) and 
from (8.12.10). 

In the notation of (16.3.1), if z == (C)i^n e <p(U), the local expression 
F of / is of the form 

f(z) = f(c\ ..., n = (f^ 1 , ..., n F m (c\..., o) 



where the F j (1 <>j ^ m) are scalar functions defined on (p( U); to say that 
F is p times continuously differentiable (resp. indefinitely differentiable) 
means that the F* 7 have this property (8.12.6). If (<p l ), (i p J ) are coordinates in 
U, V, respectively (16.1), we have 

(16.3.1.1) r(f{x)) = F J ((p 1 (x),<p n (x)) (1 g m) 

for all xg U. The F J (1 Sj S m ) are said to constitute the local expression 
of / for the given charts. 

A p times continuously differentiable (resp. indefinitely differentiable) 
mapping is also called a mapping of class C p (resp. a mapping of class C 00 , 
or a morphism of differential manifolds). A mapping of class C p (resp. C 00 ) 
into R is also called (if there is no risk of confusion) a function of class C p 
(resp. of class C 00 ) defined on X. 

It is clear that a mapping of class C p (where p is an integer or oo) is 
also of class C* for all q < p. 

(16.3.2) The sum and product of two functions of class C p on X are functions 
of class C p . If f is a function of class C p such that f(x)^ 0 for all xeX, then 
l If is a function of class C p . 

This follows from (8.12.9), (8.12.10), and (8.12.11). 

(16.3.3) (i) Let X, Y, Z be three differential manifolds and /:X-+ Y, 
g : Y -* Z two mappings. If f and g are of class C p (p an integer or oo), then so 
is g °f 

(ii) For a mapping /: X -» Y to be a diffeomorphism of X onto Y it is 
necessary and sufficient that f be bijective and that f and /“ 1 be of class C 00 . 

(i) Let x g X and let (U, a, a) and (V, ft, b) be charts on X and Y, 
respectively, such that xeU, /(x)gV and /|U = /i” 1 of x © a, where f x 
is of class C p . Likewise, let (V', /?', b') and (W, y, c) be charts on Y and Z, 
respectively, such that f(x) g V', g(f(x)) g W and g\ V' = y" 1 o g t o /?', where 
g x is of class C p . Replacing V and V' by V n V', and U by f"~ 1 (Y n V'), 
we may assume that V' = V, from which it follows that b' = b. We have then 

(9 °/)l U = y~ l o (g x o (/?' o f}~ 1 ) of^) o a, 

and the result now follows from the definition of compatible charts and 
from (8.12.10). 

(ii) The necessity of the condition is an immediate consequence of the 
definitions. To prove the sufficiency it is enough to show, for each chart 
c = (U, (p, n) on X, if we put / x =/|U, that f{c) = (/(U), (p °/T\ n) is a 
chart on Y. Since / is a homeomorphism, it is clear first of all that f(c) is a 
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chart of the topological space Y, and it is enough to show that it is compatible 
with every chart c f = (Y, m) of the manifold Y (16.1). We may assume that 
V =/(U), and then it follows from the definition of morphisms and from the 
hypotheses that xj/° ((p ofi 1 )’ 1 = ifr °fi ° (p' 1 and (cp °/f*) ° i]/' 1 are 
indefinitely differentiable. Hence the result. 


Examples 

(16.3.4) (i) When X and Y are open subsets of finite-dimensional real 
vector spaces, the definition of a mapping of class C p (p an integer or oo) 
agrees with that of (8.12), by virtue of (16.2.2). If X is any differential mani¬ 
fold and (U, (p , n) is any chart on X, then cp is a diffeomorphism of U onto 
the open set <p(U) in R". Conversely, every diffeomorphism cp of an open set 
U in X onto an open set cp( U) in R” defines a chart (U, <p, n ) on X. 

If Y is an open subset of a differential manifold X, the canonical injection 
of Y into X is a mapping of class C 00 . 

(ii) The mapping 


(16.3.4.1) 


/:xh 


2x 

i - M 2 


is a diffeomorphism ofthe open ball B: ||x|| < 1 inR”(||x|| being the Euclidean 
norm (16.2.3)) onto R". The inverse diffeomorphism is 


(16.3.4.2) 


The mapping 
(16.3.4.3) 


/ -y^ 


_y_ 

i+(i + lly|| 2 ) 1/2 ‘ 


g:xy 


x 

wF 


is a diffeomorphism of the exterior ||x|| > 1 of B onto the complement of 
{0} in B. The composition fog is therefore a diffeomorphism of the exterior 
of B onto R" - {0}. 

(iii) For the two manifolds X t , X 2 defined in (16.2.7), both of which have 
R as underlying space, the identity map 1 R is not of class C 1 , whether con¬ 
sidered as a mapping from X! to X 2 or from X 2 to X v If v is the real-valued 
function t\-*t 3 (which is a homeomorphism of R onto itself) and if we endow 
R with the structure of differential manifold defined by the single chart 
v(c\ we obtain a differential manifold X 3 again having R as underlying 
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space and distinct from both X t and X 2 . This time, the mapping 1 R , con¬ 
sidered as a mapping from X t to X 3 , is of class C 00 but is not a diffeomor- 
phism, since the inverse mapping is not even of class C 1 . 

Remark 

(16.3.5) If in the definition of a mapping of class C 00 we replace differential 
manifolds by real-analytic (resp. complex-analytic) manifolds, and indefin¬ 
itely differentiable mappings of open sets of R" (resp. C") into R m (resp. C m ) 
by analytic mappings (9.3), we arrive at the definition of an analytic mapping 
of one real-analytic (resp. complex-analytic) manifold into another. In the 
complex case, such mappings are also called holomorphic. We leave to the 
reader the task of formulating for such mappings the analogues of the proposi¬ 
tions of this section. 


PROBLEMS 


1. Let X be a pure differential manifold (resp. a real-analytic manifold, resp. a complex- 
analytic manifold) of dimension n. For each open set U X, let ^(U) be the set of 
C 00 -mappings of U into R (resp. real-analytic mappings of U into R, resp. complex- 
analytic mappings of U into C). Show that the sets ^(U) have the following properties: 

(a) For each open set VcU, the restrictions to V of the functions/e ^(U) belong 
to ^(V). 

(b) For each open set U c X and each covering (U«) of U by open sets contained in 
U, if a function/defined on U is such that/|U a e ^(U«) for each a, then / e ^(XJ). 

(c) For each point xeX, there exists a homeomorphism u of an open neighborhood 
U of x onto an open set in R B (resp. R", resp. C n ) such that, for each open set VcU, 
.^(V) is the set of all functions of the form g ° u where g runs through the set of C °°- 
mappings of «(U) into R (resp. real-analytic mappings of w(U) into R, resp. complex- 
analytic mappings of «(U) into C). 

Conversely, let X be a separable metrizable space and suppose we are given, for each 
open set U in X, a set ^(U) with the above properties. Show that there exists a unique 
structure of differential manifold (resp. real-analytic manifold, resp. complex-analytic 
manifold) on X for which ^(U) is the set of C°°-mappings of U into R (resp. real- 
analytic mappings of U into R, resp. complex-analytic mappings of u into C) for each 
open set U in x. (Observe that, if u = (w 1 ,..., u J ), the functions u J belong to ^(U).) 

2. In C, considered as a complex-analytic manifold, every nonempty simply connected 
open set other than C is isomorphic to the unit disk \z\ <1, and the latter is not iso¬ 
morphic to C. Hence there are two classes of simply connected nonempty open sets 
with respect to the relation of isomorphism (Section 10.3, Problem 4). Deduce that in 
the plane R 2 any two simply connected nonempty open sets are diffeomorphic. Give 
an example of two nonisomorphic complex-analytic manifolds having the same 
underlying structure of differential manifold. 
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3. (a) Let X, Y be two connected real-analytic (resp. complex-analytic) manifolds and/, g 
two analytic mappings of X into Y. Show that if there exists a nonempty open set 
U c X on which/and g agree, then /= g (9.4.2). 

(b) Let X be a connected complex analytic manifold and let / be a holomorphic 
complex-valued function on X, not identically zero. Show that the set of points x e X 
such that f{x) ^ 0 is a connected dense open set. (If a , b are two points of X, show that 
there exists a sequence (cdozi&n of points of X such that c 0 = a, c n = b and such that 
for each * = 0,1, 1, the points c t and c i+i both belong to the domain of defini¬ 

tion U of a chart (U, <p, n), where <p(U) is the polydisk \zj | < 1 (1 tkj ^ n) in C 1 .) 

4. Give an example of two distinct structures of real-analytic manifold on R (resp. two 
distinct structures of complex-analytic manifold on C) which are isomorphic and have 
as underlying structure of differential manifold the canonical structure (16.2.2). 

5. Let X be a compact metrizable space and let B be a Banach subalgebra of & C QQ which 
is a Dirichlet algebra (Section 15.3, Problem 9(c)). Let xo be a character of B and let fi 
be the unique representative measure of %o • Let P <= X(B) be the Gleason part of xo 
(Section 15.3, Problem 18). For each character A e P, the unique representative measure 
of A can be written ift x • /x, where ifj x and 1 /ifj x are bounded in measure (relative to /x) 
(Section 15.3, Problem 19). For each function fe 3^ 2 {g) (Section 15.3, Problem 15) 

put/(A) = J/^r A d(ji. If/, g e JT 2 (/x), we have/(A)#(A) = J fgijj k dfi (Section 15.3, Problem 
13(f)). If zlsofg e ^f 2 (fx), then fg e 2f 2 ig) (Section 15.3, Problem 15). 

(a) Suppose that P does not consist of the single point xo > and let xi G P be distinct 
from xo • The set C ^Jf 2 (g) of functions / such that fix i) = 0 is of the form q^ 2 (g) 
where qeC is such that \q\ = 1 on X (Section 15.3, Problem 15(c)). Show that 
|<y(A)| < 1 for all A e P. (If not, q would be almost everywhere equal to a constant, 
which would contradict the relation <?(xi) = 0.) 

(b) Put U- f=q~ 1 {f—f(x i)) for fe 34? 2 (g). Then U is a continuous linear mapping 

of g^ 2 (g) into itself. Show that there exists a constant p such that || U n \\ ^ for all 
integers n ^ 1. (Calculate the norm of U considered as an operator on J^ 2 (/Xi), where 
fxi = i/f zl * jtx is the representative measure of xi, and show that this norm is <H.) 
Deduce that, for each /e and each integer n ^ 1, we have 

l(tf"*/)(A)| ^ • N 2 (/)N 2 (i/f A ) 
for all A e P. Deduce that the function 


/(Z)= t 

n= 0 

is holomorphic in the disk \z\ < 1 and that 

/(A) =/(<?(A)) 

for all A e P. (Observe that /== ^ ( U k -f)(xi)q k + ( U n * f)q n .) 

fc = 0 

(c) Iff g, and fg are all in #f 2 ig), show that for all integers «1 we have 
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(Multiply together the expressions for / and g in terms of the U k • / and U k * g used in 
(b).) Deduce that fg = ( fg ) A . 

(d) Show that the mapping Ai— >q(\) is a bijection of Ponto the unit disk \z\ < 1. (Use 

(a) to show that q( Ai) = q(\ 2 ) implies A x = A 2 . By virtue of (c), for each z 0 in the unit 
disk, /V- ►/(z 0 ) is a character A 0 eX(B). To show that A 0 e P, observe that if z x , z 2 are 
two points of the disk \z\ < 1, there exists a constant c < 2 such that | F(zi) — F(z 2 ) | 5^ c 
for every holomorphic function F such that | F(z) | ^ 1 at all points of the disk. Finally, 
by passing to the limit in show that we have/(A 0 ) = /(z 0 ) for all /e Jf 2 (fi), and in 

particular for /= q.) 

(e) Let 9 be the inverse of the mapping Ah-> q( A). Show that 9 is continuous on the 
disk |z( < 1 . (Argue by contradiction: observe, by using the compactness ofX(B), that 
if <p were not continuous at a point z 0 there would exist a character x eX(B) distinct 
from 9 (z 0 ) and such that fix) = f(<p{z 0 )) for all fe B, by remarking that /° 9 is con¬ 
tinuous.) 

The set P is therefore endowed with a structure of complex-analytic manifold. 


4. DIFFERENTIABLE PARTITIONS OF UNITY 

The following proposition is a sharpening of (12.6.3) for differential 
manifolds: 

(16.4.1) ff ( A„) is an at most denumerable locally finite open covering of a 
differential manifold X, there exists a partition of unity (/„) on X subordinate 
to (A„) and consisting offunctions of class C 00 . 

We shall apply the remark (12.6.5) to the set 3F of functions of class C 00 
on X; since the properties (2) and (3) in this remark follow from (16.3.2), 
we have only to establish property (1). The proof of this consists of several 
steps. 

(16.4.1.1) For each integer nfitO, we have lim J“V= + 00 . 

*-> + 00 

For it follows from the power-series expansion of e % that e % ^ t n+1 f(n + 1)! 
for t ^ 0. 

(16.4.1.2) The function h : R R defined by 

( 16 . 4 . 1 . 3 ) % 


0 , 
t > 0 


is indefinitely differentiable. 



18 XVI DIFFERENTIAL MANIFOLDS 


For it is easily shown (8.8) by induction on n that for t > 0 we have 
D"A(0 = exp(—r 2 ) 

where P„ is a polynomial; hence lim t~ l D"h(t) = 0 by (16.4.1.1). This 

t-+0, t>0 

proves (16.4.1.2) by induction on n. 

(16.4.1.4) Let I be the interval [—1, +1] in R. There exists a function g of 
class C°° on R" which is >0 in the interior of K = P, zero on the exterior of 
K, and such that 

g{t l ,...,t n )dt i dt„ = 1. 

Put h 0 (t) = h( 1 + 0^(1 — where h is the function defined by (16.4.1.3). 
Then we may take g(t l9 ..., t n ) = ch 0 (t 1 ) • * * h 0 (t n ) with a suitable constant c. 

(16.4.1.5) End of the proof Let M be a compact subset of X, and N a closed 

subset of X such that M n N = 0. For each xeM, there exists a chart 
(U x , (p x , n x ) such that xeU x ,U x riN = 0, (p x (U x ) => F and <p x (x) = 0. The 
real-valued function f x which is equal to g ° <p x on U x and 0 on the complement 
of U x is of class C 00 and is >0 on V x = which is an open neighbor¬ 

hood of x. We can cover M by a finite number of such neighborhoods V Xi ; 
the function £/ x . is of class C 00 , vanishes everywhere on N and is >0 every- 

i 

where on M. If a = inf £/*,(*), we have a > 0 (3.17.10), and the function 

xe M i 

f = d~ l Yf Xi satisfies condition (1) of (12.6.5). 

i 



(16.4.2) Let X be a differential manifold , K a compact subset of X, and 

a finite covering of K by open subsets ofX. Then there exist m 
functions f k of class C 00 on X with values in the interval [0, 1] such that 
Supp(/*) cA k for 1 Sk^m, ^fk( x ) = 1 for all xe K and Yfk( x ) ^ 1 for 

all x e X. 

This follows from the preceding result and from (12.6.5) and (12.6.4). 

(16.4.3) Let X be a differential manifold , F a closed subset of X, and g a 
mapping of F into R. Suppose that, for each x e F, there exists an open neigh¬ 
borhood V x of x in X and a function f x of class C r (r an integer or -F oo) on Y x 
which is equal to g on Y x n F. Then for each open neighborhood U of F there 
exists a function f of class C which is zero on the complement of U and equal 
to g on F. 
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For each x e CF> let V* be an open neighborhood of x which does not 
intersect F. For each x e F, on the other hand, we may assume that V x c= U 
(by replacing V x by V x n U). Let (A„) be a denumerable open covering of X 
which is locally finite and finer than the covering (V X ) X€X (12.6.1). For each 
n, choose an x such that A„ c V x . If x & F, let f n denote the zero function 
on A„, and if x e F, let f n denote the restriction of f x to A„. If (h n ) is a C 00 
partition of unity on X subordinate to the covering (A„) (16.4.1), then the 
function g n which is equal to h n f n on A„ and is zero on the complement of 
A n is of class C r on X, and the function / = £ 9n satisfies the required con¬ 
ditions. " 

(16.4.4) For brevity we shall say that a function g with the property stated 
in (16.4.3) is of class C r on F (although in general F is not a differential 
manifold); equivalently, g is the restriction to F of a function of class C r 
on X (cf. Problem 6). 


PROBLEMS 


1 . Let K 0 , Ki be disjoint closed subsets of the sphere S„. Show that there exists a C°°- 
function/on R n+1 — {0} which is equal to 0 on K 0 and to 1 onKi,satisfies f(tx) = fix) 
for all real numbers t > 0 and is such that for each multi-index a, ||;t|| ,a| D a /(*) remains 
bounded as x ->0 (|| x|| denotes the Euclidean norm). For each C 00 -function g on R n+1 
such that D“^( 0 ) = 0 for each multi-index a, the function gf extends to a C "-function 
on R n+1 . 

2. Let (jc fc ) fcS i be a sequence of distinct points of R" tending to 0. For each k let a fc be a 

multi-index such that | oc k | -> + co, and let (c* >v ) v 6 n» be a multiple sequence of numbers 
such that c fcfV = 0 for | v \ | oc k | and v ^ oc k . Show that there exists a C "-function / 

on R" with the following properties: 

(a) D v /(jc fc ) = c fcfV for all v e N M ; 

(b) D v /(0) = 0 for all v. 

(Use the method of Problem 4 of Section 8.14 to construct by induction a sequence of 
C "-functions f ki whose supports are pairwise disjoint and do not contain 0, such that 
(i) D7fc(*fc) = Cfc.v f° r each multi-index v, and (ii) ||D v / fc || ^ 2~ k for all v such that 
M < |«*|. Then take/=£ f k .) 

k 

3. Let X be a differential manifold. Show that for each xeX there exists a chart 
(U, 99 , n ) at the point x such that 9 0 is the restriction to U of a C "-mapping of X 
into R n . 

4. Let F be a closed subset of R" and U its complement. Let h t k,r) be three numbers in 
the interval ]0,1 [. Show that there exists a denumerable covering of U by open 
Euclidean balls B (a t , r t ) with the following properties: 
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(a) the balls B (a t , krd cover U; 

(b) r t = hdicii , F) for each i; 

(c) there exists an integer N(/i, k , rj) depending only on h, k, 77 such that for each 
jc e U the closed ball with center and radius rjd(x , F) meets at most N closed balls 
B '(a h r t ). 

(Let e be a real number >0. For each me Z, let F m be the set of points xe\J such that 
d(x, F) — (1 + e) m , and let T m be an at most denumerable subset of F m consisting of 
points whose mutual distances are ^ e(l H- €) m , and such that the open balls with 
centers at these points and radii equal to e(l + e) m cover F m . Let (ad be the sequence 
consisting of the points of \J T m , arranged in any order. Show that if we take 

me 2 

r t = hd(a { , F), the required conditions are satisfied provided that e < \hk. If x e U and 
8 = d(x , F), observe that there exists me Z such that (1 + s) m <= 8 < (1 + e) m+1 , and 
deduce that d(x, T m ) ^ 2e(l + e) m . Then show that there exist two constants c > 0 and 
C > 0, depending only on h and 77 , and such that (i) if B '(a t , r t ) meets the ball with 
center x and radius 778 , then d(x, ad C 8 , and (ii) if / # i is another index with the 
same property, then d(a t , aj) c 8 .) 

5. With the notation of Problem 4, put Bi = B(<Zi, r*). Show that there exists a C 00 - 
partition of unity (U*) subordinate to the covering (Bt), and for each a e N" a constant 
C a such that HD a « i (x)|| C a (d(x , F)) _5ot| for all xgR", i and a. 


6 . Let F be a closed subset of R". Generalizing the definition of a mapping of class C r , a 
mapping /: F R m is said to be of class C r (resp. C °°) if for each multi-index a e N" 
such that | a | ^ r (resp. for each multi-index a) there exists a mapping f a : F R m 
with f 0 = f such that the following conditions are satisfied: if for each integer s ^ r 
(resp. each integer s ^ 0 ) we write 

/«(*) = E /«-w>(-) • ( ' X J + z) 

+ pi 

where x e F, z e F, and | a | ^ s, then for each x 0 e F, each e > 0, and each pair (a, s) 
with | a | <^s, there exists p > 0 such that ||R a , s (x, z)|| <£ e||jc — z|l s ~ ,a| for all x, zeF 
such that || jc — x 0 1 | < p and ||z — x 0 II < />. 

These conditions imply that they« are continuous on F. When F = R", this definition 
is equivalent to the previous definition of functions of class C r (resp. C 00 ). 

(a) Show that if the mapping /: F -> R w is of class C r then / can be extended to a 
mapping h : R n -^R m of class C r on R" and of class C 00 on U = ()F> and hence the 
definition above agrees with (16.4.4). (The Taylor polynomial of order s ^ r of /at the 
point z e F is the polynomial in x 1 ,..., x n 


TJ/(*) = £ Uz) • 
1*1 


(x-zT 

a! 


With the notation of Problem 5, show that the function h defined by 

(f(x) if *eF, 

h(x) — u t (x)T r bi f(x) if x e U, 

where b t e F is such that d(a t , bd = d(a t , F), satisfies the required conditions. For this 
purpose, show that if | a | <>, then D a h(x) - D°T r x J(x) 0 as x -> a e Fr(F), where 
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x 0 e F is such that d(x, x 0 ) = d(x , F). Using Leibniz’s formula, this reduces to 
majorizing the norm HD^T^/fx) — D*T£ o /(x)|| for j8 a, by using the results of 
Problems 4 and 5.) 

(b) Show that if/is of class C 00 there exists an extension h of/to R” which is of class 
C 00 (Whitney's extension theorem). As a consequence, the definition above agrees with 
that of (16.4.4). (For each integer r, show that there exists a number d r such that the 
relations z e F, x e R", ||x — z\\ ^ d r , s ^ r, and | a| <:S imply 

\\D a T z f(x) - D a T’/(x)|| ^ l\x - z|r ,B| . 

If V r is the neighborhood of F consisting of the points * such that d(x , F) ^ \d r , let 
r L denote the largest r such that a t e V r (we can always suppose that the sequence (d r ) 
tends to 0). Then define 

(fix) if xeF, 

h(x) - | UtixJTVJix) if xe V, 

the points b t being defined as in (a). Show that h has the required properties by arguing 
as in (a).) 

7. With the notation of Problems 4 and 5, suppose that F is compact. Show that for each 
p > 0 one can define a function v p ^ 0 of class C 00 on R”, such that v p (x) = 1 whenever 
d(x , F) p, v p (x) = 0 whenever d( x, F) ^ 2 p, and such that for every function /: R" ->R 
of class C r which vanishes on F together with all its partial derivatives D“/ of order 
I a | <, r, the functions v p f, and their partial derivatives T> a (v p f) of order | a | ^ r tend 
uniformly to 0 on R” as p-» 0. (Take v p to be a sum of certain of the functions u t 
defined in Problem 5.) 

8. Let F be a closed subset of R" and let /be a real-valued function of class C r on F, and 
g a real-valued function of class C r on the open set QF. For each z e R" let P z be the 
polynomial in x\ ..., x n which is equal to T z / if z e F, and is equal to T z p if z F, in 
the notation of Problem 6. Show that there exists a function h of class C r on R" such 
that P z = T r z h for all z e R" if and only if the coefficients of P 2 are continuous functions 
of z. (Reduce to the case r = 1 by induction, then to the case n— 1 by using (8.9). Then 
we have P z (*) = a(z) + (x — a)b(z) where a and b are continuous functions of z e R. 
Reduce to the case b = 0 and then show that the function a(z) has zero derivative at 
each z e R.) 

9. (a) Let/be a real-valued function ^0 of class C 2 on a neighborhood of 0 in R N . 
Suppose that / and its derivatives of order ^2 all vanish at 0, and that there exist 
positive real numbers c, M such that |D/D y /(jr)j < M for all pairs of indices (/,/) 
and all xeR N such that \x J \ ^ 2c (1 rgy N). Show that if 

lx 1 ! + |x 2 1 + ■••+ |x*| gc, 

we have 

(1) IDj/(x)| 2 ^ 2Mf(x) (1 </:g N). 

(Observe first that the relation £ I x- 7 1 ^ c implies that |D ,/(.*)| <J Me for all j. Then 
argue by contradiction, by supposing that at some point x satisfying ^2 | x J | ^ c the 

j 

inequality (1) is false for some index/, with/(x) > 0; use Taylor’s formula to conclude 
that f(y) < 0 for some point y such that \y J | <| 2c (1 ^ N).) 

(b) Let / be a real-valued function J>0 of class C 2 on an open set U in R", such that 
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all the derivatives of order ^2 of / vanish at the zeros off. Show that f 112 is of class 
C 1 on U (use (a)). 

(c) For each e > 0, let f be the function defined by/ e (*) = (x 2 + s 2 )u(x\ where u is 
a function of class C 00 on R such that u(x) = 1 for |x| <; £ and u(x) = 0 for \x\ ^ 
Let (a„) be a sequence of strictly positive numbers such that the series 

J=1 + 2(ai + a 2 + * • * + a„ -f- • • •) 

converges, and let (/}„) be another sequence of strictly positive numbers which tend to 
0 sufficiently rapidly so that pjoc k n -+0 for each integer k> 0. Finally let (e„) be a 
sequence of strictly positive numbers tending to 0. Put 

s n = 1 + 2(ai -f- • • * + <x n -i) ~l~ 

Show that the function g(x) ='£g n (x) is ^0 and of class C 00 on R, and that all its 

n 

derivatives vanish at the zeros of g. For each (jl e ]0, £[, show that it is possible to 
choose the sequence (e n ) so that the function g M is not of class C 1 ; also that it is possible 
to choose the sequence ( e n ) so that the function g 112 (which is of class C 1 by virtue of 
(b) above) is not of class C 2 . 

10. Let E be a finite-dimensional real vector space and let Mj (1 <>j <; r) be vector sub¬ 
spaces of E. Show that the following conditions are equivalent: 

(a) If rrij == codim My, then for each subset H of [l,r] in N the codimension of 
n Mjis S mj. 

Je H Je H 

(b) The sum of the annihilators MJ <= E* of the Mj in the dual E* of E is direct. 

(c) There exists a direct sum decomposition of E of the form P©Ni © • * • ©N,. 
such that each Mj is the direct sum of P and the N fc with k ^ j. 

(d) If P = M,, then codim P = V mj. 

1 ijSr j=i 

(To show that (a) implies (c), observe that if P — f| Mj and Qj— f) M fc , then 

1 &j£r k*J 

P has codimension mj in Qj.) 

A family of vector subspaces M j satisfying these conditions is said to be in general 
position in E. 

Let V be the union of the M j and let/be a real-valued function on V such that the 
restriction of/to Mj is of class C* for 1 ^ r. Show that/is the restriction to V of a 

function of class C fc on E. (Proceed by induction on r.) 

11. Give an example of a C°°-mapping /: R->R 2 such that /(R) is the square 
sup(|x 1 |,|a: 2 |) = 1. 


5. TANGENT SPACES, TANGENT LINEAR MAPPINGS, RANK 

(16.5.1) Let X, Y be two differential manifolds, x a point of X. Let f x ,f 2 
be two C 1 -functions, each defined on an open neighborhood of x , with 
values in Y. The functions f t ,f 2 are said to be tangent at the point x if 
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fx(x) = / 2 (x) and if the following condition is satisfied: If (U, <p , n) is a chart 
of X at x such that U is contained in the domains of definition of / and f 2 
and if (V, \j/, m) is a chart of Y at the point f x (x) such that //U) and / 2 (U) 
are contained in V, then the functions \j/ ° (/J U) o tp” 1 and 0 if 2 |U) 0 <P _1 
(that is to say, the local expressions of / and f 2 ) are tangent at the point 
cp(x) (8.1), i.e., they have the same derivative at this point. If this condition 
is satisfied for one choice of the charts (U, <p , n) and (V, m), then it is 

satisfied for any other pair of charts (U', <p\ n) and (V", ifr', m) satisfying 
the same conditions. For we may assume without loss of generality that 
U = U' and V = V', and then we have 

V ° (/i|U ) 0 <p'~ l = 0 V ° r 1 )° (<A 0 (/t|u ) 0 <p~') ° 0/ 0 <P~T 1 

for i— 1,2, and the assertion therefore follows from (8.2.1). Furthermore, 
it follows immediately from this definition that the relation “/ and f 2 are 
tangent at the point x ” is an equivalence relation. 

(16.5.1.1) Consider in particular the real line R, a differential manifold X, 
a point x e X, and the relation 

“f x and f 2 are tangent at the point 0” 

between two functions f x and f 2 of class C 1 , defined on an open neighborhood 
of 0 in R, with values in X and such that/i(0) = f 2 ( 0) = x. The equivalence 
classes for this relation are called the tangent vectors to X at the point x , 
and the set of them is denoted by T x (X). Let c = (U, (p , n) be a chart on X 
at the point x. Then the definition just given shows that we obtain a bi- 
jection 0 C : T x (X)-► R n (also denoted by 0 C>X ) by mapping the equivalence 
class of a mapping/: V -*X (where V is an open neighborhood of 0 in R) 
of class C 1 and such that /(0) = x, to the vector ( D(<p °/))(0). The inverse 
of this bijection maps a vector heR" to the tangent vector, belonging to 
T x (X), which is the equivalence class of the mapping -+(p~ 1 (<p(x) + £h), 
where £ belongs to a sufficiently small neighborhood of 0 in R. If d = 
(U, cpn) is another chart of X at x (we may assume that c’ and c have the 
same domain of definition), then the mapping 0 C > o0~* is the bijective 
linear mapping 

(16.5.1.2) 0 C , o 0; 1 : hh-*(D(p' ° ^"'X^x))- h. 

It follows that we can define a structure of a real vector space of dimension 
n on T x (X) by transporting by means of 0J 1 the vector space structure of R n , 
that is to say by defining 

0 c - I (h) + 0 c - I (h')=0c“ 1 (h + h') and A • 0 c -‘(h) = 0;*(Ah) 
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for X e R; moreover, this vector space structure is independent of the choice 
of the chart c because the mapping (16.5.1.2) is linear. 

The set T x (X), endowed with this vector space structure, is called the 
tangent vector space , or simply the tangent space , to the differential manifold 
X at the point x. If is the canonical basis of R", the tangent vectors 

9c7i( e i)(l form a t> as ^ s °f the tangent space T/X). This basis is 

said to be associated with the chart c. The reader should beware of confusing 
the notions of tangent vector and tangent space defined here with the ele¬ 
mentary notions of “tangent vector” or “tangent plane” defined for 
ordinary “surfaces” in R 3 . The relationship between these notions will be 
made clear in (16.8.6). 

For each tangent vector h x e T*(X), 

e*( K)= iz J ej 

i 

is called the local expression of h x , relative to the chart c. 

Example 

(16.5.2) Let E be a real vector space of dimension «, endowed with its 
canonical structure of differential manifold (16.2.2). For each linear bijection 
<p:E->R w and each xeE, the triplet c(<p, x) = (E, cp,ri) is a chart on E, 
hence defines a linear bijection x ): T^(E) -»R", and therefore by com¬ 
position a linear bijection 

(16.5.2.1) x x = <p _1 = 0 e (^, x ): T,(E)-E 

which is independent of the linear bijection cp , by virtue of (16.5.1) and the 
relation D(</ o <p~ x )(<p{x )) = <p' ° cp~ x for two linear bijections cp , <p f of E 
onto R" (8.1.3). The bijection x x is called canonical. 

(16.5.3) Now let X, Y be two differential manifolds,/:X-^Ya mapping 
of class C 1 , x a point of X, and y = /(*). Let c = (U, cp , n) and d = (V, \j/, m) 
be charts of X and Y at x, y, respectively, such that/(U) c V, and consider 
the local expression F = \j/ o (/|U) o cp~ 1 of / relative to c and c'. This local 
expression is a (^-mapping of <p( U) into i^(V), and its derivative F'(<p(x)) 

(8.1) is therefore a linear mapping of R" into R m . We shall show that the linear 
mapping 

(16.5.3.1) T x (f) = F'(cp(x)) o 0 C : T,(X) -+ T X (Y) 

is independent of the choice of charts c , d at x , y. For if we replace c and 
d by two other charts c x = (U l9 (p l9 n) and c[ = (V l9 $ l9 m) at x and y, 
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respectively, we may assume that 11 = 11! and V = V t , by replacing U and 
U t by UnUi, and V and V t by V n V x ; then the local expression of / 
relative to the charts c x and c\ is OAi ° ^A” 1 ) ° F ° (<Pi 0 V' 1 )" 1 * and the 
assertion follows from (8.2.1) and (16.5.1.2). 

The mapping T x (f) is called the tangent linear mapping to f at the point x. 
For a point z = (C)e R w , put F(z) = (W,..., £"),..., F m (C\ ..., £"))• 
Since the matrix of F'(<p(jt)) with respect to the canonical bases is the Jacobian 
matrix (D/F'Op^x),..., cp\x ))) of type (m, ri) (8.10), this Jacobian matrix is 
also the matrix of T x (f) relative to the bases (8j 1 (e£))i ^ and (0 c ” 1 (e J ))i gjzm • 
The mapping F'(cp(x)), or its matrix relative to these bases, is called the 
local expression of T x (f) relative to the charts c and c'. 

To say that / and g are tangent at a point x e X therefore means that 
f(x) = g(x) and T x (f) = T x (g). 

The rank of the linear mapping T x (f) is called the rank off at the point x 
and is denoted by rk x (/). The mapping xi->rk JC (/) of X into the discrete 
space N c: R is lower semi continuous on X ((10.3) and (12.7)). We have 

rk*(/) ^ inf(dim x (X), dim /(Jt) (Y)). 

(16.5.4) Let X, Y, Z be three differential manifolds , and f:X^Y,g:Y^Z 
two mappings of class C 1 . For each xeX, we have 

(16.5.4.1) T x (g of) = T f(x) (g ) 0 T JJ). 

This follows immediately from the definitions and from (8.2.1). 

(16.5.5) Let Xbea differential manifold , Y a differential manifold , and /: X -»Y 
a mapping of class C 1 . For f to be locally constant on X it is necessary and 
sufficient that T x (f) = 0 for all xeX (or equivalently, that rk x (/) = 0 for 
all *eX). 

It is clear that the condition is necessary. Conversely, since each point 
xeX has a connected neighborhood contained in the domain of definition 
of a chart at x , the relation T x (/) = 0 for all x implies that / is locally con¬ 
stant (8.6.1). 

If X is connected, the condition T x (f) = 0 for all x e X therefore forces 
/ to be constant on X, because if x 0 e X the set of points xeX such that 
f(x) = f(x 0 ) is both open and closed (3.15.1). 

(16.5.6) Let X, Y be two differential manifolds, f:X-+ Y a mapping of class 
C r (r an integer >0, or oo), x a point ofX . Then the following conditions are 
equivalent: 
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(a) T x (f) is a bijective linear mapping ; 

(b) rk x (f) = dim,(X) = dim /(x) (Y); 

(c) There exists an open neighborhood U of x in X such that /|U is a 
homeomorphism of U onto an open neighborhood V of f(x), and the inverse 
homeomorphism is of class C. 

The equivalence of (a) and (b) is linear algebra (A.4.18). For the equiva¬ 
lence of (a) and (c) we reduce immediately, by using charts, to the situation 
where X = R w and Y = R m , and then the result follows from (10.2.5). 

When the conditions of (16.5.6) are satisfied with r = oo, the mapping/ 
is said to be a local diffeomorphism at x, or etale at x, and X is said to be 
itale over Y at the point x (relative to /). If X is an open subset of Y, endowed 
with the induced structure of differential manifold (16.2.4), then the canonical 
injection of X into Y is etale. 

Remark 

(16.5.6.1) A bijective local diffeomorphism is clearly a diffeomorphism, 
but a mapping /: X Y can be a local diffeomorphism at each point of X 
without being injective, even if X is connected. An example is the analytic 
mapping zkz 2 of C — {0} onto itself (cf. (16.12.4)). 

(16.5.7) Now let X be a differential manifold, E a finite-dimensional 
real vector space, f:X->Ea mapping of class C 1 , and x a point of X. Then 
the linear mapping (cf. (16.5.2)) 

(16.5.7.1) T f(x) o T x (f): T*(X) -+ E 

is an element of Hom(T x (X), E), called the differential of f at the point x, and 
denoted by d x f. In the particular case where X is also a finite-dimensional real 
vector space G, it is immediate that the mapping o T x (f) ° % ~ 1 is pre¬ 
cisely the derivative Df(x) defined in (8.1) (an element of Hom(G, E)). 
Hence in this case we have, if h x e T x (X), 

(16.5.7.2) d x i • h x = Df(x) • t x (h x ). 

If u is any linear mapping of E into another finite-dimensional real vector 
space F, it follows immediately from the above definition that 


(16.5.7.3) 


d x (u © f) = u o d x f. 
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In particular, if we take a basis (bj) 1Sj g m of E, so that 

where the f j are real-valued functions of class C 1 on X, then by taking for u 
in (16.5.7.3) the coordinate functions on E we obtain 

m 

(16.5.7.4) d x f-h x = 

for h* e T x (X). This is also written in the abbreviated form 

(16.5.7.5) d x f=Z(d x f)bj 

j 

(instead of £ (d x f j ) ® b s , which is the correct form when T x (X)* ® E 

is identified with Hom(T x (X), E)). The differentials d x f J belong to the dual 
T x (X)* of T x (X). The elements of this dual space are called tangent covectors 
to hi at x (or simply covectors at x ). 

(16.5.8) Let c = (U, <p, n) be a chart on X at x. Then the bijection 0 C intro¬ 
duced earlier is given by 

(16.5.8.1) 0 C = d x <p, 

for if we take the chart c' = (R n , l R „,w) on R n , the definition (16.5.3.1) 
shows that T x (<p) = 07 1 ° 0 C , and our assertion follows from (16.5.2.1) 
and the definition of the differential (16.5.7.1). This shows that the covectors 
d x <p l form the basis dual to the basis (07*( e i)) of T x (X). This dual basis is 
likewise said to be associated with the chart c. 

From this result and the definition (16.5.7.1) we see that if f is a C 1 - 
mapping of X into a finite-dimensional real vector space E, and if 

F = (f|U)o<p“ 1 : R"~>E, 

then 

(16.5.8.2) d x f • h, = £ D, *{<p{x)Kd x cp\ h x > 

i = 1 

for h x e T x (X), where F (<p(x)), the partial derivative of F at the point 
<p(x) e R n , is identified with a vector in E (8.4). If we identify Hom(T x (X), E) 
canonically with E ® (T x (X))*, then the formula (16.5.8.2) takes the form 
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(16.5.8.3) d x f= £ D s Ffo>(*» ®d x (p l , 

(=1 

and in particular, when E = R (so that the D ; F(<p(jc)) are scalars) 

(16.5.8.4) d x f = £ D f F (<p(x)) d x q>\ 

i — 1 

These are the local expressions of d x f and d x f relative to the chart c . 

Finally, consider a mapping n : Y X of class C 1 . For each (^-mapping 
f :X E, where as above E is a finite-dimensional real vector space, we have 
for each ye Y 

(16.5.8.5) d y (f o n) = d n(y) f o Tj,(n:) 
and in particular, when E — R, 

(16.5.8.6) d y (fo n) = *T» o 

by the definition of the transpose of a linear mapping. 

(16.5.9) Let X be a differential manifold , letf l ,...,f n ben functions of class 
C°° defined on an open neighborhood V of a point x e X, let f denote the 
mapping {f\^i^ n ofW into R". Then the following conditions are equivalent : 

(a) There exists an open neighborhood U c V of x such that (U, f \ U, n) 
is a chart on X at the point x; 

(b) The differentials d x f l (1 fg i <£ n) form a basis of (T*(X))*. 

For if (W, <p, n) is a chart on X at x , and we put F l =f l o <p“ 1 , we have 

j-i 

and condition (b) signifies that the Jacobian matrix (DjF l ((p(x))) is invertible. 
The result therefore follows from (16.5.6). 

(16.5.10) Let f be a real-valued function of class C 1 on a differential manifold 
X. Iff attains a relative minimum (resp. a relative maximum) at a point x 0 e X, 
that is to say iffix) ^f(x 0 ) (resp .f(x) rg/(x 0 )) for all points x in some neighbor¬ 
hood of x 0 , then d XQ f = 0. 

We reduce immediately to the case X = R", and then it is enough to 
prove that the partial derivatives D f /(x 0 ) are all zero, and so we reduce to 
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the case n = 1. However, then f'(x 0 ) is the limit at the point 0 of the function 
hv-*(f(x 0 + h) — f(x 0 ))/h , which is defined for all sufficiently small h^O, 
and is ^0 for h > 0 and ^0 for h < 0. Hence the result, by (3.15.4). 

(16.5.11) The converse of the proposition (16.5.10) is false, as is already 
shown by the example of the function t 3 at the point t = 0. At the points 
x e X such that d x f = 0 we say that/is stationary , or that x is a critical point 
of /; the number f(x) is called a critical value of /. To see whether, at such a 
point, / has a relative minimum or maximum or neither, we introduce 
(assuming that/is of class C 2 ) a quadratic form on the vector space T x (X), 
as follows. Consider a C 2 -mapping u : V X, where V is a neighborhood 
of 0 in R and u( 0) = x. We shall show that the hypothesis that/is stationary 
at the point x implies that, for the real-valued function v = f °u of class C 2 , 
the value i/'(0) depends only on the tangent vector h x which is the class of the 
function u. To see this, let c = (U, (p, n) be a chart of X at the point x, 
and let F =/o q>~ x be the corresponding local expression of/; we may write 
v = F o w, where w = (p ° u is a C 2 -mapping of Y into R n . Then we have, 
by (8.1.4) and (8.12.1), 

v'(t) = DF(w(0) • 

v\i) = D 2 F(w( 0) • (w'(0, w'(0) + DF(w(0) • w"(t); 
but by hypothesis DF (<p(x)) = 0, so that 

(16.5.11.1) v"(0) = D 2 F((p(x)) • (w'( 0), w'( 0)) 

= D 2 F(<p(x)) • (8 c (h JC ), Q c (K))- 

If c x = (U, (p x , n) is another chart on X at x and xj/ = cp ° <p~ 1 the tran¬ 
sition homeomorphism, and if we put F t =/o cp” 1 , w x = (p x o w, then we 
have F x = F o so that for all y e U and t e R" 

VFi(<Pi(y)) ‘ t = DF((p(y)) • (D^(^(y)) ■ t). 

Differentiating again, putting y = x, and remembering that DF((p(x)) = 0, 
we shall obtain 

• (., t) = D 2 F(<p(x)) • mfaix)) • s, Dtp(<p 1 (x)) • t). 

Since on the other hand w = ^ o w t , we have 0 c (h x ) = Di ‘ Qc/M 
and this shows that v"(0) depends only on h,. The formula (16.5.11.1) shows 
moreover that there is a symmetric bilinear form on T x (x), called the Hessian 
of f at the point x and denoted by Hess x (/), such that 

°"(0) = Hess x (/) • (h x , h x ). 
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The symmetric bilinear form D 2 F (<p(x)) on R" is the local expression of the 
Hessian of/at the critical point x relative to the chart c ; its matrix with 
respect to the canonical basis of R" is therefore the symmetric matrix 
(D,- Dj F(<p(x))), called the Hessian matrix of F at the point <p(x) (8.12.3). 

We have now the following sufficient criterion for a C 2 -function to have a 
relative minimum or maximum at a point of X: 

(16.5.12) Let f be a function of class C 2 on a differential manifold X. If at a 
point x e X we have d x f = 0 and if Hess//) is positive definite (resp. negative 
definitive), then f attains a relative minimum (resp. relative maximum), at the 
point x. 

We reduce immediately to the case X = R”. Suppose that the Hessian 
is positive definite. Then as h runs over the sphere S„_!, the continuous 
function ht->D 2 /(x) • (h, h) is always >0; hence its greatest lower bound a 
is >0 (3.17.10). Since the function ( y, h)i-»D 2 /(y) • (h, h) is continuous on 
X x S„_ 1( there exists p > 0 such that D 2 f(y) ■ (h, h) 1> ia for all y such 
that ||.y — x|| < p and all h e S„_ x . Now Taylor’s formula (8.14.2) gives, 
for (sR, 

fix + £h) =/(x) + { 2 J\ 1 - t)D z f(x + m • (h, h) dt 
i?/(*) + ^ 2 . 


and the result follows. 

Remark 

(16.5.13) Let X be a complex-analytic manifold and let Xj R denote the 
underlying differential manifold (16.1.6). As at the beginning of this section 
we can define the notion of holomorphic mappings f u f 2 of X into a 
complex-analytic manifold Y which are tangent at a point. In particular, 
the tangent vectors to X at a point x will be the equivalence classes of holo¬ 
morphic functions defined on a neighborhood of 0 in C, with values in X. A 
chart c = (U, (p , n) on X at x defines a bijection 0 C : T x (X) -* C 1 as before, 
and we deduce that T x (X) is endowed intrinsically with the structure of a 
complex vector space of dimension n. However, since c is also a chart of 
Xj R , there is also a bijection 0 C | R : T^Xjg) -* R 2/I , and therefore, by identifying 
canonically C n with R 2 ”, a bijection 0^ o 0 C : T x (X) -> T^X^) which is 
R-linear and does not depend on the choice of the chart c. Hence, by means 
of this canonical bijection, we may identify T x (X| R ) with the real vector 
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space obtained by restricting the scalars to R in T x (X). Multiplication by 
i — _ f i s an R-automorphism J x : h^i—> of the real vector space T x (X| R ) 
such that J\ = — I x , where I x is the identity automorphism. 

The notion of a differential is defined just as above for holomorphic 
mappings of X into a complex vector space E of finite dimension. The ele¬ 
ments of the dual T x (X)* of the complex vector space T x (X) are called 
covectors at x. 

The dual T x (X)* = Hom c (T x (X), C) can be embedded canonically in 


Hom R (T x (X 1K ), C) = T x (X | b )* © zT x (X |R )* = (T x (X |R )*) (C) . 

To be precise, we have by transposition an automorphism X J X of T^Xmf, 
which extends canonically to a C-automorphism (also denoted by of 
(T*(X /R )*) (C) : 

t J x -(K®0 = ( t J x -K)®Z 

for £ g C. The C-endomorphisms 

P'x^Wx+^x) 

of (T x (Xj r )*) (C) , are projectors on this space, such that p x + p x = 7 X , and 
their respective images are T*(X)* (the space of C -linear forms on T*(X)) 
and T x (X)* (the space of C-antilinear forms on T*(X), or equivalently of 
complex conjugates of C-linear forms), so that we have 

(T x (X, B )*) (C) = T x (X)* © T x (X)*. 

If c = (U, <p, n) is a chart of the complex-analytic manifold X at the point x, 
then the forms d x (p J form a basis of T*(X)* over C, and their complex con¬ 
jugates d x (p j a basis of T x (X)* over C. 

If now/is a (^-mapping of the differential manifold X !R into C, so that 
dxf& T x (X|„)* © /T x (X, b )*, we put 

(16.5.13.1) d’’f=p” x {dj). 

If we consider c = (U, (p , n) as a chart on X )R , the corresponding local 
coordinates are &(p J and J(p j (16.1.6). If F(^, rj\ ..., if) is the local 
expression of / relative to this chart, then by (16.5.7.4) we have 

d x <p J = d x (&cp j ) + i d x (Jcp j ), d x cp j = d x {M(p j ) — i d x {Jcp j ) 

and consequently 
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(the derivatives of F being taken at the point <p(x)). It follows that/is holo- 
morphic if and only if d x f = 0 for all xeX (9.10.2). In the same way we 
define d' x f and d x f 9 where f is a (^-mapping of X, R into a finite-dimensional 
complex vector space. 


PROBLEMS 

1 . Let/be a real-valued function of class C 2 on a differential manifold X. 

(a) If /attains a relative minimum at a point jc e X, show that the symmetric bilinear 
form Hess*(/) is positive (definite or semidefinite). 

(b) For the functions //£ rj) = g 2 + and / 2 (f, rj) = g 2 - defined on the plane 
R 2 , the point (0,0) is a critical point at which the Hessian is positive but not positive 
definite. For /i, show that this point is a relative minimum, but not for f 2 . 

2. Let /be a real-valued function of class C 2 on a differential manifold X, and let x be a 
critical point of/ For each pair of tangent vectors h x , k x at x , there exists a C "-mapping 
w of a neighborhood V<= R 2 of (0,0) into X such that w(0, 0) = T 0 (w) • e x = h x , 
To(w) • e 2 = k x . If F = fo w, show that F(0) = Hess*(/) • (h x , k x ). 

3. Let /be a real-valued function of class C 2 on a pure differential manifold of dimension 
w. At a critical point x of f 9 the Morse index of/at x is defined to be the number of co¬ 
efficients < 0 in any reduction of Hess*(/) to diagonal form (or equivalently the maxi¬ 
mum dimension of a subspace of T*(X) on which the Hessian is negative definite). 
Suppose that X is an open set in R”. Let K be a compact subset of X, and suppose that 
at every critical point x of/belonging to K the Morse index of/is ^ k . Show that there 
exists e > 0 such that, if g is any C 2 -function on X satisfying the conditions 

|D f ( 0 -/)(z)| |D,D/*-/Xz)| ^ 

for all /,/ and all z e K, then at each critical point of g belonging to K the Morse index 
of g is 2; k . (For each z e X put 

C M = X |Di/(z)| 

l-l 

and let 

Vf(z) S »f(z) ^ ‘ ^ 0/00 

be the sequence of (real) eigenvalues of the matrix (E>iE>jf(z))izi,jz n , each counted 
according to its multiplicity. Observe that the hypothesis on /implies that the number 
m f (z) = sup(cj(z), — Vf(z)) is strictly positive at each point zeK; then show that the 
function zMm ; (z) is continuous on X, by using (9.17.4) or Problem 8 of Section 11.5; 
finally compare m g and m f .) 

4. Let / be a function of class C 2 on a pure differential manifold X of dimension n. A 
critical point x of /is said to be nondegenerate if the symmetric bilinear form Hess x (/) 
is nondegenerate. 
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(a) If x is a nondegenerate critical point of f show that there exists a local coordinate 
system at * for which the local expression of/is 

FfC 1 , • • •, £") =f(x) - (l 1 ) 2 -(£*) 2 + (£* +1 ) 2 + • * ‘ + iC n ) 2 

(cf. Section 8.14, Problem 7). 

(b) Deduce from (a) that the nondegenerate critical points of / are isolated. 

5. Let G be a finite group of diffeomorphisms of a differential manifold X, and let X G be 
the set of points of X which are fixed by G. 

(a) If * e X°, show that there exists a chart on X at * such that the local expressions 
of the diffeomorphisms s e G are linear mappings. (Reduce to the case where X is a 
neighborhood of 0 in R". If / is a positive definite quadratic form on R", consider the 
function #(*) = f(s • x) and use Section 8.14, Problem 7.) (Cf. Section 19.1, Prob- 

S6 G 

lem 6.) 

(b) Deduce that X° is a closed submanifold of X (16.8.3). 

(c) Suppose that X is connected. If ,y e G is such that there exists a point x 0 e X G such 
that the tangent linear mapping T* o (.y) is the identity, show that s is the identity 
mapping. (Use (a) to show that the set of points * e X such that *y(jc) == x is both open 
and closed.) 

6. If we fix an origin in a finite-dimensional real affine space E, the canonical topology 
(12.13.2) of the vector space so obtained does not depend on the choice of origin, and is 
called the canonical topology on E. The dimension of a convex set in E is the dimension 
of the affine-linear variety generated by the set. A convex body in E is by definition a 
closed convex set in E, of dimension equal to the dimension of E; equivalently, it is a 
closed convex set in E whose interior is not empty (Section 12.14, Problem 11(d)). 

A convex polyhedron in E is the intersection of a finite number of closed half-spaces. 
Hence the intersection of two convex polyhedra is a convex polyhedron. Show that the 
frontier of a convex polyhedron P of dimension n is the union of a finite number of con¬ 
vex polyhedra of dimension n— 1 which are intersections of P with hyperplanes of 
support (Section 5.8, Problem 3) of P. These are well determined by this condition and 
are called the faces of P. 

7. Let E be a real affine space of dimension n and let /: E ->• R be a C 2 -function, bounded 
below. Suppose that for each * e E the symmetric bilinear form (h, k)h-*D 2 /(jc) • (h, k) 
is positive definite. Show that / is strictly convex, and that for a > inf fix) the 

xmE 

set A a = {x e E : f(x) <= a} is a closed strictly convex set of dimension n, whose frontier 
is the set F a = {* e E : fix) — a}. Through each point x e F a there passes a unique 
hyperplane of support, whose equation is <D/(x), y — jc> = 0. 

Suppose that E = R w , and let (x |y) be the Euclidean scalar product on R". Suppose 
that A a is compact and contains 0 in its interior. For each x e E, let grad fix) be the 
vector defined by 


(grad /(*)|u) = <D/(*), u> 

for all u e E. If a > inf fix), then grad fix) ^ 0 for all xeF a . Put gix) = 

JC6E 

(grad/(x))/||grad/(x)|| and show that# is a homeomorphism of F« onto S M _! and that 
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both g and the inverse homeomorphism h 0 are of class C 1 . For each z = t u in R", with 
t 0 and ||u[| = 1, let H(z) — (z| /i 0 (u)), which is a (^-function on R" — {0}. We have 

H(z) = sup (y|z) 

y€A« 

(the function of support of A«). The function H is convex and positively homogeneous. 

8. Let A be a compact convex body in R”, having 0 as an interior point. 

(a) Prove that for each e > 0 there exists a convex polyhedron P such that 
Acpc(i+ s) A. (Separate each point of the frontier of (1 + e)A from A by a hyper¬ 
plane (Section 12.15, Problem 4(d)).) 

(b) Let P be a compact convex polyhedron of dimension n in R", having 0 as an interior 
point. We may suppose that P is defined by m inequalities gj(x) ^ 1, where each gj is 
a nonzero linear form on R”. Let N > 0 and put 

/(*) = Z exp(N(*(x) - 1)). 

J=1 

Show that the real-analytic function /satisfies the conditions of Problem 7, and that the 
convex set B = {x e R": fix) S 1} satisfies P c: B <= (1 + N" 1 log m) P. 

(c) Deduce from (a) and (b) that for each e > 0 there exists a real-analytic function 
/on R" satisfying the conditions of Problem 7 and such that if B = {x e R rt : f(x) ^ 1}, 
we have AcBc(l+ e)A. 

9. Let X, Y be two differential manifolds and f g two mappings of class C r (r ^ 1) defined 

on an open neighborhood of a point x e'K, with values in Y. If k is an integer such that 
0 k <; r, the functions/and g have contact of order ^k at the point xeXiff(x) = g(x) 
and if, for each chart (U, <p, ri) on X at x and each chart (V, if/, m) on Y at the point 
f(x) = g(x\ the local expressions F, G of f g are such that ||F(/) - G(r)||/||z — /II* tends 
to 0 as t e R" tends toz = rp(x)\ or,equivalently, if D p F(z) = D p G(z) for 1 ^ A:. If this 

condition is satisfied for one pair of charts, then it is satisfied for all pairs. If/and g have 
contact of order >k for all k, they are said to have contact of infinite order at x. The 
relation “/and g have contact of order at the point is an equivalence relation 
between C*-mappings defined on a neighborhood of x with values in Y. An equivalence 
class for this relation is called a jet of order k from X to Y, with source x and target y 
(the common value of the mappings in the equivalence class). The equivalence class of 
/is denoted by J 1(f) and is called the jet of order k off at the point x. The set of jets of 
order k with source x and target y is written J*(X, Y) y ; the set of jets of order k with 
source x (resp. with target y) is written J*(X, Y) (resp. J*(X, Y) y ). The union of the 
sets J*(X, Y) y for all x e X and all y e Y is written J*(X, Y). If Y = R, we write P*(X) 
in place of J£(X, Y), and P£(/) in place of J*(/). The set P£(X) has a natural R-algebra 
structure, and we have 

Pi (/+£) = Pi if) + Pi (g); Pi(<*/) = ocP*(/) for a e R; V k x (fg) = P*(/)P£(^). 

Then P£(X) 0 = m is the unique maximal ideal of this algebra; we have m* +1 = 0, and 
m/m 2 is canonically isomorphic to the vector space T x (X)* of covectors at the point *. 

The set Jo(R", R^o of jets of order k from R" to R m with source and target at the 
origins of these spaces is denoted by LJ, m . This set carries a natural structure of a real 

vector space of dimension ^ — m, and the jets of the monomials xh-+x a -ej 

(1 ^j^m> 0 < M ^k) form a canonical basis. Every set of jets J£(X, Y) y is in one- 
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one correspondence with L£, m by means of charts at the points x, y (where dim x (X) — n 
and dim y (Y) = /w), but if k 2 the vector space structure on JJ(X, Y),, obtained by 
transporting that of LJ, m depends on the choice of charts. When k — \ 9 Jj(R, X) x is the 
tangent space T*(X). 


6. PRODUCTS OF MANIFOLDS 

All the definitions and all the results of the next three sections (16.6)- 
(16.8) (with the single exception of (16.8.9)) can be transposed to the contexts 
of real- or complex-analytic manifolds, simply by replacing C°°-mappings 
by analytic mappings in the statements and the proofs. We shall therefore 
make use of them for real- and complex-analytic manifolds without further 
comment. 

Let X u X 2 be two topological spaces. If 

C X = (U l5 <Pl> n l) an <i C 2 = (U 2 , (p2 J ^ 2 ) 

are charts of X l5 X 2 , respectively, the triple (Uj x U 2 ,<p x x q> 2 ,n i + n 2 ) 
is a chart of x X 2 (3.20.15 and 12.5); it is denoted by c x x c 2 . 
If c[, c 2 are two other charts on X l5 X 2 , respectively, and if c f and c\ are 
compatible for i = 1,2, then c x x c 2 and c\ x c 2 are compatible, by (8.12.6). 
If 2^ is an atlas of X t and 91 2 is an atlas of X 2 , the set 21 of charts c 1 x c 2 , 
where c y e and c 2 e 2I 2 , is therefore an atlas of Xj x X 2 , and is denoted 
(by abuse of notation) by 9X x x 2I 2 . Moreover, if 21 1 and 2lj are compatible 
atlases of X t - (i = 1, 2), then the atlases 21 1 x 2l 2 and 2l x x 2l 2 are com¬ 
patible. If Xj and X 2 are differential manifolds, the product space X = 
Xj x X 2 is separable and metrizable (3.20.16), and the atlases 2l x x 2I 2 , 
where 21^ (resp. 2I 2 ) runs through the equivalence class of atlases defining 
the structure of differential manifold on X x (resp. X 2 ), are all equivalent. 
Hence their equivalence class defines on X a structure of differential manifold 
which depends only on the structures of Xj and X 2 . The space X endowed 
with this structure is called the product of the differential manifolds X t and 
X 2 . It should be noted that even if 2tj and 2I 2 are saturated atlases, 21* x 2T 2 
will in general not be saturated. 

Whenever we consider X x x X 2 as a differential manifold, it is always 
the product structure as defined above that is meant, unless the contrary is 
expressly stated. 

Example 

(16.6.1) If E l5 E 2 are two finite-dimensional real vector spaces, each en¬ 
dowed with its canonical structure of differential manifold, it follows from 
the definitions (16.2.2) that the product manifold E x x E 2 is the product 
vector space endowed with its canonical structure of differential manifold. 
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(16.6.2) Let X 1? X 2 be two differential manifolds ,X = X, xX 2 their product. 
The projections prj :X-*-X l9 pr 2 : X-»X 2 are morphisms (16.3). For each 
point (x l9 x 2 ) 6 X, the mapping 

(T(xi > x 2 >(P r i)> ^(xi,jc 2 )(P r 2 )) : Tfx^xj/Xi x X 2 )-+T Xl (X 1 ) x T X2 (X 2 ) 
is an isomorphism of vector spaces. 

In view of the definition of the product manifold structure, we reduce 
immediately to the situation where X x and X 2 are open sets in R” 1 and R" 2 
respectively. The first assertion is then a trivial consequence of (8.12.10), 
and the second follows from (8.1.5) applied to a (^-mapping of a neighbor¬ 
hood of 0 in R, with values in R" 1 x R" 2 . 

We shall identify canonically T (X1 X2 )(X t x X 2 ) with the product 
T Xl (Xj) x T X2 (X 2 ) by means of the isomorphism defined in (16.6.2). The 
canonical injection T Xl (X 1 )->T (JCl>X2) (X 1 x X 2 ) resulting from this identi¬ 
fication is just the tangent linear mapping at the point x x to the injection 
Ti x i), which is a morphism of X x into X. Likewise for the canonical 
injection T X2 (X 2 ) -*T (XljX2) (X 1 x X 2 ). It is clear that 

(16.6.3) dim (Xl>Xj) (X 1 x X 2 ) = + dun X2 (X 2 ). 

(16.6.4) Let Y, X 1? X 2 be three differential manifolds and f x :Y->X l9 
f 2 : Y -> X 2 two mappings. Then the mapping f — {f x ,f 2 ) : Y -► X 2 x X 2 
is of class C r (r an integer >0, or oo) if and only if f and f 2 are of class C r . 
Moreover , for all ye Y, we have 

W 1 ,/ 2 )) = (T y (/ 1 ),T y (/ 2 )) 
with the identification (16.6.2). 

Once again we reduce to the case in which X 2 and X 2 are open sets in 
R” 1 and R” 2 , and the result then follows from (8.12.6). 

(16.6.5) Let X u X 2 ,Y u Y 2 be differential manifolds , and : Yj X t 
(z = 1, 2) mappings of class C r . Then f x x f 2 : Y 1 xY 2 ^X I x X 2 is a mapping 
of class C r , and we have 

T ( ,„ y2) (/ 1 x/ 2 ) = T 3 , i (/ 1 )xT, 2 (/ 2 ), 

a,(/i X fi) = rkyXfi) + rk, 2 (/ 2 ). 

The second formula is a trivial consequence of the first, and that follows 
from (16.6.4) and (16.6.2), since /, x/ 2 = (/, °pT u f 2 o pr 2 ). 
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(16.6.6) Let X 1? X 2 , Z be three differential manifolds , /: X 1 xX 2 ->Z 
a mapping of class C r (r an integer >0, or oo), and (a u a 2 ) a point ofX t x X 2 . 
Let f(a u •) (resp. /(•, aff) denote the partial mapping x 2 \-^f(a l9 x 2 ) (resp. 
x i f( x u a z))- Then we have 

T (ai ,.,)(/) = T ai (/( -, a 2 ))«+ T a2 (/(a 1; -))«P 2 , 

where 


Pi — T^^prj): T^^^Xi x X 2 ) T^X^, 

P 2 = T( fll>fl2 )(pr 2 ) : T^^Xj x X 2 ) -> T a2 (X 2 ) 
are the canonical projections (with the identification (16.6.2)). 

Once more, the proof reduces to the case where X 1 ,X 2 ,Z are open 
sets in R" 1 , R" 2 , and R m , and then it follows from (8.9.1). 

In particular, if Z = E is a finite-dimensional real vector space, we have 

(16.6.7) (d (aua J) ■ (h 1? h 2 ) = (d a f( • , a 2 j) • h, + (d a f(a u *)) ■ h 2 . 

(16.6.8) With the hypotheses and notation of (16.6.6), suppose that 

T a J(a u •) : T fl2 (X 2 ) - T C (Z) (where c =f(a u a 2 )) 

is bijective. Then there exists an open neighborhood Uj. of a x in X t and an open 
neighborhood U 2 of a 2 in X 2 with the following properties: for each x 1 e 1/ 
there exists a unique point u(x j) e U 2 such that f(x u u(xjj) = c, and u is a 
C r -mapping ofU 1 into U 2 . Furthermore , we have 

(16.6.8.1) T ai (u) = -CT aj(ai> * )) T J( * , a 2 ) 

(“implicit function theorem”). 

We reduce to the case where X l9 X 2 , and Z are open sets in R ni , R" 2 , and 
R m , respectively, and then the theorem is a particular case of (10.2.3). 


7. IMMERSIONS, SUBMERSIONS, SUBIMMERSIONS 

(16.7.1) Let X, Y be two differential manifolds, /: X-> Y a mapping of 
class C 00 , and x a point of X. The mapping / is said to be a subimmersion 
at the point x if there exists a neighborhood U of x in X such that the function 
x'y->rk X '(f) is constant on U. The mapping/ is said to be an immersion 
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(resp. a submersion ) at x if the linear mapping T x (f) is injective (resp. sur¬ 
jective). By virtue of the lower semicontinuity of the rank of / (16.5), this 
implies that rk*,(/) = dinv(X) (resp. rk x >(f) = dim /0O (Y)) for all x' in 
some neighborhood of x, and hence / is a subimmersion at the point x. 
A mapping/: X-+Y of class C 00 is both an immersion and a submersion 
at the point x if and only if/is etale at x (16.5.6). 

It is clear that the set U of points of X at which / is a subimmersion 
(resp. a submersion, resp. an immersion, resp. etale) is open in X. 

The mapping / is said to be an immersion (resp. a submersion , a sub¬ 
immersion, etale) if U = X. 

For example, the projections of a product manifold X t x X 2 onto its 
factors X l9 X 2 are submersions (16.6.2). 

(16.7.2) Iff: X->Y and g:Y-+Z are both submersions (resp. both im¬ 
mersions), then g of : X -> Z is a submersion (resp. an immersion). 

This follows immediately from the definitions (16.7.1) and from (16.5.4). 

We remark that the composition of two subimmersions is not necessarily 
a subimmersion (Section 16.8, Problem 1(b)). 

(16.7.3) If f l :X 1 -*Y 1 and f 2 : X 2 Y 2 are both submersions (resp. im¬ 
mersions , resp. subimmersions ), then f x f 2 : X x x X 2 ~+Y 1 x Y 2 is a sub¬ 
mersion (resp. an immersion , resp. a subimmersion). 

This follows from the definitions (16.7.1) and from (16.6.5). 

(16.7.4) Let f: X -> Y be a mapping of class C 00 . In order thatf should be a 
subimmersion of rank rata point x e X, it is necessary and sufficient that there 
should exist a chart (U, (p , n) ofX , a chart (V, \//, m) of Y and a C 00 -mapping 
F: (p( U)i^(V) such that xeU, /(x) e V, <p(x) = 0, iK/(x)) = 0, /1U = 
\[/~ 1 o F o (p, and such that the local expression F off is the restriction to (p(\J) 
of the mapping 

(16.7.4.1) (f,...,O^(^,...,^,0,...,0) 

ofW into R m . 

This is an immediate consequence of the rank theorem (10.3.1). 

(16.7.5) Iff : X -> Y is a submersion , the image under f of any open set U 
in X is open in Y. 
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If x e U, it follows from (16.7.4) that there exists an open neighborhood 
W cz U of x such that/(W) is open inY; now apply axiom (Oj) of topological 
spaces ( 12 . 1 ). 

(16.7.6) It should be remarked that if /: X Y is an immersion , /(X) 
is not necessarily closed, nor even locally compact , even if/is injective (16.9.9.3). 

On the other hand, a C°°-mapping /: X Y can be injective (resp. 
surjective) without being an immersion (resp. a submersion), as is shown 
by the example of the bijective mapping of R onto R (cf. however 

Section 10.3, Problem 2 ). 

(16.7.7) (i) Let f: X Y be an injective immersion , and let g : Z X 
be a continuous mapping (X, Y, Z being differential manifolds). For g to be 
of class C r it is necessary and sufficient that f o g : Z -► Y should be of class C r . 

(ii) Let f : X Y be a surjective submersion and let g : Y Z be a mapping 
(X, Y, Z being differential manifolds). For g to be of class C r it is necessary 
and sufficient that g of: X -> Z should be of class C r . 

Only the sufficiency of these conditions requires proof, by (16.3.3). 
Also the questions are local on X, Y, and Z by virtue of the continuity of g 
(which follows from the continuity of# °/in (ii)). In case (i), we may there¬ 
fore suppose (16.7.4) that/is the mapping (£*,..., tf) (£ x ,..., 0, ..., 0) 

of R" into R m (with n ^ m). The assertion of (i) is then that a mapping 
zh _ > ( 0 1 ( z ) j . _ ? #”(z), 0, ..., 0) of Z into R m is of class C provided that the 
g j are of class C r . In case (ii) we may likewise suppose that / is the mapping 
(£/ ..., £”) i —> (£/ ..., £ m ) of R" onto R m (with n ^ m). The assertion of 
(ii) is then that the mapping (£*,..., £ m ) , ^ w ) is of class C r on 

R m if and only if the mapping (£\ ..., £”)h-*#(£/..., £ m ) is of class C r 
on R" (16.6.6). 

Remark 

(16.7.8) The preceding results can be extended immediately to the situation 
where C r -mappings (r a positive integer) replace C°°-mappings, subimmersions 
are replaced by mappings of locally constant rank, and submersions (resp. 
immersions) by mappings / such that T x (f) is surjective (resp. injective). 
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(16.8.1) Let X be a separable metrizable space , Y a differential manifold , 
f a mapping of X into Y. In order that there should exist on X a structure of 
differential manifold for which the underlying topology is the given topology 
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on X and such that the mapping f is an immersion , it is necessary and sufficient 
that the following condition be satisfied: 

(16.8.1.1) For each aeX, there exists an open neighborhood U of a in X 
and a chart (V, \jj , m) of Y such that /(U) c: V and such that \J/ ° (/| U) is a homeo- 
morphism of U onto the intersection of i//(V) with a linear subvariety of R m . 

When this condition is satisfied , the structure of differential manifold on X 
satisfying the conditions above is unique. 

The necessity of the condition follows immediately from (16.7.4). To 
prove sufficiency, consider for each a e X a neighborhood U a of a in X 
and a chart (V a ,^ fl ,m fl ) of Y satisfying (16.8.1.1), and let E a denote the 
linear subvariety of R ma such that ^ fl (V a ) nE fl = ^ a (/(U fl )). (E fl is unique 
because E a r\\j/ a (V a ) is a nonempty open subset of E a .) Let n a = dim E* 
and let l a be an affine-linear bijection of E a onto R” a . Finally let cp a be the 
composition of X a and \j/ a o (/1 U fl ). We shall show that the charts c a = 
(U a >(p a >n a ) form an atlas of X. Suppose therefore that U a nU 6 ^ 0; 
then (16.8.1.1) implies that cp a (U a n U b ) = W ab and cp b ( U fl n U b ) = W ba are 
open sets in R n ° and R Wb , respectively. If i l/ ab (resp. \j/ ba ) is the restriction of 
i If a (resp. ij/ b ) to V a n V 5 , and cp ab (resp. (p ba ) the restriction of cp a (resp. cp b ) 
to U„nU t , it is immediate^that cp ba ° cp~ b l = X b ° (\j/ ba o fc 1 ) o ((i^JIWJ. 
Hence to show that <p ba ° cp~f is indefinitely differentiable, it is enough to 
observe that the restriction of an indefinitely differentiable mapping 

•A ba 0 fc 1 : V a n V 6 -> R m (where m — m a = m b ) 

to the intersection of the open set V a n V b in R m with a linear subvariety E fl 
of R m is indefinitely differentiable on this intersection, which is obvious by 
( 8 . 12 . 8 ). 

The uniqueness of the structure of differential manifold on X follows 
from (16.7.7(i)). For by replacing X by an open neighborhood of a point 
of X, we reduce to the case where / is injective, and apply (16.7.7(i)) to 
g = l x (considering two structures of differential manifold on X satisfying 
the conditions of ( 16 . 8 . 1 )). 

When the condition (16.8.1.1) is satisfied, the unique structure of differ¬ 
ential manifold defined in (16.8.1) is called the inverse image under / of the 
structure of differential manifold on Y. 

In particular: 

(16.8.2) Let X be a separable metrizable space , Y a differential manifold , 
fa mapping ofX into Y with the property that for each x e X there exists an 
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open neighborhood U of x such that f |U is a homeomorphism of U onto an 
open set in Y. Then there exists a unique structure of differential manifold 
on X for which f is an immersion , andf is then in fact etale (16.5.6). 

(16.8.3) Let Y be a differential manifold, X a subspace of Y. If the canonical 
injection /:X-» Y satisfies the condition (16.8.1.1), then the space X, en¬ 
dowed with the structure of differential manifold which is the inverse image 
under / of that of Y, is said to be a submanifold of Y. We also say that X is 
a submanifold of Y; this abuse of language is justified by the property of 
uniqueness in (16.8.2). The condition (16.8.1.1), in the present situation, is 
that for each xeX there exists a chart (V, ifr, m) of Y such that xeV, i J/(x) = 0 
and such that ij/(V n X) is the intersection of the open set i^(V) of R w and the 
vector subspace ofR m given by the equations £ n+1 = 0 ,..., = 0 ; and then 

(VnX,^|(V n X), n) is a chart of the submanifold X. It follows that 
VnXis closed in V, and hence that X is locally closed in Y (12.2.3). More¬ 
over, there is an open neighborhood W c V of x in Y which is diffeomorphic 
to (W n X) x Z, where Z is a submanifold of dimension n — m of Y, containing 
x. To see this we reduce to the case where Y = t//(V) c R m and X = i//(V) n R”, 
and then it is obvious. 

(16.8.3.1) In view of (16.7.4), the condition for X to be a submanifold of 
Y can be expressed as follows: for each x eX there exists an open neighborhood 
U of x in Y and a submersion g : U -> R n “ m such that XnUw the set ofpoints 
z e U such that g(z) = 0. 

(16.8.3.2) In particular, when Y = R M , we may always assume (by trans¬ 

lation if necessary) that OeX, and then, by permuting the coordinates, that 
if g = (g\ ..., g n ~ m ), the determinant of the matrix formed by the first 
n — m columns of the Jacobian matrix of g is at the point 0. If we identify 
R" with R m x R"~ m , it follows from the implicit function theorem (10.2.2) 
that there exists an open neighborhood V of 0 in R m such that U n (V x R' ,_m ) 
is the graph of a C°°-mapping/ = (/*, ..., /"“ m ) of V into R"“ m , or in other 
words this submanifold is the set of points x = (..., £") such that { j eV 
for l£j£m and ..., O = 0 for 1 g k S n - m. 

(16.8.3.3) Every open subset of a manifold Y, endowed with the induced 
structure (16.2.4) is a submanifold of Y. Conversely, a submanifold X of Y 
such that dim x (X) = dim x (Y) for all x e X is open in Y. 

Every discrete subspace (necessarily at most denumerable) of Y is a sub¬ 
manifold of dimension 0. In a pure manifold Y of dimension n, a pure sub¬ 
manifold of dimension a? — 1 is called a hypersurface. 
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(16.8.3.4) Let X be a submanifold of Y, X' a submanifold of Y', and 
j : X Y, f : X' -> Y' the canonical injections. Let g: Y Y' be a C r - 
mapping such that g(X) c X'. Then we can write g *>j = / o f where / is a 
C r -mapping of X into X'. This follows from (16.7.7(i)). 

(16.8.4) Let X, Y be two differential manifolds, /:X->Y an immersion. 
If f is a homeomorphism of X into the subspace /(X) of Y, then /(X) is a sub¬ 
manifold of Y, and /: X -»/(X) w a diffeomorphism. 

For each xeXwe apply (16.7.4) (keeping the notation used there) with 
r = n = dim x (X) and m = dim /(x) (Y). Since / is a homeomorphism of X 
onto the subspace/(X), it follows that F(<p(U)) is an open neighborhood of 
F(cp(x)) = i Kf( x )) in iA(V) n R", and hence there exists an open neighborhood 
T c ij/(V) of ij/(f(x)) in R m such that TnR“ = F(<p(U)). Putting W = ^ _1 (T), 
the chart (W, xj/\ W, m) on Y satisfies the condition of (16.8.3) relative to the 
subspace /(X). Furthermore, it follows from (16.7.4) that F is a diffeomor¬ 
phism of (p(XJ) onto the open set F(<p(U)), and the second assertion of (16.8.4) 
follows. 


An immersion / which satisfies the hypotheses of (16.8.4) is called an 
embedding of X in Y. 

Remark 


(16.8.5) It can happen that an immersion /: X-* Y is injective and that 
/(X) is closed in Y but that / is not an embedding. For example, take X t°» 
be the open interval ] - oo, 1[ in R, Y = R 2 , and / to be the immersion 


1 1 -> 


( t 2 - 1 t(t 2 - 1) \ 

[t 2 + r t 2 +1 / 


This immersion is not an embedding, because/( — 1) = lim f(t) (cf. Problem 2). 

f-*i 


(16.8.6) If X is a submanifold of Y and j : X -» Y is the canonical injection, 
it follows from the definition of an immersion (16.7.1) that for each xeX 
the linear mapping T x (j') : T*(X) -► T X (Y) is an injection, by means of which 
we shall identify canonically T x (X) with a vector subspace of T X (Y). 

In the particular case where Y is a vector space E of finite dimension n , 
we recall (16.5.2) that there is a canonical linear bijection x x : T X (E) E. 
The image of x x (T x (X)) under the translation hh->h + * is an affine-linear 
variety in E, passing through the point x, of dimension m = dim x (X). This 
is called the tangent affine-linear variety to X at the point jc (or the tangent 



8 SUBMANIFOLDS 43 


to X at x if m = 1, the tangent plane if m — 2, the tangent hyperplane if 
m — n— 1). It is the set of points * + t x (h x ) in E, as runs through T x (X). 
It should be observed that the possibility of defining such a “tangent linear 
variety” as a sub manifold of E depends essentially on the group-structure of 
E, and that there is no analogous definition when E is replaced by an arbitrary 
differential manifold Y. 

Remark 

(16.8.6.1) If X is a differential manifold, a a point of X, and E a vector 
subspace of T a (X), then there exists a submanifold Z of X containing a 
and such that T fl (Z) = E. To see this, it is enough to consider the case where 
X is an open set in R" and a = 0, and then we may take Z to be the inter¬ 
section of X with a vector subspace of R". 

(16.8.7) (i) Let Z be a differential manifold , Y a submanifold of Z, X a 
subspace of Y. Then X is a submanifold ofZ if and only ifX is a submanifold 
of Y. 

(ii) If Xj (resp. X 2 ) is a submanifold of Y x (resp. Y 2 ), then X a x X 2 
is a submanifold ofY x x Y 2 . 

Assertion (ii) follows immediately from the definitions of a submanifold 
(16.8.3) and a product manifold (16.6). As to (i), suppose first that X is a 
submanifold of Y. Using local charts, we reduce to the case where Z = R m , 
Y is an open subset of R" (where n < m), and there exists a submersion 
/: Y R n_p such that X is the set of points y e Y satisfying f(y) = 0. We 
then extend / to a submersion g : Y x R m “ n -> R m ~ p by defining g(y , t) = 
(f(y), t) for y e Y and t e R m “". Then X is the set of points ( y , t) satisfying 
g(y,1) = 0, hence is a submanifold of Z. Conversely, suppose that X is a 
submanifold of Z. This time we may suppose that Z = R m and that X is an 
open set in R p containing the origin. The tangent space T 0 (Y) can be identified 
with a vector subspace E of R w containing R p . Let F be a supplement of 
R p in E, let G be a supplement of E in R m , and let n be the projection of 
R m onto F parallel to G + R p . The restriction h of n to Y is a submersion, 
because by definition the rank of T 0 (h) is dim(E) — p = dim(F). The set 
X' of points y e Y such that h(y) = 0 is therefore a submanifold of Y, hence 
of Z, and of the same dimension as X. Since X' contains X and the canonical 
injection ./ of X into X' is of class C°° (I6.7.7(i)), it follows that j is a local 
diffeomorphism (16.5.6); hence X is open in X' and therefore is a sub¬ 
manifold of Y. 

(16.8.8) Letf: X-* Y be a subimmersion (16.7.1), a a point of X, and b = f(a). 



44 XVI DIFFERENTIAL MANIFOLDS 


(i) The subspace f 1 (b) is a closed submanifold ofX. The tangent space 
Ta(/ -1 (6)) tof~ l {b) is the kernel of Iff), andhence we have an exact sequence 

o - T a (/~ \b)) -» T„(X) T b (Y). 

(ii) There exists an open neighborhood U of a in X such that f(U) is a sub¬ 
manifold of Y, and we have 

(16.8.8.1) dim.(X) = dim,(/(U)) + dim 

Furthermore , if E is any supplement of T a (f~ x (b)) in T a (X), there exists a 
submanifold ofY of U whose tangent space at the point a is E. For each sub¬ 
manifold V of U having this property , there exists an open neighborhood W 
of b in Y such that the restriction of f to V' = V n/ _1 (W) is an isomorphism 
ofV' onto W n /(U), and such that T X (V) is a supplement ofT x (f~ 1 (f(x))) in 
T x (X)for all x e V'. 

(iii) If T a (f) is not surjective , V may also be chosen so that /(U) is nowhere 
dense (12.16) in Y. 

(iv) Iff is an injective subimmersion , then f is an immersion. Iff is a bijective 
submersion , then f is a diffeomorphism (cf. Problem 3). 

We can apply (16.7.4) to the point <z e X, and then it is clear that 
"U — <p -1 (<p(U) n F -1 (0)). 

Hence we reduce to the case where X and Y are open sets in finite-dimensional 
real vector spaces and / is the restriction to X of a linear mapping. Parts 
(i)—(iii) of the proposition are now obvious ((16.5.2) and (12.16)). As to (iv), 
it follows from (i) that if/is injective, then T a (f) is injective, for each a e X, 
hence /is an immersion. If in addition / is a submersion, then /is a local 
diffeomorphism. Finally, if/is also bijective, then/is a diffeomorphism. 

(16.8.9) Let Y be a differential manifold and let (/)i^i^ r be a sequence of 
real-valued C K -functions on Y. Let X be the set of xe Y such that f(x) = 0 
for 1 ^ i ^ r. Suppose that , for each x e X, the differentials d x f (1 S i S r) 
are linearly independent covectors in T X (Y)*. Then: 

(i) X is a closed submanifold of Y, and for each xe X the tangent space 
T x (X) is the annihilator in T*(Y) of the subspace of T X (Y)* spanned by the 
differentials d x f { , and consequently is of dimension dim x (Y) — r. 

(ii) Let ¥ be a C 00 -function on Y which vanishes at all points ofX. Then 
for each x 0 e X there exists an open neighborhood U of x 0 in Y and r functions 
Fj (1 Sj ^ r) of class C 00 on U such that 

FOO = t 
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for ally e U. If Y is a real - (resp. complex -) analytic manifold and the functions 
F and fj are analytic , then the functions Fj may be chosen to be analytic. 

(i) Since the differentials d x f are linearly independent, there exists an 
open neighborhood V(x) of * in Y such that the differentials d x > f t are linearly 
independent for all x' e V(x) (16.5.8.4). Replacing Y by the open set which 
is the union of the neighborhoods V(x) as x runs through X, we may there¬ 
fore assume that the d y f are linearly independent for all ye Y. However, 
then the mapping# : y^(fi(y))i of Y into R r is a submersion, by virtue 
of (16.5.7.2) and the definition (16.7.1). Since X = #" l (0), we can now apply 
(16.8.8). 

(ii) By virtue of (16.7.4) we may limit ourselves to the case where Y 
is an open set in R n and ffx) — x\ the yth coordinate of x (1 gy ^ r), so 
that X = U n R” _r (where R n “ r is identified with the subspace spanned by 
the last n — r vectors of the canonical basis of R”). Moreover we may take 
x 0 to be the origin. Then the assertion (for C°°-functions) is a consequence 
of the following lemma: 

(16.8.9.1) Let ¥ be a real-valued function of class C 00 on an open cube I” c= R n 
(where I is an open interval in R). Then in I” we can write 

(16.8.9.2) 

F(x 1 ,..., x") = F(0,..., 0) + x^Fjfx 1 , ..., x") + x 2 F 2 (x 2 , ..., x") 

+ • • ■ + x"~ 1 F /J „ 1 (x" _1 , x") + x^x"), 

where F l5 ..., F n are C ^-functions on I". 

Assuming this lemma, since F(x\ ..., x”) = 0 whenever x 1 = • ■ • = x r = 0 
we obtain successively that F n , F„_ l5 ..., F r+1 are identically zero: first we 
put all the x l except x n equal to zero, then all the x 1 except x n_ 1 and x", 
and so on. 

To prove (16.8.9.1) we write 

F(x\ ..., x n ) = (F(x\ x 2 , ..., x”) — F(0, x 2 , ..., x")) + F(0, x 2 , ..., x") 
so that by induction on n we are reduced to proving that the function 

(16.8.9.3) G(x\ ...,*") = (jc 1 )"' 1 (F(x 1 , ..., x") - F(0, x 2 , ..., *")) 

which is defined whenever x 1 ^ 0, tends to a finite limit as x 1 -+ 0, and that 
the function so extended is of class C 00 on I". Using Taylor’s formula (8.14.2) 
we have, for x 1 # 0 and any integer p ^ 1, 
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(16.8.9.4) 

G(x\ ..., x") = DtFCO, x 2 , ..., x") + D 2 F(0, x 2 ,..., x") + • • • 

+ DfF(0, x 2 ,..., x") + (x 1 ) - ‘HCx 1 ,. .., X 

P' 

where 

(16.8.9.5) H(x 1 ,...,x B )= j ^-^-Df +1 F(f,x 2 , ...,x n )dt 

is of class C” on I" by hypothesis. Differentiating under the integra 
(8.11.2) and replacing F by some derivative of the form D^DJ 3 --- 
we are reduced to showing that, as x 1 —► 0, the derivatives 

(16.8.9.6) Df((x‘)- 2 H) = £( -1 (xT J ~ *D \~ S K 

(0 k Sp - 1) 5 calculated by Leibniz’s rule (8.13.2), tend to zero unif 
in (x 2 , ...,/)ona neighborhood V of 0 in R"~ 1 ; but by (8.11.2) we b 

f * 1 (x l — tY~ h+J 

(16.8.9.7) D*r'H(x\ ..., x") = I (p _ fe +y) , D p i + x F(t, x 2 ,..., x' 

and hence by the mean value theorem 

|D*r J H(x\ ..., x n )\ £ C\x l 1 P~ k+ J +1 

where C is a constant, for all (x 2 , ...,/)eV. Using this inequa! 
(16.8.9.6) now completes the proof of the lemma. 

In the case where F is (real- or complex-) analytic, the proof is 
simpler, by considering the Taylor expansion of F at the origin, and it f 
from (9.1.4) that the Fj are analytic in a neighborhood of 0. 

We remark that (16.8.3.2) shows conversely that for each subma 
X of Y and each point a e X, there exists an open neighborhood A 
such that V n X is defined by equations satisfying the conditions of (1 

Examples 

(16.8.10) In (16.8.9) let us take Y = R n+1 — {0} and r = 1, and the sec 
( fi ) to consist of the single function /: ||y||, the Euclidean norm 
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Then X == f~ 1 ( 1), as a topological space, is just the unit sphere S n ; since Dj 
is of rank 1, it follows that S„ is endowed with a structure of a submanifold 
of Y. Let us show that this structure of differential manifold on S„ is the 
same as that defined in (16.2.3). For this it is enough to observe, in view of 
(16.8.3), that the formulas (16.2.3.1) define a diffeomorphism of the sub¬ 
manifold S„ - {e 0 } of R" +1 onto R”. 

Now consider the mapping g : y»-*(y/||y||, ||y||) of Y into S„ x R* + . 
This mapping is a bijection, whose inverse is (z, £)h->£z; also g is a sub¬ 
mersion, because D/VO and the restriction of the mapping y i—► y/||y|| 
to a sphere /LS„ (where X > 0) is a homothety of this sphere onto S n , hence 
a diffeomorphism. It follows that g is a diffeomorphism, by virtue of (16.6.4) 
and (16.8.8(iv)). 

(16.8.11) Suppose that the conditions of (16.6.8) are satisfied, so that 
/:X 1 xX 2 -+Zisa submersion at the point (a l9 a 2 ). Then there exists an 
open neighborhood W of (a u a 2 ) in Xj x X 2 such that, if Y is the set of 
points (x u x 2 ) satisfying /(*,, x 2 ) = c, then Y n W is a submanifold of 
Xj x X 2 , and the restriction of pr 2 to Y n W is an isomorphism of this 
submanifold onto an open subset of X x . If X 2 = X 2 = Z = C and if / is 
holomorphic, the set Y 0 of points of Y where D 2 f(x u x 2 ) ^ 0 is an open 
subset of Y; this complex-analytic submanifold of C 2 is called the Riemann 
surface (relative to the second coordinate) defined by the holomorphic function 
f For example, if 

/(*!, * 2 ) = ~ e* 2 , 

we have Y = Y 0 , and Y is an analytic subgroup of the complex-analytic 
group C* x C (16.9.10). This surface Y is called the Riemann surface of the 
logarithmic function (cf. Problem 12). The restriction of pr 2 to Y is an etale 
morphism of Y onto C* = C — {0}. For each re Y we write log(r) = pr 2 r, 
so that we have log(rr') = log(r) + log(r') for t, t ' in Y (the law of composi¬ 
tion in Y being (x, y)(x\ y') = (xx\ y + /))> and the mapping rn-^log t is 
a holomorphic mapping (16.3.5) of Y into C. 

(16.8.12) Let f: X Y be a submersion , Z any submanifold ofY. Then f~ 1 (Z) 
is a submanifold of X, and the restriction f~ X (Z) Z of f is a submersion 
(cf. Problem 17). 

Using a chart satisfying (16.7.4), we may assume that Y is an open set 
in R n and X an open set in R m (n ^ m), and that / is the restriction to X of 
the canonical projection (^,..., <r , )i~+(£ 1 , • • • > £")• Let xef~ 1 (Z) and let 
yeZ be its projection. Then by hypothesis there exists a chart (U, n) 
on Y at the point y such that nZ) = i//(U) n R p , where p ^ n. If we 
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denote by cp the restriction to / 1 (U) of^xl Rm - n :Ux R m n -> R m , then 
(/" X (U)» m ) is a chart on X at the point x, such that 

cp(r\ U) rsf-\Z)) = vinm n R p+m ~ n . 

Hence the result. 

(16.8.13) Let X, Y be two differential manifolds and /: X-+ Y a mapping 
of class C°°. Then the graph T f offinX x Y is a closed submanifold ofX x Y, 
the mapping g : xh-*(x,/(x)) is an embedding (16.8.4) and the vector subspace 
T (*,/(x))(r/) Of T iXtf(x)) (X x Y) is the graph of the linear mapping T*(/). 

We know that g is a homeomorphism of X onto F f (the inverse of g 
being the restriction to T f of the projection pr x ), and that T f , being the set 
of points zeXxY such that pr 2 (z) =/(pr 1 (z)), is closed in X x Y. Hence 
(16.8.4) it is enough to prove that g is an immersion, but since T x (g) = 
(T*(lx)> T*(/)) by virtue of (16.6.4), it is clear that T x (g) is a linear mapping 
of rank equal to dim x (X). Hence the result. 

In particular, when Y = X, the diagonal A of X x X is a closed submani¬ 
fold of X x X, and the diagonal mapping xh-»(x, x) is a diffeomorphism 
of X onto A. In R x R, the set of pairs (£, rj) such that l # 0 and rj = sin(l/£) 
is an (analytic) submanifold whose closure is not locally connected. 

Remark 

(16.8.14) Let Z be a submanifold of X x Y such that at a point (a, b)eZ 
the restriction to T Ca 6) (Z) of the projection T a (X) x T b (Y) -> T a (X) is a bi- 
jection onto T a (X). Since this restriction is equal to T (a> b) (p), where p : Z -> X 
is the restriction of pr x : X x Y-*X, it follows (16.5.6) that there exists an 
open neighborhood U of (< a , b ) such that p | U is a diffeomorphism onto an 
open neighborhood V of a in X. Since p(x, y) = x , the inverse diffeomorphism 
g : V-* U is of the form xy- ^(x,/(x)), where /: V Y is of class C 00 , and 
U is therefore the graph of / in V x Y. 


PROBLEMS 

1. (a) Let /: X -* Y be a submersion and g:Y-±Z an immersion. Show that 
g o /: X -> Z is a subimmersion. 

(6) The mapping/: t\—+(t, t 2 , t 3 ) of R into R 3 is an immersion, and the projection 
9 : (x, y, z) b-* (j, z) of R 3 into R 2 is a submersion, but g °f is not a subimmersion of 
R into R 2 , although it is injective. 
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2. Let/: X->-Y be an injective immersion which is proper (Section 12.7, Problem 2). 
Show that /is an embedding (observe that the image of a closed subset of X is closed 
in Y). Give an example of an embedding of R into R 2 which is not proper (consider a 
“ spiral ”). 

3. (a) In R 3 , the union of the line z — 1, y — 0 and the complement in the plane Y : z = 0 
of the line z — 0, y = 0 is a nonconnected manifold X. Show that the restriction to X 
of the projection (x, y, z ) i—► (x, y) of R 3 onto Y is a bijective immersion of X onto Y 
which is not a diffeomorphism. 

(b) Let X be a connected differential manifold, Y a differential manifold, and/: X Y 
a bijective subimmersion of X onto Y. Show that / is a diffeomorphism. (Observe that 
the set of points xeXat which/is a submersion is both open and closed in X; to show 
that this set is nonempty, use (16.8.8(iii)), (12.6.1), and Baire’s theorem (12.16.1).) 

4. Give the analogs of the results of Sections 16.3-16.8 for manifolds of class C r (r 1), 
which were defined in Section 16.1, Problem 2. Show that the analog of (16.8.9(ii)) is 
false. 

5. Let E be a finite-dimensional real vector space, F a closed subset of E, and ||x || a norm 
defining the topology of E (12.13.2). If a is a nonisolated point of F, the contingent of 
F at a is the union of the rays through 0 whose direction vectors of norm 1 are limits 
of sequences of the form ((*„ — a)/\\x n — all), where (x„) is a sequence of points of F, 
distinct from a and with a as limit. The paratingent of F at a is the union of the lines 
through 0 whose direction vectors are limits of sequences of the form 

((x„~y„)l\\x n ~y n \\), 

where (x„) and (y„) are two sequences of points of F, distinct from a and with a as limit, 
and such that x n ^ y„ for all n. 

Show that F is a submanifold of class C 1 of E if and only if, for each nonisolated 
point a e F, 

(i) the paratingent of F at a is a vector subspace P of E, and 

(ii) if N is a supplement of P in E and p : E -> P is the projection parallel to N, then 
the image under p of any neighborhood of a in F is a neighborhood of p(a) in P. 

(Show first that there exists a compact neighborhood U of a in F such that p | U 
is a bijection onto a compact neighborhood V of p(a), by contradiction. If we identify 
E with P x N, then U is the graph of a continuous mapping /: V -► N. Show that / 
is of class C 1 by using condition (i) above, Problem 3 of Section 8.6, and arguing by 
contradiction.) 

Give an example in which the contingent and the paratingent of F at a are each 
equal to the whole of E but the condition (ii) above is not satisfied. (Take E = R 2 .) 

6. In a differential manifold X, let Y x ,..., Y f be submanifolds with a common point a. 
Show that the union of the Y< cannot be a submanifold of X unless it has the same 
dimension at a as one of the Y,. (Use Problem 5.) 

7. Show that a complex-analytic submanifold of C" which is compact and connected 
consists of a single point (see Section 16.3, Problem 3). 
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Let X, Y be two differential manifolds, f :X~>Y a mapping of class C 00 , and U a 
connected open subset of X. If r is the least upper bound of rk*(/) as x runs over U, 
show that r is finite and that the set of points xeUat which rk x (f) = r is open. Deduce 
that the set of points at which /is a subimmersion is a dense open subset of X (argue 
by contradiction). If /is an open mapping, the set of points at which/is a submersion 
is dense in X. 

Let X, Y be two differential manifolds, /: X-> Y a mapping of class C 1 . If Z is a sub¬ 
manifold of Y, the mapping/is said to be transversal over Z atx ef~ i (Z) if the tangent 
space T /(X) (Y) is the sum of T /(JC) (Z) and T x (/)(T x (X)), and/is said to be transversal 
over Z if this condition is satisfied for all x e / -1 (Z). If so, then/ -1 (Z) is a submanifold 
of X, and for each x e/" 1 (Z) the tangent space T X (/ -1 (Z)) is the inverse image under 
T JJ) of T /( *)(Z). (Since the question is a local one, we may take Z to be a submanifold 
given by an equation g{y) = 0, where g : Y->R P is a submersion; consider the com¬ 
posite mapping gofi) 

In particular, if X and Z are submanifolds of Y, we say that X and Z are transversal 
at a point x e X n Z if the canonical injection of X into Y is transversal over Z at x , 
or equivalently if T X (Y) = T x (X) + T X (Z), which is symmetrical in X and Z. The sub¬ 
manifolds X and Z are said to be transversal if they are transversal at all points 
x e X n Z; in that case, X n Z is a submanifold of Y. 

Let /: X Z and g : Y -> Z be two mappings of class C 00 , and consider their product 
fxg:Xx Y->ZxZ, which is also of class C“. Show that / x g is transversal over 
the diagonal A of Z x Z if and only if, for each pair (xjJeXxY such that/(x) = g(y), 
we have 

(*) T z (Z) = T*(/)(Tjc(X)) + Ty(#)(Ty(Y)), 

where z—f(x) = g(y). This condition is always satisfied if either/or g is a submersion. 

When condition (*) is satisfied, the set of points (x, y) e X x Y such that fix) = g{y) 
is a submanifold of X x Y, which is called the fiber product ofX and Y over Z and is 
written X x z Y. The tangent space at the point (xj)eX x z Y to the fiber product is 
the subspace of T x (X) x T y (Y) consisting of the pairs (h, k) such that 

T x (/) * h = T y (g) • k. 

In this situation, / and g are said to be transversal mappings into Z. Show that if 
/is a submersion (resp. an immersion, resp. a subimmersion), then so is the restriction 
X x 2 Y-*Y of pr 2 . 

Let Y be a differential (resp. real-analytic, resp. complex-analytic) manifold, X a 
Hausdorff topological space, and p : X->Y a mapping with the following property: 
For each xeX there exists an open neighborhood V of x such that p | V is a homeo- 
morphism of the subspace V onto a submanifold of Y. 

(a) Show that X is locally connected, that each point of x has a closed neighborhood 
which is homeomorphic to a closed ball in R", and that for each y e Y the fiber p~ x (y) 
is a discrete subspace of X. 

(b) Let © be a denumerable basis for the topology of Y. A pair (W, U) is said to be 
distinguished if U e93 and if W is a connected component of p -1 (U) such that W is 
compact and metrizable and p \ W is a homeomorphism of W onto a subspace of Y. 
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Show that for each xeX there exists a distinguished pair (W, U) such that xeW. 
Show also that if (W, U) is a distinguished pair, the set of distinguished pairs (W' } U') 
such that W n W' # 0 is denumerable (use the fact that W is separable). 

(c) Deduce from (b) that each connected component X 0 of X is metrizable and separ¬ 
able. (Consider the following relation between two points x, x' in X: There exists a 
finite sequence of distinguished pairs (W t , U t ) (1 ^ i 5S r ) such that x e W A , x' e W f , 
and W t n W t+1 # 0 for 1 < / <; r - 1. Then apply (12.4.7).) 

(d) Show that there exists on X 0 a unique structure of differential (resp. real-analytic, 
resp. complex-analytic) manifold such that _p|X 0 is an immersion of X 0 into Y 
{Poincare- Vo It err a theorem). 


12. Let L be the set of all pairs A = (P A , / A ), where P A is a nonempty open polydisk in 
C" (resp. R") and / A is a complex (resp. real) analytic function on P A . For each pair of 
elements A, yt in L, define a set A Am as follows: A Am = 0 if P A n P M = 0 or if the res¬ 
trictions of f x and fn to P A n P M are distinct; A A|t = P A nP„ if the restrictions of/ A and 
ft to P A n Pm are equal. Let h M be the identity mapping of A a „ onto itself. Show that 
the mappings h mA satisfy the patching condition (12.2.4.1), and hence that we obtain a 
topological space X by patching together the P A along the A Am by means of the A A/1 . 
Let 7r A : P A ->X be the canonical mapping and let X A = 7 t a (P a ) be its image, which is 
an open subset of X. If y A : P A C" (resp. y A : P A -» R") is the canonical injection, show 
that there exists a unique mapping p : X-*C" (resp .p :X-> R") such that p ° rr k = y A 
for all A. The restriction p | X A is a homeomorphism of X A onto p x , and 7r A is the inverse 
homeomorphism. Show that X is Hausdorff (use (9.4.1)). Deduce that the results of 
Problem 11 apply to X and p: If (Y«) is the family of connected components of X, 
then there exists on each Y a a unique structure of a complex (resp. real) analytic 
manifold such that p | Y a is a local isomorphism of analytic manifolds. For each index 
a, there exists a complex (resp. real) analytic function F a on Y a such that, for each 
index A for which X A <= Y a , the restriction of F a to X A is equal to / A ° (p | X A ); for each 
such index A, Y a is said to be the analytic manifold defined by / A (the Riemann surface 
of fx in the complex case when n = 1), and F* is the natural continuation of f x . 

13. (a) Let X, Y be two pure differential manifolds of the same dimension, and let 
/: X -> Y be a mapping of class C 00 . Let S <= X be the closed set of points at which / 
is not a local diffeomorphism, and suppose that the set of nonisolated points of S is 
discrete . Show that, for each point x 0 e X, the image under / of any neighborhood of 
x 0 is a neighborhood of/(x 0 ), and hence that/is an open mapping. (Reduce to the case 
X = Y = R", and show that it is impossible that on each sphere \\x — x 0 1| ~ p in R" 
there should exist a point x such that f(x) = f(x Q ), by a compactness argument. Let 
||jc — jc 0 II = p be a sphere on which f{x) ^/(* 0 ), so that ||/(x) — f(x 0 ) || ^ a > 0; let D 
be the open ball \\x — x 0 \\<p and D' the open ball \\y—f{x 0 )\\< oc; and let 
G = D n CS and H = D' n C/(S). Show that /(Fr(G)) does not intersect H; deduce 
that/(G) =5 H and hence that/(D) is a neighborhood of f(x 0 ).) 

(b) Deduce from (a) that Fr(/(U)) c /(Fr(U)) for every relatively compact open set 
U in X. Deduce that if in addition / is proper (Section 12.7, Problem 2) and X, Y are 
connected, then /(X) = Y. 

(c) If Y = R", show that for each a e R”, inf ||/(x) — a\\ is not attained at a point 

x 0 eX unless f(x 0 ) — a. xeX 

(d) Suppose that Y = R 2 and that X is an open neighborhood of the disk D : \z\ ^1 
in R 2 . Show that if / satisfies the conditions of (a), then /(Sj) cannot be a Bernoulli 
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lemniscate B (with equation (£i 4 - £i ) 2 = £? — £ 2 ). (Observe that the image of the 
interior of D cannot contain any point of the unbounded connected component of the 
complement of B.) 

14. Let X be a connected complex -analytic manifold of dimension n, and let Y, (1 <j^r) 
be a finite number of closed submanifolds of X, of dimensions — 1. Show that the 
complement in X of the union of the Y/ is a connected dense open set (use (12.6.1) and 
Section 16.3, Problem 3(c)). 

15. Let X be a real-analytic manifold and Y 0 a differential manifold whose underlying 
set is contained in X. Suppose that, for each point x e Y 0 , there exists a chart c — 
(U, 9 , n ) of X at x and a neighborhood V c u of x in Y 0 , such that 9 ? | V maps 
V onto <p(U) n R " 1 and (V, <p | V, m) is a chart of Y 0 . In these conditions show that 
there exists a unique real-analytic submanifold Y of X whose underlying differential 
manifold is Y 0 . 

16. Let X 0 be a differential manifold, Y a real-analytic manifold, and suppose that the 
differential manifold Y 0 underlying Y is a submanifold of X 0 . Show that for each 
ye Y there exists a chart (U, 9 ?, n) of X 0 and an open neighborhood V of y in Y con¬ 
tained in U, such that (V, <p \ V, m) is a chart of Y for which <p(V) = <p(U) n R". 

17. If j: R->R 2 is the canonical injection, give examples of submanifolds Y <= R 2 such 
that j~ 1 00 is not a submanifold of R. 


9. LIE GROUPS 

(16.9.1) Let G be a set endowed with a group structure and a structure 
of a differential manifold. These two structures are said to be compatible 
if the mappings (x, y)t-+xy of G x G into G and xkx" 1 of G into G are 
of class C 00 . 

It comes to the same thing to require that the mapping (x 9 y)\-+xy~ 1 
(or (x, y)h-*x _1 y) should be of class C 00 , by virtue of the relations x“ 1 = ex" 1 
and xy = x^" 1 )" 1 . A group endowed with a structure of differential mani¬ 
fold which is compatible with its group structure is called a Lie group (or a 
real Lie group). It is clear that the topology of a Lie group G is compatible 
with the group structure, and the topological group so defined is metrizable , 
separable , locally compact , and locally connected (16.1.3), and the set of its 
connected components is therefore at most denumerable . Moreover, this 
metrizable group is complete (12.9.5). 

An isomorphism of a Lie group G onto a Lie group G' is by definition an 
isomorphism of the group G onto the group G' which is also a diffeomor- 
phism (16.2.6). If G = G', we say automorphism in place of isomorphism. 

For each a e G, the left and right translations y(a): x ax and 5(a ^“ ■ 1 ): x xa 
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are diffeomorphisms of G onto itself (16.6) In particular, it follows that a 
Lie group is a pure differential manifold (16.1.3). For each a e G, the inner 
automorphism Int(a): x\-^axa~ 1 is a Lie group automorphism of G. 

Examples 

(16.9.2) If E is a finite-dimensional real vector space, the canonical structure 
of differential manifold on E (16.2.2) is compatible with the additive group 
structure of E. Hence E is endowed with a canonical structure of (commuta¬ 
tive) Lie group. 

(16.9.3) Let A be an R-algebra of finite dimension with unit element. 
Then A is normable (15.1.8) by virtue of the continuity of polynomial func¬ 
tions on R” and hence (because R" is complete) the multiplicative group A* 
of invertible elements of A is a nonempty open set in A (15.2.4). The structure 
of differential manifold induced on A* by the canonical structure on the 
vector space A (16.2.2) is compatible with the group structure of A*, by 
the argument of (8.12.11), which applies to any Banach algebra, not merely 
toJSf(E;E). 

In particular, if E is a real vector space of dimension n, the algebra 
A = S£ (E; E) = End(E) may be identified, together with its canonical structure 
of differential manifold, with the vector space R" 2 , and therefore the linear 
group GL(E) = A* is a Lie group of dimension n 2 . Likewise, if E is a vector 
space of dimension n over the field of complex numbers C (resp. the division 
ring of quaternions Ht), then GL(E) is a (real) Lie group of dimension 
2 n 2 (resp. An 2 ). When E = R" (resp. E = C n , resp. E = H” (the left vector 
space)), we write GL(w, R) (resp. GL(«, C), resp. GL(/?, H)) instead of 
GL(E). 

(16.9.4) If G l5 G 2 , ..., G n are Lie groups, G = Gj x G 2 x ••• x G„ is a 
Lie group when endowed with the product group structure and the product 
manifold structure; this follows immediately from (16.6.5). The Lie group G 
so defined is called the product of the Lie groups G*. 

(16.9.5) If G is a Lie group, then the set G endowed with the same structure 
of differential manifold and the opposite group structure is again a Lie group, 
by virtue of (16.6.5); it is called the opposite of the Lie group G, and is de¬ 
noted by G°. 

t For the elementary algebraic properties of quaternions, see the author’s book 
“Linear Algebra and Geometry,” Houghton, Boston, Massachusetts, 1969. 
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(16.9.6) Let G be a Lie group and H a subgroup of G which is a sub¬ 
manifold of G (16.8.3). Then the group structure and manifold structure of 
H are compatible. For H x H is a submanifold of G x G, and if 

j:HxH-+GxG and f : H -* G 

are the canonical injections, the mapping g: (x, y)i-*xy~ 1 of H x H into H 
is such that / ° g =f°j, where / is the mapping (x,y)i -txy -1 of G x G 
into G; our assertion now follows from (16.8.3.4). The set H, endowed with 
its structures of group and differential manifold, is called a Lie subgroup 
of G. It is closed in G by (12.9.6). 

Every open subgroup of a Lie group G is a Lie subgroup. In particular, 
the neutral component G 0 of G is a Lie subgroup, because G is locally con¬ 
nected (12.8.7). Every discrete subgroup of G is a Lie subgroup. In a product 
G, x • • • x G m of Lie groups, if H ; is a Lie subgroup of G, for 
then Hj x • • • x H m is a Lie subgroup of Gj x • • • x G m . For each n ^ 1, 
the Lie group GL(», R) is a Lie subgroup of GL(«, C), which in turn is a Lie 
subgroup of GL(n, H) (if we identify C with the subfield of H generated by 
1 and /')• 

For each pair of integers p ^ 1, q k 1, the product group 
GL(/>, R) x GL(q, R) 

may be canonically identified with the Lie subgroup of GL (p + q, R) consist¬ 
ing of matrices of the form ^ where S’ e GL(p, R) and Te GL (q, R); 
likewise when R is replaced by C or H. 

Remark 

(16.9.6.1) To verify that a subgroup H of a Lie group G is a Lie subgroup 
of G, it is enough to verify that at one point r 0 eH there exists a chart 
(V, p, m) on G such that x 0 e H, ip(x 0 ) = 0 and ip(\ n H) is the intersection 
of the open set i p(V) of R m with a vector subspace of R m . For if x is any other 
point of H, we shall obtain a chart having analogous properties by taking 
((xx 0 )V, ip o y(x 0 x _1 ), m), because (x 0 x -1 ) • ((xxq j )V n H) = V n H. 

(16.9.7) Let G, G' be two Lie groups. A mapping u : G -► G' is said to be 
a Lie group homomorphism (or simply a homomorphism) if u is a homomor¬ 
phism of groups and a morphism of differential manifolds. In order that a 
group homomorphism u : G-*G' should be a Lie group homomorphism, 
it is necessary and sufficient that there should exist an open neighborhood 
U of e m G such that u|U is of class C 00 ; for then u is of class C 00 on aU 
for all a e G, because u(x) = u(a)u( a - l x) for all x € all. 
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A Lie group homomorphism of a Lie group G into a linear group GL(E) 
(where E is a finite-dimensional real vector space) is called a linear repre¬ 
sentation of G on E. 

i 

(16.9.8) Let G be a Lie group and s an element of G. We have already seen 
that the translations 


Y (s): xh->sx 5Cy) = x\-+xs 1 

are diffeomorphisms of G onto itself. Hence for each xeGwe have tangent 
linear mappings 

T,(y(j)) : T X (G) - T„(G), T Ms)) : T X (G) - T*, - .(G) 

which are bijections (16.5.6). The image of a vector h x e T X (G) under T x (yCs)) 
(resp. under T x (8(s))) is denoted by s • h x (resp. h x • s” 1 ) when there is no risk 
of confusion. If s,teG and h^eT^G), it is clear that .s • (h x • f 1 ) = 
(s • h x ) • t' 1 ; this is an element of T SJCf -i(G), which we denote by s • h x • t" 1 . 
If s 9 1 e G and h x e T X (G), we have 

(st) • h x = s-(t- h x ), 

and in particular s • (^ _1 * h x ) = e • h x = h x . This follows from (16.5.4). 

(16.9.9) (i) Let i: G G be the mapping Xh-» x _1 on a Lie group G. Then 
for all x g G and h x e T X (G) we have 


T x (0 h x = -x 1 h x x *. 

(ii) The C 00 mapping m : (x, y) \~±xy of G x G into G is a submersion , 
and with the identification (16.6.2) we have 

T (*,y)( m ) ' ( h *’ h y) = * ' h y + h x ' ^ 

(iii) Ifu:G-*G'isa Lie group homomorphism , then u is a subimmersion 
of constant rank ; Ker(w) is a normal Lie subgroup of G, and for all xeG, 
we have 


T x (m) • K = u(x) ■ (T e (u) • (x 1 • hj), 

where h x e T X (G) and e is the identity element of G. 

(iv) If u : G —► G' is a surjective Lie group homomorphism , then u is a 
submersion and we have 

(16.9.9.1) dim(G) - dim(G') = dim(Ker(w)). 

In particular , a bijective homomorphism is an isomorphism . 
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At a point (x 0 , y 0 ) e G x G, the partial mappings m( *, y 0 ) and m(x 0 , •) 
are just the translations 5(jo *) and y(x 0 ), so that (ii) follows from (16.6.6). 
Next, we have m(x , i(x)) = e for all x e G, so that from (ii) and (16.5.4) we 
deduce that 


h* * x 1 + x • (T x (0 • h x ) = 0 

for all h* e T X (G); this establishes (i). Assertion (iii) follows from the relation 
u o y(x _1 ) = y^x” 1 )) © u, which by (16.5.4) leads to 

T e {u) • (x" 1 • h x ) = u(x)~ x • (T x (u) ■ hj 

for all h^eT^G). It follows that T x (u) and T e (u) have the same rank, 
hence u is a subimmersion. The assertion about Ker(w) then follows from 
(16.8.8). 

To prove (iv) we argue by contradiction. If u is not a submersion, then 
there exists a point x 0 e G and a compact neighborhood V(x 0 ) of x 0 in G 
such that w(V(x 0 )) is nowhere dense in G' (16.8.8). If follows that for all 
xeG the set u((xxq ^(xq)) = u(xxq 1 )w(V(x 0 )) is nowhere dense in G'. 
Since there exists a denumerable open covering (A n ) of G which is finer than 
the covering formed by the sets (xxo 1 )V(x 0 ) (12.6.1), we conclude that G' 
is a denumerable union of nowhere dense subsets, which is absurd (12.16.1). 

Examples 

(16.9.9.2) The mapping Xi->det(.X) is a homomorphism of the Lie group 
GL(«, R) (resp. GL(«, C)) onto the Lie group R* (resp. C*). The kernel, 
which is denoted by SL(«, R) (resp. SL(«, C)), is a real Lie group of dimen¬ 
sion n 2 — 1 (resp. 2 (n 2 — 1)), called the unimodular group (or special linear 
group) in n variables. 

Remarks 

(16.9.9.3) The image w(G) is not necessarily a Lie subgroup of G'. This is 
shown by the example where G = ZxZ and G' = R, the homomorphism 
u being defined by u(m , n) = m 4- nO, where 9 is a fixed irrational number 

( 12 . 8 . 2 . 1 ). 

(16.9.9.4) Let G, G' be two topological groups. A local homomorphism from 
G to G' is by definition a continuous mapping h of an open neighborhood 
U of the identity element e of G with values in G', such that h{xy) = h{x)h{y) 
whenever x, y and xy all lie in U. Since there exists a symmetric open neigh¬ 
borhood V of e such that V 2 e U (12.8.3), these conditions are satisfied 
whenever xeV and y e V. A local isomorphism from G to G' is defined to 
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be a local homomorphism h which is a homeomorphism of U onto a neigh¬ 
borhood U' of the identity element e' of G'. If we put V' = h(W), then V' 
is an open neighborhood of e f in G'. Putting x' = h(x ) and y' = h(y) with 
x, y e V, we have x'y' = h(x)h(y ) = h(xy), so that x'y' e U' and 

h~ 1 (x')h~ 1 (y') = h~ 1 (x'y'). 

This shows that h~~ x | V' is a local isomorphism from G' to G. Two topological 
groups G, G' are said to be locally isomorphic if there exists a local isomor¬ 
phism from G to G'. This relation is an equivalence relation; for we have 
just shown that it is symmetric, and it is clearly reflexive and transitive. 
For example, if H is a discrete normal subgroup of G, then G and G/H 
are locally isomorphic (12.11.2(iii)). 

If G and G' are Lie groups and h is a local homomorphism of class C 00 
from G to G', the argument of (16.9.9(iii)) shows that h is a subimmersion 
at all points of V, and the same calculation gives its tangent linear mapping 
T x {h) at all x e V. 

(16.9.10) Let G, G' be two Lie groups , u : G -> G' a homomorphism of (abstract) 
groups. In order that u should be a Lie group homomorphism , it is necessary 
and sufficient that the graph T u should be a Lie subgroup of G x G'. 

The necessity of the condition follows from (16.8.13). Conversely, if the 
condition is satisfied, let h be the restriction of the projection to the sub¬ 
manifold T u . Then clearly h is a bijective Lie group homomorphism, hence 
an isomorphism (16.9.9(iv)). 

Remarks 

(16.9.11) Everything in this section remains valid, mutatis mutandis, when 
we replace differential manifolds by real- or complex-analytic manifolds 
(16.1.4) and C°°-mappings by analytic mappings (16.3.5). This leads us to the 
notions of a real - (resp. complex -) analytic group . Such a group has an under¬ 
lying structure of (real) Lie group (resp. real-analytic group). We shall prove 
later (in Chapter XXI) that every real Lie group can be endowed with a 
structure of a real-analytic group, such that the given Lie group structure 
is the underlying structure. On the other hand, a real Lie group cannot 
necessarily be endowed with a structure of a cowp/ex-analytic group for 
which the given structure is the underlying one, even when the group is of 
even dimension. 

(16.9.12) We shall prove in Chapter XIX (19.10.1) that every closed sub¬ 
group of a (real) Lie group is a Lie subgroup. The example of C and its 
subgroup R shows that the corresponding statement for complex-analytic 
groups is false. 



PROBLEMS 


1. Let X, Y, Z be three differential manifolds and/: X-* Y, g : Y -»Z two mappings of 
class C k 1); let x be a point of X, and put y = f(x). Then the jet J $(g ° f) (Section 
16.5, Problem 9) depends only on J k (f) and J£(/); it is called the composition of these 
two jets and is written Jj(^) ° Jj(/). A jet u of order k from X to Y is said to be invertible 
if there exists a jet v of order k of Y into X such that v ° u and u ° v are defined and equal 
to the jets of the identity mappings 1 x and 1 Y , respectively. A jet is invertible if and only 
if it is the jet of a local diffeomorphism of X into Y. 

The set G k (n) <= LJ,„ of invertible jets from R" to R" with source and target at the 
origin is a group with respect to composition of jets, and is an open subset of the vector 
space LS,„ endowed with its canonical topology. Show that the structure of analytic 
manifold induced on G k (n) by that of L£,„ is compatible with the group structure, and 
that G k (n) acts analytically on the left on LJ, m , and that G k (m) acts analytically on the 
right on L{, m . 

If r<^s, the jet J£(/) of a C-mapping /: X-> Y depends only on the jet J£(/) of 
order s, so that we have canonical surjections J£(X, Y) y J£(X, Y) y and P*(X) -> P£(X), 
the latter being an R-algebra homomorphism. In particular, we have a surjective map¬ 
ping L£, m -*L£, m , which is linear and whose kernel is the set of jets of order s from R M 
to R w with source and target at the respective origins of these spaces and which have 
contact of order ^r with the zero mapping. In particular, by restricting the canonical 
mapping to G s («), we obtain a surjective Lie group homomorphism 

G s (n) G r (n). If s = r -b 1 and r 1, show that the kernel of this homomorphism is an 
additive group R N , and calculate N; show also that the group G x (n) is isomorphic to 
GL(«, R). 

2 . Let G be a Lie group, e its identity element, and let A be a commutative Lie group, 
written additively. Suppose that there exists a C 00 -mapping B : G x G-*A satisfying 
the relations 


B(x, e) = B(e, x) = 0 for all x e G ; 

B(x, y) -f B(xy, z) = B(x, yz) + B(y, z) for all x,y,ze G. 

Show that on the product manifold G x A the law of composition 
(x, u)(y , i?) = ( xy , u + v + B(x, y)) 

defines a Lie group structure. The identity element is (<?, 0), and the set {(e, u) : u e A} 
is a Lie subgroup isomorphic to A. The center of the group is N x A, where N is the 
set of all elements n belonging to the center of G such that B(/ 7 , x) = B(x, n) for all 
x e G. The quotient group (G x A)/A is isomorphic to G. 

When G and A are real vector spaces (G now being written in additive notation) 
we may take B to be a bilinear function on G x G with values in A. This generalizes 
to the situation where G is an arbitrary Lie group and B is a C 00 -mapping such that the 
mappings x\-+ B (x, y) and x i-»B(j>, x) are homomorphisms of G into A for eachyeG. 

3. (a) Let M be a differential manifold, e a point of M, U an open neighborhood of e, 
and m:UxTJ-^M a mapping of class C®, satisfying the following conditions: 



10 ORBIT SPACES AND HOMOGENEOUS SPACES 59 


(1) m(e , x) — mix , e) = x for all * e U; (2) there exists an open neighborhood V of 
e contained in U such that m(V xV)cU and such that m(m(x, y ), z) = m{x , m(y, z )) 
for all xr, y , z in V. Show that there exists an open neighborhood W of e contained in V 
and a diffeomorphism 6 : W -» W such that 6(e) — e , 6(0(x)) = x and 

m(x, 6(x)) — m(6(x ), x) — e 

for all x e W. (Apply the implicit function theorem (16.6.8) to the equations m(x, y) = e 
and m(y> x) = e.) 

(b) Let M be a differential manifold and m : M x M M a law of composition of 
class C°°onM, which is associative and admits an identity element. Let G be the set of 
elements of M which are invertible with respect to m . Show that G is open in M and is 
a Lie group for the structure of differential manifold and law of composition induced 
from M. (Remark that if s e G, then x i—» m(s, x) is a diffeomorphism of M onto M, and 
use (a) above.) 


10. ORBIT SPACES AND HOMOGENEOUS SPACES 

(16.10.1) Let G be a Lie group, X a differential manifold. We say that G 
acts differentiably on the left on X if we are given a left action ($, x)\-+s • x 
of G on X (12.10) which is a C 00 -mapping of G x X into X. Usually we shall 
omit the word “differentiably” when there is no risk of ambiguity. Similarly 
we define a (differentiable) right action of G on X. 

For example, if p : G GL(E) is a linear representation of G on a finite¬ 
dimensional real vector space (16.9.7), then G acts differentiably on E by 
(s, x)i— > p(s) • x. Conversely, if G acts differentiably on E in such a way that, 
for each s e G, the mapping p(s): xkj • x is linear , then if (ais a 
basis of E, the mapping s i—> p(s) * slj is a C°°-mapping of G into E, and hence 
the entries in the matrix of p(s) relative to the basis (a y ) are C 00 -functions on G. 
This shows that s\->p(s) is a Lie group homomorphism of G into GL(E). 

Suppose that G acts on the left on X, and put m(s , x) = s • x. We denote 
the tangent linear mappings 

T x (m(s 9 *)): T,(X) - T s . x (X) and T s (m( -,*)): T,(G) -> T,. x (X), 
respectively, by 

k^i—► s ' , h s i—► h s * x. 

Since m(s , •) : x\-*s * x is a diffeomorphism of X onto itself for each s e G 

(12.10.2) it follows that • k x is a linear bijection, and by (16.5.4) we 

have the formulas 

(16.10.1.1) (st) • k x = 5 ■ (; • k*), * • (h s • jc) = (f • h s ) • jc, 

• (t • x) = (h v • t) ■ x 
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for all tin G and x and X: the notation t • h s and h s • t was introduced 
in (16.9.8). Further, it follows from (16.6.6) that the tangent linear mapping 
to m is given by 

(16.10.1.2) T (S} x) (m) ■ (h,, K) = s • K + h s x 
which proves that m is a submersion. 

(16.10.2) For each x e X, the mapping s\-+s ' x of G into X is a subimmersion 
of constant rank. The stabilizer S x of x is a Lie subgroup of G. 

The first assertion follows from the facts that u: h s h-►(to -1 ) • h s is a 
bijection of T S (G) onto T,(G) (16.9.8), v : k^h-^ta -1 ) • k s x a bijection of 
T a .*(X) onto T f . x (X), and the diagram 

T S (G) 4 T,(G) 

4 

T,iX)^T,*(X) 

(in which /: h s h-» h s • x and g : h,i-> h, • x are the tangent linear mappings 
defined above) is commutative. The second assertion follows from the first 
and from (16.8.8). 

(16.10.3) In order that there should exist on the orbit space X/G (12.10) 
a structure of differential manifold for which the underlying topological space 
is the topological space X/G and for which the canonical mapping n : X X/G 
is a submersion , it is necessary and sufficient that the set R ofpairs (x, y) belong¬ 
ing to the same orbit ( that is to say , the graph (1.3) of the equivalence relation 
“there exists .y e G such that y = * x”) should be a closed submanifold of 
the product manifold X x X. The structure of differential manifold on X/G 
satisfying these requirements is then unique. 

If 7r is a submersion, then so also is 7i x 7i:X x X-^(X/G) x (X/G), 
and we have R = (71 x 7r) _1 (A), where A is the diagonal of (X/G) x (X/G), 
which is a closed submanifold of this product (16.8.13). Hence R is a closed 
submanifold of X x X by (16.8.12). 

Conversely, suppose that R is a closed submanifold of X x X. Then 
(12.10.7) the space X/G is Hausdorff. We shall prove: 

(16.10.3.1) For each x e X, there exists a chart (U, cp , n) on X at the point x, 
such that cp(x) = 0 and <p( U) = Vx W, where V, W are open subsets of R m , 
R"“ m , respectively , and such that the relation (z,z')eRn(U x U) is equi¬ 
valent to pr 2 (<p(z)) = pr 2 {(p(z f )). 
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This result is a consequence of the following: 

(16.10.3.2) For each x e X, there exists an open neighborhood U of x in X, 
a submanifold S of\J containing x and a submersion s : U S such that for each 
ze U, s(z) is the only point of S for which (z, i'(z)) e R. 

Let us assume (16.10.3.2) for the moment. Replacing U by a smaller 
open neighborhood of x if necessary, we can assume that there exists a chart 
(U, cp , n) on X at x for which the submersion s is of the form indicated in 
(16.7.4), and it is then clear that this chart (again restricted, if necessary, 
to the inverse image of a product of open sets in R m and R"~ m ) satisfies the 
conditions of (16.10.3.1). 

For the proof of (16.10.3.2), let n = dim^X); observe that since the sub¬ 
manifold R contains the diagonal of X x X, the dimension of R at the point 
(x, x) is of the form m + n where 0 g m g n, and T (Jc ;c) (R) contains the 
diagonal A of T (x x) (X x X) = T*(X) x T x (X). Hence T (JC JC) (R) is the direct 
sum of A and a subspace {0} x E = T (JC X) (R) n ({0} x T*(X)), of dimension 
m. By (16.8.3) there exists an open neighborhood U 0 of x in X and a sub¬ 
mersion /: U 0 x U 0 such that R n (U 0 x U 0 ) is the set of pairs 

(z, z') g U 0 x U 0 satisfying /(z, z') = 0. Furthermore ((16.8.7) and (16.8.8)), 
the intersection R n ({x} x U 0 ) is a submanifold of {x} x X, of dimension 
m at the point (x, x), and consisting of the points (x, z) e {x} x U 0 such that 
/(x, z) = 0; the tangent space to this submanifold at the point (x, x) is 
{0} x E, the mapping zi-*/(x, z) of U 0 into R n ~ m being a submersion at 
the point x, because A is contained in the kernel of T (xtJC) (/). Observe that 
the mapping zi—>/(x, z) is also a submersion of U 0 into R "~ m at the point x; 
for since the relation R is symmetric, the kernel of T (x *>(/), which is the 
tangent space to R at (x, x), is invariant under the mapping (u, v)h->(v, u) 
of T x (X) x T*(X) onto itself, and hence its intersection with T x (X) x {0} 
is of dimension m, which proves the assertion. Replacing U 0 if necessary 
by a smaller neighborhood of x, we can assume (16.8.8) that there exists a 
submersion g : U 0 R m such that, if N is the submanifold of U 0 given by the 
equation g(z) = 0, then xeN and the tangent space at (x, x) to {x} x N 
is a supplement {0} x F of {0} x E in {0} x T^X). This being so, consider 
the mapping u : (z, z')^ ► (/(z, z'), g(z')) of U 0 x U 0 into R" = R M “ m x R m . 
The choices of / and g show that the partial mapping z' (/(x, z'), g(z')) 
of U 0 into R" has a bijective tangent linear mapping at the point x. For if 
a vector h e {0} x T x (X) runs through {0} x E, then its image under T*(/(x,.)) 
is zero and its image under T*(#) runs through R m ; and if, on the other hand, 
h runs through {0} x F, its image under T x (g) is zero and its image under 
T*(/(x, *)) runs through R n ~ m . By the implicit function theorem (16.6.8) 
there exist two open neighborhoods U l9 U 2 of x in X and a C°°-mapping 
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V : Uj U 2 such that for each z e U l9 the only solution z' e U 2 of the system 
of equations 

f(z, z) = 0, g{z') = 0 

is z' = v(z). Moreover, since zh~*/(z, x) is a submersion of U 0 into R n ~ m 
at the point x, it follows that T x (/( * , .*)) is of rank n — m, hence (16.6.8.1) 
T x (i;) is of rank n - m, or in other words v is a submersion, at the point x, 
of Uj into the submanifold N of U 0 . Replacing U 0 by a smaller neighborhood 
we can therefore assume that v is a submersion of Uj into N, so that 

u(U,) c U 2 n N 

is open in N. If S = y(Ui) n Uj and U=d" 1 (S)oU 1) then U, S and 
s = u|U satisfy the conditions of (16.10.3.2). 

Now that (16.10.3.1) is established, we shall return to the proof of the 
sufficiency of the condition in (16.10.3). For each xe.X, let (U x , <p xi n x ) 
be a chart of X at x satisfying the condition of (16.10.3.1), where V, W, m 
are replaced by V x , W x , m x . Observe first that if K x is the image under cp J 1 
of a compact neighborhood of 0 in {0} x W x , then 7r(K x ) is a neighborhood 
of 7 i(x) in X/G and the restriction of n to K x is injective. Hence (12.10.9) 
X/G is metrizable, locally compact, and separable. Moreover, the open sets 
in X/G contained in tt(U x ) are the sets of the form n((p x l (W x x T)), where T 
runs through the open sets in W x (12.10.5); in other words, there is a homeo- 
morphism cd x :ti( U X )->W X such that co” 1 ^) = n(q>~ l (0 9 w)). We have to 
show next that the charts (7r(U x ), co x , n x ~ m x ) are mutually compatible. 
So let (U x , (p x ,n x ) and (U x ^, <p x *, n x ) be two charts of X of the family 
considered above; put 

S = 7r” 1 (7i(U x ) n 7i(U x 0) n U x , S' = 7r“V(U x ) n 7r(U x ,)) n U x , 
which are open sets, and put 

Q = 9x(S) cV,x W x , Q' = «v(S') c: V,. x W x ,. 

The projections 

P = pr 2 (Q)ciW x , P'=pr 2 (Q')c:W x , 

are then open sets such that Q = V x x P and Q' = V x * x P'. Since 7 i(S) = 
tt(S') = 7t(V x ) n tt(V x 0 by definition, for each p e P, there exists a unique 
point p' = f(p) e P' such that 

’(V, x {p})) = n(<p-.'CV x . x {p'})), 

and what has to be shown is that the bijection/: P -*■ P' so defined is of class 
C“ in a neighborhood of each point p e P. Now, let qeQ (resp. q' e Q') 
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be such that pr 2 {q) = P (resp. pr 2 (q f ) = p f ); if z ~ (p~ l (q) and z' = (p^iq'), 
there exists an element s eG such that z' =s • z. Consider the diffeomor- 
phism g : uv-*s * u of X onto itself; since it maps z to z', there exists an open 
neighborhood T c U x of z such that g(T) c U x ,, and the composite mapping 
UY-+ (p X '(g(u)) defined on T furnishes a chart on X at the point z, with domain 
T, which is therefore compatible with that defined by (p x . The mapping 
rv-+ (p X '{g{q>~ l (r))), defined on the neighborhood (p x (T) of q , is therefore of 
class C 00 . However, by its definition it is of the form n->(6(r), /(pr 2 (r))), 
which shows that/is of class C 00 in a neighborhood of pr 2 (q) = p. 

Finally, the uniqueness of the structure of differential manifold on X/G 
in (16.10.3) is a consequence of (16.7.7(ii)) (take /= n and g = 1 X/G there). 

Q.E.D. 

When the condition of (16.10.3) is satisfied, the space X/G endowed 
with the structure of differential manifold defined in (16.10.3) is called the 
orbit manifold of the action of G dn X. 

If n : X -» X/G is the canonical submersion, then we have k(s • x) = n(x) 
for all s e G and all x e X; taking tangent mappings and using the notation 
introduced earlier, we obtain 

(16.10.3.3) T s . x (7i) • (s * hj = T x (tc) • h x 
for all h x e T x (X). 

(16.10.3.4) It should be noted that the condition in (16.10.3) is not always 
satisfied, even when G is a finite group. Consider for example the case where 
X = R and G is the multiplicative subgroup {1, — 1} of R*, the action of G 
on X being multiplication (cf. Problem 1). 

(16.10.4) Suppose that the orbit manifold X/G exists . Then a mapping 
0 : X/G -v Y, where Y is a differential manifold , is of class C r (resp. a sub¬ 
immersion, resp. a submersion) if and only if the composite mapping 
O o 7 i: X -»Y has the same property . 

The assertion relative to class C r is a particular case of (16.7.7(ii)). 
The other assertions follow from the relation rk x (<I> ° n) = rk n(x) (0), which 
comes from the fact that n is a submersion. 

(16.10.5) Let G (resp. G') be a Lie group acting differentiably on a differ¬ 
ential manifold X (resp. X'). Then GxG' acts differentiably on X x X'. 
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If the orbit manifolds X/G and X'/G' exist , then so does the orbit manifold 
(X x X')/(G x G'), and the canonical mapping 

(X x X')/(G x GO-(X/G) x (X'/G') 

w <3 dijfeomorphism. 

The first two assertions follow from (16.6.5), (16.10.3), and (16.8.7(ii)). 
The third is a consequence of (16.10.4) and (16.5.6). 

(16.10.6) Let H be a Lie subgroup of a Lie group G, and consider H as acting 
on G on the right by translation. Then the orbit manifold G/H exists , G acts 
differentiably on the left on G/H, and we have 

dim(G/H) = dim(G) - dim(H). 

If H is normal in G, the manifold structure of G/H is compatible with its group 
structure. 


To verify that the condition of (16.10.3) is satisfied in the present situation, 
we observe that the set R c G x G is here the set of pairs (x, y) such that 
x _1 y e H. Now the mapping (x, y)h^x _1 y °f Cr x G into G is a submersion 
(16.9.9), and H is a submanifold of G, hence (16.8.12) R is a submanifold 
of G x G. To show that G acts differentiably on G/H, let p denote the 
mapping (x i y)\-*xy of G x G into G, p the mapping (x, y)h->x* y of 
G x (G/H) into G/H, and n : G-*G/H the canonical mapping. Then we 
have a commutative diagram 


G x G — P —* G 


1 G X Tt 


TC 


G x (G/H)-v G/H 

P 


and G x (G/H) may be identified with the orbit manifold (G x G)/({e} x H) 
(16.10.5). The fact that p is of class C 00 now follows from (16.10.4), since 
p and 7i are C^-mappings. When H is normal in G, let m denote the mapping 
{x,y)\~^xy~ l of G x G into G, and m the mapping (x, of 

(G/H) x (G/H) into G/H. Then we have a commutative diagram 


G x G m > G 

rex 7C 7t 

(G/H) X (G/H) ——> G/H 

rit 
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Identifying (G/H) x (G/H) with (G x G)/(H x H), it follows as above 
that m is of class C 00 . Finally, the dimension formula follows immediately 
from (16.10.3.1). 

Examples 

(16.10.6.1) If H is a discrete normal subgroup of G, the canonical mapping 
n : G -► G/H is a local diffeomorphism (16.5.6). As an example, consider the 
n-dimensional torus T n = R n /Z n , which is a compact connected commutative 
Lie group, being the canonical image of the cube [0, If in R n . 

(16.10.7) Let G be a Lie group acting differentiably on a differential manifold 
X. If a point xeXis such that the orbit G * x is a locally closed subspace ofX, 
then G - x is a submanifold ofX , and the canonical mapping f x : G/S x G • x 
(12.11.4) is an isomorphism of differential manifolds. In particular , the above 
condition is satisfied for all x e X wherever the orbit manifold X/G exists. 

Every point of the subspace G • x of X has by hypothesis a neighborhood 
homeomorphic to a complete metric space (3.14.5), hence (12.16.12) f x is 

a homeomorphism. Next, since the composite mapping h x : G ^ G/S x ^ G • x 
is a subimmersion (16.10.2), it follows from (16.10.6), (16.10.4), and (16.8.8) 
that f x is an immersion; hence the first two assertions follow from (16.8.4). 
Finally, if the manifold X/G exists, then since G • x is the section R(x) 
of the set R defined in (16.10.3) it follows that G • x is closed in X (3.20.12). 

The example of the group Z acting differentiably on T by the rule n • x = 
x + <p(n6 ), where <p : R T is the canonical homomorphism and 6 is irra¬ 
tional, shows that the hypothesis on G • x in (16.10.7) is not always satisfied. 

In particular: 

(16.10.8) (i) If G is a Lie group which acts differentiably and transitively on a 
differential manifold X, then for each x e X the canonical mapping f x : GjS x X 
is a diffeomorphism. 

(ii) If u : G -* G' is a surjective homomorphism of Lie groups with kernel 
H, then the canonical mapping G/H -+ G' is an isomorphism of Lie groups. 

The assertion (ii) follows from (i) by considering G as acting transitively 
on G' by means of the mapping (x, x')\->u(x)x'. 
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(16.10-9) Let u: G-+G' be a homomorphism of Lie groups , H a Lie sub¬ 
group of G, and H' a Lie subgroup of G' such that w(H) c: H'. Then the unique 
mapping u : G/H G/H' for which the diagram 

G —^ G' 


G/H —-—► G'/H' 

(ti, %' being the canonical mappings) is commutative , m- 0 /c/ow C 00 . 


We have rc' ° u = u o ti, and it is clear that 71 ' ° w is of class C 00 ; now 
apply (16.10.4) and (16.10.6). 


(16.10.10) Let G (resp. G') be a Lie group acting differentiably on a differ¬ 
ential manifold X (resp. X'). If p : G G' is a Lie group homeomorphism 
and/: X-*X' a C 00 -mapping, then G and G' are said to act equivariantly 
(relative to p and /) on X and X' if the diagram 


G x X 

p>«/ 

G'xX' 


X 

/ 

X' 


is commutative (where m , m! define the actions of G on X and G' on X' 
respectively). 

This leads, for each pair ( s, x) e G x X, to a commutative diagram of 
tangent linear mappings (16.5.4): 


T S (G) x T x (X) 

T*(p)xT x (/) 


T(s,x)(m) 


T*(X) 

I T,(/) 


T p(s)(G) X T /(x) (X') T(p(j)i/(x)) (m ! ) T /(x)(X') 


Remarks 

(16.10.11) We leave it to the reader to transpose the results of this section 
to the context of real- (resp. complex-) analytic groups acting analytically 
on real- (resp. complex-) manifolds. 
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(16.10.12) Let E be a set (not a priori equipped with a topology), G a Lie 
group acting transitively on E, and suppose that the stabilizer of each ele¬ 
ment of E is a Lie subgroup of G (in fact it is sufficient that this should be the 
case for one point of E). Then there exists on E a unique structure of differ¬ 
ential manifold such that G acts differentiably on E: this follows from (16.10.6) 
and (16.10.8). 


PROBLEMS 

1- If a Lie group G acts differentiably and properly (Section 12.10, Problem 1) on a dif¬ 
ferential manifold X, the orbit-manifold X/G does not necessarily exist (cf. (16.10.3.4)). 
Show however that the orbit-manifold X/G does exist if, in addition to the hypotheses 
above, G acts freely on X. 

2. Let G be a Lie group, H a Lie subgroup of G, and X a differential manifold on which H 
acts differentiably (on the left). 

(a) The Lie group H acts differentiably on the right on G x X by the rule 

(s, x) • t = (st t t ~ x • x). 

Show that with respect to this action the orbit manifold Y = H\(G x X) always exists. 
If H = G, the orbit manifold is diffeomorphic to X. If tt : G x X -> Y is the canonical 
mapping, show that G acts differentiably on the left on Y by the rule s' • tt(s, x ) — 

7T(s'Sy x). 

(b) Show that the mapping h : x i— ► t r(e, x) is a diffeomorphism of X onto a submani¬ 
fold X' of Y, that X' is stable under the action of H <= G, and that H acts equivariantly 
(relative to h) on X and X'. If s e G is such that rX'nX'^0, then s e H. The 
stabilizer of Tr(e, x) under the action of G is equal to the stabilizer of x under the action 
of H. 

(c) Show that the mapping (s, y) h-► s • y is a surjective submersion of G x X' onto Y 
(cf. 16.14.8). 

3. Let G be a Lie group, H a Lie subgroup of G, and tt : G -» G/H the canonical sub¬ 
mersion. 

(a) For each Lie subgroup G' of G, show that G'nH is a Lie subgroup and that 
7T | G' is a subimmersion of G' into G/H. If tt(G') is closed in G/H (which will be the 
case if either H or G' is compact), then tt(G') is a submanifold of G/H dilfeomorphic to 
G7(G'nH). (Use (16.10.7).) 

(b) Consider the Lie group G = R x T 2 and the Lie subgroup H = R x {0} of G. If 
cp : R T is the canonical homomorphism, let G' be the subgroup of G which is the 
image of R under the homomorphism x i—► ( x , <p(x), <p(dx))> where $ is a fixed irrational 
number. Show that G' is a Lie subgroup of G but that tt(G') is dense and not closed 
in G/H = T 2 . 

(c) If dim(G') — dim(G' n H) = dim(G) — dim(H), the restriction of tt to G' is a 

u 

submersion into G/H, and hence factorizes into G'-*-G7(G' n H)-*G/H, where u is 
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a diffeomorphism of G'I(G' n H) onto an open submanifold of G/H. If either G' or H 
is compact and G is connected, then u is a diffeomorphism of G'/(G ' n H) onto G/H. 
Give an example in which the image of u is a nondense open set in G/H. (Take G — 

SL(2, R) and G' to be the subgroup of upper triangular matrices ^ ^- 1 )» where x > 
and H the subgroup of lower unitriangular matrices ^ jj.) 


11 EXAMPLES: UNITARY GROUPS, STIEFEL MANIFOLDS, 
GRASSMANNIANS, PROJECTIVE SPACES 

(16.11.1) Let E be a real vector space of dimension n , and let J4?(E) be the 
set of all symmetric bilinear forms on E x E, which is a real vector space of 
dimension \n(n + 1). For each pair (p, q) of integers ^0 such that p + q = /?, 
the subset j? p ^(E) of symmetric bilinear forms of signature (p, q) on E is open 
in the vector space (E). To see this, let <b 0 be a form belonging to Pt 9 (E); 
then there exists a direct sum decomposition E = P © N, where P and N are 
vector subspaces of dimensions p and q , respectively, such that O 0 (x, x) > 0 
for x ^ 0 in P, and $ 0 (x, x) < 0 for x # 0 in N. If ||x|| is a norm which de¬ 
fines the topology on E, then there exist two real numbers a > 0 and b > 0 
such that O 0 (x,x) ^ #||x|| 2 for all xeP and <t> 0 (x, x) <; -ft||x|| 2 for all 
xeN, because spheres are compact (3.17.10). If 'F is a sufficiently small 
symmetrical bilinear form such that | ^(x, x)| \ inf (a, 6)||x|| 2 for all xeE, 
and if <t> = G> 0 + ¥, then we shall have <I>(x, x) 2> i<z||x|| 2 for xeP and 
<1>(x, x)g -i6||x|| 2 for xeN; this shows that <t> has signature (p, q), by 
virtue of the law of inertia. 

(16.11.2) The group GL(E) acts differentiably (indeed analytically) on ^(E) 
and on each of the tf pq (E). Namely, if d> is any symmetric bilinear form and 
s e GL(E), then s • O is the form 

(x, y) i—>(t)(,s , ~ * • x, s~ l • y). 

Moreover, each of the open sets q (E) is an orbit of this action. Hence it 
follows from (16.10.2) that, for each O e J^ pq (E), the subgroup of elements 
s e GL(E) such that s • d> = is a Lie subgroup of GL(E) of dimension 
n 2 — \n{n + 1) = \n(n — 1). This Lie group is called the orthogonal group of 
the form <£ and is denoted by 0(<1>). When p — 3 and q = 1 it is called the 
Lorentz group. When p = n and q = 0, it is called simply the orthogonal group 
in n variables. All orthogonal groups 0(G>) with O of signature (n, 0) are 
isomorphic to the group corresponding to E = R n and O the Euclidean scalar 
product, namely 

<£>(x,y) = (x|y)= £ ^rjj, 

;=i 
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where x = (£ 7 ), y = (rjj). This group is also denoted by 0(w, R), or simply 
0(/z) if there is no risk of ambiguity. It is compact , because the matrices 
S = (ecu) belonging to O(w) are characterized by the relation t S • S = I and 

n 

therefore in particular satisfy the relations £ a?- =1 for 1 g / g n; hence 

2 J=1 

they form a bounded closed subset of R n . The kernel in 0(ri) of the homo¬ 
morphism i’H-^-det^) is a Lie subgroup of O(h) of index 2 (because det(s) = — 1 
if 5 is a reflection in a hyperplane) called the rotation group or special orthogonal 
group in n variables, and denoted by SO (n, R) or SO (n); it is an open sub¬ 
group of 0 (/j). 

(16.11.3) There are analogous definitions and results when E is taken to a 
vector space of dimension n over the field of complex numbers C, or a left 
vector space of dimension n over the division ring of quaternions H. In either 
case J^(E) now denotes the set of hermitian sesquilinear forms on E x E, 
that is to say forms <J> satisfying 

0(x + x', y) = 0(x, y) + 0>(x', y), 

<P(2x, y) = 2cp(x, y) (X e C (resp. H)), 

0>(y, x) = 0>(x, y). 

It follows that 0(x, x) is always real, and therefore (E) is a real vector space 
of dimension n + n(n — 1) = n 2 in the complex case, and of dimension 
n 4- 2 n(n — 1) = 2 n 2 — n in the quaternionic case. Just as in (16.11.1), we can 
show that for each signature (p, q) such that p + q = n, the subspace J^ p> ^(E) 
of forms of signature (p, q) is an open subspace of Jf(E). If O e Jf p q (E), we 
see as in (16.11.2) that the subgroup of elements s e GL(E) such that s • d) = O 
is a Lie subgroup of dimension 2 n 2 — n 2 = n 2 in the complex case, and of 
dimension 4 n 2 — (In 2 — ri)= n(2n + 1) in the quaternionic case. This subgroup 
is called the unitary group of the form cp, and is denoted by U(d>). When 
(p, q) = («, 0), it is called simply the unitary group in n variables. All unitary 
groups U(<P) with d> of signature (n, 0) are isomorphic to the group corre¬ 
sponding to E = C" (resp. E = H") and 

4>(x, y) = (x|y)= £ £,• rjj , 
j~ 1 

where x = (^), y = (rjj). This group is also denoted by U (n, C) or U (n) (resp. 
by U(/ 7 , H)). It is compact , because the matrices S = (a f7 ) belonging to U(/7, C) 
(resp. U(/?, H)) are characterized by the relation S * l S = / and therefore in 

n 

particular satisfy the relations £ |a 7 | 2 = 1 for 1 g g n \ consequently they 

j= i 

form a bounded closed subset of C" 2 (resp. H" 2 ). 
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The homomorphism .?b-*det(,s) of U(n, C) onto U(l, C) = U (the unit 
circle in C) is surjective, because if £ eU and if is an orthogonal 

basis of C n , the automorphism s of C n defined by , s(ej) = e, for 

2 Sj S n is unitary and has determinant £. Hence (16.9.9) the kernel of this 
homomorphism is a normal Lie subgroup of U(/z) of dimension n 2 — 1, called 
the special unitary group and denoted by SU(/z). 

(16.11.4) Let n,p be two integers ^ 1. The space R np of sequences (x k ) lgfc ^ p 
of vectors in R" can be identified with the set of real matrices X with n rows 
and p columns, the kth column being the vector x k . The group GL(«, R) acts 
differentiate (indeed analytically) on the left on R np as follows: the auto¬ 
morphism s e GL(n, R) transforms the sequence (x fe ) into the sequence 
(s • x fc ). Equivalently, if we identify s with its matrix S relative to the canonical 
basis of R", the action of GL (n, R) on R np is left multiplication (S, X) -+S * X 
of matrices. 

Now let p g n and let S n> p (or S np (R)) be the subset of R np consisting of 
sequences (Xfc)i^k^p which are orthonormal relative to the Euclidean scalar 
product (6.5). This set may also be described as follows: the orthogonal group 
0(n, R) acts differentiably on R np by restriction of the action of GL (n, R) 
defined above, and S n> p is the orbit, under this action of O (n, R), of the ortho¬ 
normal sequence (e k )i£k^p consisting of the first p vectors of the canonical 
basis (e k )ig fc ^ n of R rt . Since, by virtue of (12.10.5), this orbit is compact and 
hence closed in R" p , it follows from (16.10.7) that S n> p is a compact submanifold 
of R np , called the (real) Stiefel manifold of orthonormal systems of p vectors 
(sometimes called pframes) in R”. It is clear that the subgroup of 0(«, R) 
which stabilizes the /7-frame may be canonically identified with the 

orthogonal group O (n — p, R), by identifying R"“ p with the subspace of R w 
spanned by e p+1 , ..., e n (when n = p, this group consists only of the identity 
element). Hence S„ tP is isomorphic to the homogeneous space 

0(n,R)IO(n-p,R). 

(16.11.5) When p = n the Stiefel manifold S n/I (R) may be identified with 

O (n, R), and when p = 1 the manifold S n l (R) may be identified with the 
sphere S n ^ 1 (16.2.3). When 1 ^p —1, S n p (R) is also the orbit of the 
p-frame under the action of the rotation group SO(«, R). Since the 

stabilizer of (pdi&sp ma y be identified with SO(« - p, R), it follows that 
S n> P (R) may be identified with the homogeneous space SO(«, R)/SO(rc — p, R) 
for 1 Sp S n — 1. 

(16.11.6) In the considerations of (16.11.4) the field R can be replaced every¬ 
where by C or H, the Euclidean scalar product being replaced by the Hermitian 
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scalar product. In this way we define complex and quaternionic Stiefel mani¬ 
folds S rt>p (C) and S n>p (H). They are isomorphic, respectively, to the homo¬ 
geneous spaces U (n, C)/U(« -/?, C) and U(/i, H)/U(/i - p, H); and if 

I ^p^n- 1, 

S„ p(C) is also isomorphic to SU(az, C)/SU(n — p, C). They are therefore 
compact manifolds. When p = 1, S n>1 (C) may be identified with the sphere 
S 2 ^!, and S n , fU) with S 4n ^ . 

(16.11.7) The groups SO(«, R), SU(/?, C), U(az, C), and U(/j, H) are connected 
if n^ 1; so also are the Stiefel manifolds p (C) and S„ p (H) if 1 ^p S n ~ 1, 
and p (R) if 1 fg p ^ n — 1 and n^2. 


When « = 1, the groups SO(l, R) and SU(1, C) consist of the identity 
element alone. The group U(1,C) may be identified with the unit circle 
U = S t in C, and U(l, H) with the multiplicative group of quaternions of 
norm 1, which as a topological space is the sphere S 3 ; hence these two groups 
are connected (16.2.3). It follows also from (16.2.3) that the Stiefel manifolds 
S rtj t (R) = S n _! are connected if n 2> 2, and that S flt X (C) = S 2n -i and S n> X (H) = 
S 4n ^! are connected if n ^ 1. Consequently the homogeneous spaces 

SO(n)/SO(n - 1), SU(/?)/SU(/z - 1), 

U(/i, C)/U(/i -1,C), U(/i, H)/U(/i - H) 

are connected if n ^.2. The first assertion of (16.11.7) now follows by 
induction on n, by virtue of (12.10.12). The second is an immediate conse¬ 
quence, by (3.19.7). 

(16.11.8) If E is a vector space over a field K, we denote by G p (E) the set of 
vector subspaces of dimension p in E. The set G p (R") is denoted by G n>p (R) 
or simply G w> p . It is clear that the orthogonal group O(«, R) acts transitively 
on G n> p (R). Furthermore, if F is the subspace of R" generated by the first p 
vectors in the canonical basis, then the stabilizer of F under this action leaves 
fixed (as a whole) the orthogonal supplement of F, namely the subspace 
spanned by the last n — p vectors of the canonical basis. Hence the stabilizer 
of F is a Lie subgroup of O(a, R) which may be identified with the product 
0(p,R) x 0(/i-/?,R) ((16.9.8) and (16.8.8(i))). It follows (16.10.12) that 
there exists on the set G„ t p a unique structure of differential manifold for which 
O(«, R) acts differentiably on G n p . The set G n>p endowed with this structure 
is called the {real) Grassmannian with indices n,p. When p = 1, the Grass- 
mannian G„ t is also denoted by P n ^ t (R) or simply P„_ x , and is called (real) 
projective space of dimension n~ 1. The differential manifold G„ jP (R) is 



72 XVI DIFFERENTIAL MANIFOLDS 


diffeomorphic to the homogeneous space O (n 9 R)/(0 (p, R) x 0(n - p, R)). If 
p<n - 1, it is also diffeomorphic to SO(/?, R)/H p , where H p is the sub¬ 
group of 0(p, R) x 0(/i - /?, R) consisting of pairs ( t , f) such that det(t) = 

det(f). 

We remark that G n> p may also be considered as the space of spheres with 
center 0 and dimension p— 1 contained in the sphere S n _j: these spheres 
correspond one-to-one with the vector subspaces of dimension p in R". 

(16.11.9) The orthogonal group 0(p, R) acts differentiably on the right on 
the Stiefel manifold p (R) by matrix multiplication ( X , T) h* X ■ T. For each 
matrix IeS„ >p can be written as S • E, where Se O(«, R) and E is the matrix 
whose columns are the vectors e x , ..., e p ; thus X consists of the first p 
columns of S. The columns of E • T are the images of e x , ..., e p under the 
element of the orthogonal group O (p, R) whose matrix relative to (e k \^ p 
is T ; hence these columns form a p-frame, that is to say E • T e S n> p and there¬ 
fore also X • T= S • E - Te S„ tP . This shows also that the set of orbits for 
the above action may be identified with If we endow G„ >p with the 

structure of differential manifold defined in (16.11.8) and identify S n p with 
O (n, R)/0 (n - p, R) and G„ p with O (n, R)/(0 (p, R) x 0(n - p 9 R)), then the 
canonical mapping % : S n> p -► G n? p is a submersion (16.10.4); consequently, for 
the action of O (p, R) on S n p defined above, the orbit-manifold exists and can 
be identified with the Grassmannian G n p (16.10.3). Moreover, the orbits are 
each diffeomorphic to G(p, R). It follows from (16.11.6) and (16.11.7) that 
G np (R) is compact and connected if n ^ 1 and 1 ^p Sn. 

There are analogous definitions and results for the complex and quater- 
nionic Grassmannians G n p (C) and G n>p (H), and in particular for the com¬ 
plex and quaternionic projective spaces P^.^C) and P^^H). The dimensions 
of the differential manifolds G„ p (R), G„ P (C), and G n>p (H) are therefore, 
respectively, 

- 0 ~ ip(p ~ 1) - K« - P)(n -p-\)=p{n- p ), 

n 2 -p 2 -(n- p) 2 = 2 p(n - p), 
n(2n + 1) - p(2p +!)-(«— p)(2n — 2p + 1) = 4 p(n - p). 


(16.11.10) There is another, equivalent, definition of the structure of dif¬ 
ferential manifold on the Grassmannian G n P (R). For the group GL(w, R) also 
acts transitively on G n p (R), and the stabilizer of the subspace F considered 
in (16.11.8) is the subgroup H of GL (n, R) consisting of matrices of the form 



where A is a square matrix of p rows and p columns. Since H is 


clearly a Lie subgroup of GL(«, R) (it is diffeomorphic to the product 
GL(p, R) x GL(n — p, R) x we obtain (16.10.12) a structure of dif- 
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ferential manifold on G np . Since the action of 0(«, R) on G n>p is obtained 
by restriction of the action of GL(«, R), the structure so obtained is the same 
as that defined in (16.11.8). 

Now let L rtj p denote the subset of R np consisting of the matrices X of rank 
p , that is to say matrices X whose p columns x k (1 <; k g p) are linearly in¬ 
dependent. This set L n p is open in R np . More precisely, for each subset J 
consisting of p elements i x < i 2 < * • * < i p of the set I = { 1 , 2, ..., n} 9 let Tj be 
the set of matrices X such that the matrix Xj formed by the 4 th, ..., i p t h 
rows of X is invertible; then it is clear that Tj is open in R np and is canonically 

o 


diffeomorphic to GL(p, R) x R p(n ' 


p) 


and L WfP is the union of the 


sets 


Tj. Note that GL(p, R) acts differentiably on the right on L n>p , by matrix 
multiplication ( X , T)t-+X • T. We assert that G„ p can be identified with the 
orbit-manifold of this action. Firstly, the orbit-manifold GL (jp, R^L*^ exists: 
for if R is the set of pairs (X, Y) of elements of L n p belonging to the same 
orbit, then the intersection Rn (Tj x L np ) is the graph of the C 00 -mapping 
( X , T)\-*(XXj of Tj x GL(p, R) into R p(w_p) , and the existence of the 
orbit-manifold now follows from (16.8.13) and (16.10.3). It is clear that there 
is a canonical bijection co of GL (p, R)\L„ t p onto G„ p such that co(n(S • X)) = 
S • n'(X) for S e GL(/z, R) and XeL n p , where n and n' are the canonical 
mappings of onto GL(p, R)\L n> p and G n>p , respectively. It follows 
(16.10.12) that co is a diffeomorphism, and our assertion is proved. 

From these considerations we can construct a convenient atlas for G„ tP . 
Let Vj be the subset of Tj consisting of the matrices X e Tj such that X 3 = I p 
(the unit matrix). Then it is immediately seen that the restriction of n to Vj is 
a bijection of Vj onto Uj = 7c(Tj). If cp } is the inverse of this bijection, we have 
<pj(n(X)) = XXj 1 , from which we conclude (16.10.4) that q >j is of class C 00 ; 
since tc | Vj is also of class C 00 , <pj is a diffeomorphism of Uj onto Vj. As Vj 
may be identified with R p( ' , ~ p) , we have an atlas of GL(p, R)\L w>p consisting 
of the charts (Uj, (pj,p(n —/?)). 

There are of course analogous results for complex and quaternionic 
Grassmannians. The real and quaternionic Grassmannians are real-analytic 
manifolds, and the complex Grassmannians are complex-analytic manifolds. 


(16.11.11) By virtue of (16.11.9), the projective space P M (R) (resp. P M (C), 
resp. P n (H)) may be identified with the orbit manifold of the group consisting 
of the identity and the symmetry — x acting on S„ (resp. the group of 
rotations xh^xC, with \C\ = 1 acting on S 2w+ i c=C" + 1 , resp. the group of 
rotations x\-+xq, where q is a quaternion of norm 1, acting on S 4n+3 c H n+1 ). 


(16.11.12) The differential manifolds P X (R), Pi(C), and Pj(H) are diffeo¬ 
morphic to Sj, S 2 , and S 4 , respectively. 
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We shall prove the assertion for P/H). For each pair of quaternions 

x = x 0 + ix t +jx 2 + fcx 3 , y = y 0 + m +jy 2 + ky 3 

such that |*| 2 + |y| 2 == 1 (where |x| is the Euclidean norm of x in R 4 ), let 
z ~ /(x, y ) = (z 0 , z 1 , z 2 , z 3 , z 4 ) be the point of R 5 (identified with H x R) 
defined by 

2 xy = z 0 + iz x +jz 2 +kz 3> z 4 = \x\ 2 - \y\ 2 . 

Since 

z% + z\ + z\ + z\ = 4|xy| 2 = 4|x| 2 |y | 2 , 

it is clear that z e S 4 . Moreover, z 4 = 21 x | 2 — 1 can take all values in the 
interval [—1, -hi], and for a given value of z 4 # +1, the quaternion 2xy can 
take all values on the sphere of radius 1 — |z 4 1 2 . Hence /is a surjective C 00 - 
mapping of S 7 onto S 4 . Next, the relation /(x, y) = f(x\ y') implies firstly 
that |x'| = |x|, so that we may write x' =xq, where q is a quaternion of 
norm 1; also it implies that x'y' = xy, which gives y f = yq~ l = yq. Hence the 
mapping / factorizes as follows: 

s 7 ^p 1 (H)4s 4> 

where g is bijective. It remains to show that/is a submersion. Since the rota¬ 
tions xh-*q'x, y^q"y (where q\ q" are quaternions of norm 1) are diffeo- 
morphisms of S 7 which fix z 4 and transform xy into q'xyq", it is enough to 
check that/is a submersion at the points (x, y) e S 7 such that the quaternions 
x , y are scalars x 0 , y 0 . It is then immediately verified (since x 0 , y 0 are not 
both simultaneously zero) that the Jacobian matrix of/(extended to H 2 = R 8 
by the same definition) is of rank 5. This fact, together with the relation 
f(tx, ty) = t 2 f(x,y) for all scalars t , proves that g is a diffeomorphism of 
P^H) onto S 4 (16.8.8). The proofs for P/R) and P/C) are analogous but 
simpler: In the case of P/C), we map the point (x, y)eS 3 cR 4 = C 2 to the 
point 

f{x,y) = {2xy, \x\ 2 - \y\ 2 ) 
onS 2 cCxR = R 3 , and the mapping / factorizes as 

s 3 -p 1 (c)4s 2 . 


where g is a diffeomorphism. We may therefore transport to S 2 by means of 
g the structure of complex-analytic manifold of P/C). The sphere S 2 , en¬ 
dowed with this structure, is called the Riemann sphere. 



PROBLEMS 


1. (a) For any two points x,ye S 2n _i C n , put 

oc(x, y) = arc cos(^(jc \y)) 

which is a real number between 0 and n. If s, t are any two elements of the unitary 
group U(w), put 

d{s , t) = sup ol(s • x, t * x). 
xeS 2n ~l 

Show that d is a bi-invariant distance on U (n). 

(b) For s e U(/i), let e i0J (1 m) be the distinct eigenvalues of s , so that O is the 

Hilbert sum of the eigenspaces \j of s (1 m), the restriction of .y to V, being the 

homothety with ratio e t0J ; we may assume that — re < 0, rr for each j. Show that if 
6(s) = sup 1 6j |, then d(e, s ) = 0(s). (Minorize 0t{x | s • x) by using the decomposition 

of x as a sum of vectors XjeVj.) 

(c) Let s , t be two elements of U(/*) such that £ and the commutator (s, /) = sts" l t~ 1 
commute, or equivalently such that s and u — tst~ l commute. Show that if 6(t) < \ir, 
then s and t commute. (With the notation of (b), observe that if Vj is the orthogonal 
supplement of V,, and if Wj = f(V/), then Wj is the direct sum of Wj n Vj and Wj n Vj, 
and deduce from the hypothesis on / that Wjn V} = {0}.) 

2. When n = 2 , the two charts <p t , <p 2 on S 2 defined in (16.2.3) are such that <p x and <p 2 
define on S 2 the structure of complex analytic manifold defined in (16.11.12). 

3. Let U be an open neighborhood of 0 in R n . In the real-analytic manifold U x P n _!(R), 

let U' be the subset consisting of points (x, z ) such that for some system (z 1 ,..., z") of 
homogeneous coordinates for z we have x J z k — x k z J = 0 for all pairs of indices 7 , k (in 
which case these relations are satisfied for all systems of homogeneous coordinates for 
z). Show that U' is a closed analytic submanifold of dimension n in U X P„_i(R) 
(consider the atlas of P n _!(R) defined in (16.11.10)). The restriction n v of the projection 
pr t to U' is a surjection of U' onto U and is proper; Trj^O) is a submanifold of U' iso¬ 
morphic to P n _i(R), and the restriction of ttu to U' — ^’(0) is an isomorphism of this 
open set onto U — {0}. Let r be the inverse isomorphism of U — {0} onto U' — tt^O), 
and let / be any C l -function defined on an open neighborhood I of 0 in R and with 
values in U, such that/(0) = 0 and T 0 (/) 0 . Then the function t h* defined on 

1 — { 0 } and with values in U\ extends by continuity to a mapping/': 1 ->U\ such that 
/'( 0 ) is the canonical image in P n ^j(R) of the vector T 0 (/) • 1. Furthermore, if /is of 
class C, then /' is of class C r_1 ; and if /, g are two C r -functions defined on I, such that 
/( 0 ) = g( 0 ) = 0 , which have contact of order ^ 1 at the point 0 , then /' and g' have 
contact of order ^k — 1 at the point 0 (Section 16.5, Problem 9). 

If V is another open neighborhood of 0 in R" and if u : U-> V is an isomorphism 
of analytic manifolds (resp. a diffeomorphism), then if V' and 7 r v are defined as above, 
there exists a unique isomorphism u': U'-> V' of analytic manifolds (resp. a unique 
diffeomorphism) such that 7 r v 0 u' = u ° tt v . 

Deduce that if X is a pure differential (resp. analytic) manifold of dimension n, and 
x a point of X, there exists a differential (resp. analytic) manifold X' of dimension n 
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and C 00 - (resp. analytic) surjection 7 r x : X'-*X with the following properties: (a) the 
restriction of tt\ to X' — ttx^(x) is an isomorphism of — onto X —{x}; 

(b) there exists a chart (W, 93, n) of X at the point x such that (pipe) = 0 and <p(W) = U 
is an open neighborhood of 0 in R", and a diffeomorphism (resp. an isomorphism of 
analytic manifolds) u of 77 * *(W) onto U 7 (with the notation introduced above) such 
that cp( 7 Tx(x')) = Trv(u(x')) for all x 7 eTTxHW). Moreover, these properties determine 
X' up to isomorphism, and X 7 is said to be obtained from X by blowing up the point x. 
Extend this construction to complex-analytic manifolds. 

4. Let p , q be two integers >0 such that p + q — n , and let O be a symmetric bilinear form 
of signature (p, q) on R". 

(a) Show that the set of vectors x e R" such that ®(x, x) = 1 is a connected submani¬ 
fold of R" except in the case p — 1, when there are two connected components. 

(b) Let SO(O) denote the subgroup of 0(0) consisting oflhe elements with deter¬ 
minant 1. Show that SO(O) has two connected components (and hence that 0(0) has 
four components). (Argue as in (16.11.7), using (a) above.) 

(c) What are the corresponding results when R” is replaced by C" or H" and O by a 
Heimitian sesquilinear form? 

5. Show that the groups GL(/z, C) and GL (n, H) are connected when n J> 1, and that the 
same is true of the groups SL(//, R) and SL(«, C) for n 1. On the other hand, GL(/z, R) 
has two connected components. (Use the method of (16.11.7).) 

6 . Let O be a nondegenerate alternating bilinear form on R 2 ". Show that the subgroup 
Sp(<£) of GL(2rt, R) which leaves <D invariant is a connected Lie group, and calculate 
its dimension. (Use the method of (16.11.7).) Consider the same problem with R replaced 
by C. 

7. Let G be a Lie group and suppose that there exists a Lie subgroup H of G and a sub¬ 
manifold L of G such that the mapping (x, y) xy of L x H into G is a diffeomorphism 
of L x H onto G. If K is any Lie subgroup of H, show that the manifold G/K is canoni¬ 
cally isomorphic to L x (H/K). (Use (16.10.4) and (16.8.8).) Consider in particular the 
case where G = GL(2 n, R), H = 0(2 n, R); then L may be taken to be the manifold 
consisting of the positive definite matrices (Section 11.5, Problem 15). Deduce that 
GL(2n, R)/U(«, C) is diffeomorphic to the manifold R"< 2n + 1 ) x (0(2 n, R)/U(/i, C)). 


12. FIBRATIONS 

All the definitions and all the results of Sections 16.12-16.14, with the 
exceptions of (16.12.11) and (16.12.12), remain valid when we replace dif¬ 
ferential manifolds and C°°-mappings by real-analytic (resp. complex-analytic) 
manifolds and analytic mappings in the statements and proofs. The notions 
which correspond in this way to those of differential fibrations and (differen¬ 
tial) principal bundles are called real-analytic (resp. complex-analytic or 
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holomorphic) fibrations and real-analytic (resp. complex-analytic or 
holomorphic) principal bundles. 

(16.12.1) A differential fibration (or simply a fibration) is by definition a 
triple X = (X, B, n) in which X and B are differential manifolds and n is a 
C°°-mapping of X into B which is surjective and satisfies the following condi¬ 
tion of local triviality : 

(LT) For each be B there exists an open neighborhood U of b in B, a 
differential manifold F and a diffeomorphism 

cp: U x 

such that n((p(y , 0) = y for all y e U and t e F. 

The restriction of % to tz~ 1 ( U) is therefore p^ ° <p~ l , which shows that n 
is a submersion. The manifold X is called the space of the fibration X , the 
manifold B its base , and the mapping n its projection. For each be B, the 
inverse image X b = n~ 1 {b) is a closed submanifold of X, called the fiber of X 
over b. By the local triviality condition, there exists a neighborhood U of b 
such that X fc , is diffeomorphic to X b for all b' e U. By abuse of language, in¬ 
stead of saying that (X, B, n) is a “ fibration ” we shall also say that X is a 
differential fiber bundle , or simply a fiber bundle with base B and projection n, 
and that for each xeX the submanifold X„ (x) is the fiber through the point x. 
If all the fibers are diffeomorphic to the same manifold F, then X is said to be 
a fiber bundle of fiber-type F. This will always be the case when B is connected, 
for it follows immediately from the local triviality condition that the set of 
points be B such that X b is diffeomorphic to a given fiber X bQ is both open 
and closed. 

The tangent space at a point x e X to the fiber X K(x) will be canonically 
identified with a subspace of T x (X), and the tangent vectors belonging to 
T x (X w(x) ) are called the vertical tangent vectors at x (or the tangent vectors 
along the fiber at x). They are the elements of the kernel of T x (/). 

If/is any mapping of a set E into B, a mapping/': E -» X is called a lifting 
of/ if n(f'(z)) = f(z) for all zeE. 

Let X = (X, B, n) and X f = (X', B', n') be two fibrations. A morphism of 
X into X' is by definition a pair (/ g) where/: B -► B' and g : X X' are C 00 - 
mappings such that 

(16.12.1.1) • 7z'° g — f ° n. 

The composition of two morphisms (/ g) and (/', g') is defined to be 
(/°/\ 9 0 g'), which is clearly a morphism. 
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An isomorphism of X onto X is a morphism (f,g) such that/and g are 
diffeomorphisms. In that case (f~ x ,g~~ l ) is an isomorphism of X onto X, 
called the inverse of (/,/). 

When B = B' and (1 B , g) is a morphism (resp. an isomorphism), g is said 
to be a B -morphism of X into X , or, by abuse of language, of X into X' (resp. 
a B -isomorphism of X onto X or of X onto X')* 

If g : X -+ X' is a B-morphism, then for each b e B the relation (16.12.1.1) 
shows that there exists a C°°-mapping g b :X h ^> X b such that g b (x ) = g(x) for 
all xeX b (16.8.3.4). 

(16.12.2) Let 2 = (X, B, n) and X = (X', B', X) be two fibrations and let 
(f,g) be a morphism of X into X such that f is a diffeomorphism of B onto B'. 
In order that (/, g) should be an isomorphism it is necessary and sufficient that 
g b :X b -+ X' f(b) should be an isomorphism for each be B. 

The condition is clearly necessary. To prove that it is sufficient, we remark 
first that it implies that g is bijective, so that it is enough to show that g is a 
local diffeomorphism (16.5.6). By virtue of the condition (LT), we may there¬ 
fore assume that B' = B,/= 1 B , X = B x F, and X' = BxF; hence we may 
write g(b , z) = (. b , u(b 9 z )) for ( b , z) e X. The following lemma will then com¬ 
plete the proof: 

(16.12.2.1) Ifu:BxF-+F'isa mapping of class C 00 such that for each be B 
the partial mapping u(b , ’):¥->¥' is a diffeomorphism (resp. a submersion ), 
then g : ( b , z) i-> (b 9 u(b , z)) is a diffeomorphism (resp. a submersion). 

For by (16.6.5) and (16.6.6) we have 

W 0) • (IV, K) = (IV, T b (u( • , z)) • IV + T Mb, •)) • K\ 

which shows that the linear mapping T (b , z) (#) is bijective (resp. surjective); 
hence the result, by (16.5.6). 

Examples 

(16.12.3) If B and F are two differential manifolds, the triple (B x F, B, prj 
is a fibration called the trivial fibration; its fibers are canonically diffeomorphic 
to F. A fibration X = (X, B, ri) is said to be trivializable if there exists a B- 
isomorphism of X onto a trivial fibration (B x F, B, pr x ). Such an isomorphism 
is called a trivialization of X. 

It is important to realize that when a fibration X = (X, B, n) is trivializable, 
there is not in general a distinguished , uniquely determined trivialization of X. 
If g x and g 2 are two trivializations of 2, then we have g 2 (z) = v(g x (z)) 9 where 
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, x)\ w(6, x)) is a B-automorphism of the trivial bundle B x F; that 
say (16.12.2.1) u is a C°°-mapping such that u(b , *) is a diffeomorphism 
Dnto itself for each b e B. In other words, the distinction between a trivial 
ion and a trivializable one is that for the former any two fibers are 
xically diffeomorphic, whereas for the latter they are diffeomorphic but 
exists in general no distinguished diffeomorphism of one onto the other. 

L4) A fiber bundle with base B whose fibers are discrete is called a 
ing (or covering space) of B. From the definition it follows immediately 
the projection 7i:X-*B is a surjective local diffeomorphism (16.5.6). 
ersely, however, if /: X -* Y is a surjective local diffeomorphism, it does 
cessarily follow that (X, Y,/) is a covering of Y. For example, consider 
ering (X 0 , B, n) of B such that n is not injective; if x 0 e X 0 is such that 
ber n~ 1 (n(x 0 j) has at least two points, consider the space X = X 0 — {x 0 } 
he restriction /of n to X; it is clear that /is a surjective local diffeo- 
hism, but (X, Y,/) is not a covering (cf. (20.18.8)). (Cf. Problem 1.) 

L4.1) To say that a triple (X, B, n) is a covering of the differential 
fold B is equivalent to saying that X is a differential manifold, n a sur- 
e C°°-mapping, and that the following condition is satisfied: 

L) For each be B, there exists an open neighborhood U of b in B such 
r J (U) is the union of a (finite or infinite) sequence (V„) ofpairwise disjoint 
subsets of X, with the property that for each n the restriction n n : V„ -> U 
\o V„ is a diffeomorphism ofV n onto U. 

B is connected, the condition (R) by itself implies that n is surjective. 
:(X) is open in B, and if b is in the closure of 7t(X), then there exists an 
neighborhood U of b in B which satisfies (R) and meets ;z(X). This im- 
that the sets V n are not empty, hence that U c= 7r(X); in other words, 
is both open and closed in B, hence is the whole of B because B is con- 
d. 

L4.2) For example, the Riemann surface Y of the logarithmic function 
11) is a covering of C* = C — {0} of fiber-type Z, the projection n being 
sstriction of prj to Y. For each point z 0 = r o e l0 ° s C* (where r 0 > 0 and 
l) has an open neighborhood U in C*, namely the image under the bi- 
n {r, 9)\->re ld of the open set 

V = {(r, 0): r > 0, 0 O — n < 9 < 6 0 + n} cz R 2 . 

:lear that the mapping 

q >: (re 10 , k) i-> log r + id + 2kni 
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is a diffeomorphism of U x Z onto n^fU) satisfying the local triviality 
condition (LT). This covering of C* is not trivializable, because it is connected: 
two points in the same fiber belong to the image in Y of R under a continuous 
mapping of the form t\->(re lt , log r + it) (3.19). 


A covering whose fiber-type is a finite set of n points is called an n-sheeted 
covering. 

(16.12.5) If X = (X, B> 7i ) and X r = (X', B', it') are two fibrations, then it is 

immediate that (X x X', B x B', n x n f ) is a fibration, called the product of 
the fibrations X and X' and written X x X'. For each point (b, b') e B x B', we 
have (X x = X b x Xy . 

(16.12.6) A section of a fibration (X, B, n) (or a section of the fiber bundle X) 
is by definition any mapping s : B -* X, not necessarily continuous, such that 
%o s ~ 1 B (in other words, it is a lifting of 1 B ). A section is necessarily an in¬ 
jective mapping. A C°°-section of X may be considered as a B-morphism of 
the trivial bundle (B, B, 1 B ), identified with B, into (X, B, n). It is clear that 
any trivializable fibration has at least one C°°-section, but conversely the 
existence of such a section does not necessarily imply that the fibration is 
trivializable (Section 16.16, Problem 1). 

The sections (resp. sections of class C r ) of a trivial bundle (B x F, B, pr^ 
are the mappings b (b,f(b)), where/is a mapping (resp. a mapping of class 
C r ) of B into F; hence they are in one-to-one correspondence with such 
mappings. 

If g is a B-morphism of (X, B, n) into (X', B, n'), then for each C r -section 
s of (X, B, 7i) (where oo), the mapping g o s : B -> X' is a C r -section of 

(X', B, 7i'). 

On the other hand, it should be noted that if (/ g ): (X, B, n) -» (X', B\ n') 
is a morphism of fibrations with different bases, it is not in general possible to 
define the image of a section of (X, B, n) under such a morphism, because a 
point of B' may be the image of several distinct points of B. However, when 
/ is a diffeomorphism of B onto B', the image of a section s of (X, B, n) 
under the morphism (fig) is defined to be the section b f \-+g(s(f~ *(&))) of 
(X', B', 7i'). 


(16.12.7) (i) A C^-section of a fibration (X, B, n) is an embedding of B into 
X whose image is closed in X. 

(ii) A continuous section of a covering (X, B, n) is a diffeomorphism of B 
onto an open and closed submanifold ofX. 
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(i) Let s be a C°°-section. Since s is injective, the question is local with 
respect to B, so that we may assume the fibration to be trivial; but in this case 
the result is immediate, since ^(B) is the graph of the mapping b cp(b, s(b)) of 
B into F, in the notation used at the beginning of (16.12). 

(ii) If U is a connected open neighborhood of a point b e B over which 

the covering is trivializable, then s(U) must be one of the connected com¬ 
ponents V„ of (16.12.4.1), and ,y|U is the inverse of n n = 7r|V„. Since 

7i n is a diffeomorphism, U is the inverse diffeomorphism. Hence the section 
s is a local diffeomorphism, and the result now follows from (i) and (16.7.5). 

(16.12.8) Let X = (X, B, n) be a fibration, B' a differential manifold, and 
/: B' B a mapping of class C 00 . 

(i) The set B' x B X of points (b f , x) e B' x X such that /(£>') = n(x) is a 
closed submanifold ofW x X. 

(ii) If k' is the restriction to B' x B X of pr*, then X' = (B' x B X, B', n f ) 
is a fibration such that for each point b' e B' the fiber (B' x B X) b , is canonically 
diffeomorphic to X /(fe ^. Iff ' is the restriction of pr 2 to B' x B X, then (/,/') is 
a morphism of X' into X. 

(iii) Let p! = (Y\ B', p') be a fibration with base B' and let g :Y' -+X be 
a C™-mapping such that (/, g) is a morphism of p' into X. Then there exists a 
unique B'-morphism u : Y' B' x B X such that g =f' ° u. 

(i) Put h(b f , x) = (f(b'), n(x)), so that h is a C°°-mapping of B' x X into 

B x B (16.6.5). If A is the diagonal of B x B, we have B' x B X = h~ l (&). 
Since the question is local with respect to B, we may assume that there exists 
a submersion if/ : B x B R m such that A = 0) ((16.8.3) and (16.8.13)). 

Putting 0 = \j/ o h, we have B' x B X = 0~ 1 (O), and we have only to show that 
0 is a submersion at every point of B' x B X; for there will then exist a neigh¬ 
borhood of B' x B X in which 0 is a submersion, and we can apply (16.8.8). 

So let ( h' , x) be a point of B' x B X, and let b = f(b') = n(x). Since n is a 
submersion, the image under T (b , tX) (h) of T (6%X) (B' x X) in T (bfb) (B x B) = 
T b (B) x T fc (B) contains {0} x T b (B), which is a supplement of the diagonal in 
this product; but this diagonal, when identified with T (fef b) (A), is the kernel of 
T(f>,b)0/0- Since ^ is a submersion, the result now follows from (16.5.4). 

(ii) Let b' 0 be a point of B', and let b 0 = f(b' 0 ). By hypothesis, there exists 
an open neighborhood U of b 0 in B, a differential manifold F, and a diffeo¬ 
morphism (p : U x F -> ^"'(U) such that n(q>(b, t)) — b for all ieU and 
t e F. Consider now the open neighborhood/“^U) of b r 0 in B'; the mapping 

<p ': (b\ t) h-» (b\ cp(f(b f ), 0) 
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is a bijection of/ 1 (U) x F onto n' l (f ^U)) such that n\(p\b\ t)) = V. For 
we have n(<p(f(b '), t )) = /(£'); hence <?'(£', 0 belongs to B' x B X and 

n'(<p'(b\ t )) = b'; 

conversely, if (b\ x ) e ^'-^(y-^u)), then Z? =/(£>') = 7t(x) e U; hence there 
exists a unique t e F such that <p(b, t ) = x. Finally, the fact that (p ' is a diffeo- 
morphism follows from (16.12.2.1) and the fact that <p is a diffeomorphism. 
This completes the proof of (ii). 

(iii) For each y'e Y' we have n(g{y')) ==/(p'(/))> so that the point 
u(y') = (p'(y'), g(y')) belongs to B' x B X, and it is clear that u is the unique 
B-morphism with the required properties. 

The fibration X is called the inverse image of X under /, and is denoted by 
f*(X). If X is trivial, so is/*(A). For each section s : B -► X of X, the mapping 

X:b'^(b\s(f(b'))) 

is a section of/*(A), called the inverse image of s under/and denoted by/*($). 
If s is continuous (resp. of class C r ), then the same is true of f*(s). 

If (X x , B, Hi) and (X 2 , B, 7t 2 ) are two fibrations with base B and if g is a 
B-morphism of X x into X 2 , then it is immediate that the mapping 

g f : B'x b X 1 ^B'x b X 2 

defined by g'(b', x x ) = (b\ ^(x^) is a B'-morphism; it is denoted by /*(^). 

(16.12.9) Let X = {X, B, tc) be a fibration, B' a submanifold of B, and 
j: B' B the canonical injection. The set B' x B X is then the image under 
the mapping (x, b') (b\ x ) of the graph of the restriction of n to tc^^B'), 

and the mapping x (ti(x), x) is therefore a diffeomorphism of the sub¬ 
manifold 7c _1 (B') of X (16.8.12) onto B' x B X. If we identify B' x B X with 
7t” 1 (B') by means of this diffeomorphism, then n' is identified with the restric¬ 
tion of n to tt’^B')* In future we shall always make this identification, and 
we shall say that the fibration;*(A) = (7r~ 1 (B') 5 B', n') is induced by X on B'. 
The inverse image j*(s) of a section s of X is then the restriction of s to B'. 

A section of the induced fibration y*(A) is also called a section of X over B'. 
The set of C°°-sections of X over B' is denoted by T(B', X). More generally, 
for any subset A of B, a section of X (or ofX) over A is by definition any map¬ 
ping s : A -► X such that n © 5 - = 1 A (in other words, such that s(b) e X b for 
all b e A). The sections of X over B are sometimes called global sections of 
A (or of X). 

The condition (LT) may be stated in the form that each point b e B has 
an open neighborhood U in B such that the fibration induced by X on U is 
trivializable, or (as we shall sometimes say) that X is trivializable over U. 
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(16.12.10) Let X = (X, B, n) and X = (X', B, n') be two fibrations with the 
same base B. We may form the product fibration 

X x X = (X x X', B x B', 7i x n'). 

Let 5 be the diagonal mapping B B x B, and let X" be the inverse image 
<5*(A x X). The space of this fibration is by definition the submanifold of 
B x X x X' consisting of all (Z>, x , x f ) such that b = n(x) = n'(x'). Now, by 
(16.12.8(i)), the set X x B X' of points (x, x') e X x X' such that n(x) = 7c'(*') 
is a submanifold of X x X', and up to a canonical symmetry (of B x X x X' 
onto X x X' x B) the space X" of the fibration X" is therefore the graph of the 
restriction of no pr t (or n' ° pr 2 ) to the submanifold X x B X' of X x X. Hence 
it is canonically diffeomorphic to this submanifold (16.8.13), and we shall 
identify X" with X x B X'. Next, if n " is the projection of X", and if U is an 
open subset of B over which X and X' are trivializable, we have diffeo- 
morphisms cp : U x F 7i _1 (U), cp': U x F' 7t'“ 1 (XJ), and it is immediately 
verified that 

(b, (t, *')) ■“>(*, <KM), (p\b , 0) 

is a diffeomorphism of U x (F x F') onto 7c"” 1 (U). In particular, over each 
point be B, the fiber of X" is diffeomorphic to X b xX' b . The fibration X" (or 
the fiber bundle X x B X') is called the fiber product of X and X (or of X and 
X') over B. 

The following proposition is the analog, for sections of fiber bundles, of 
the Tietze-Urysohn theorem (4.5.1): 

(16.12.11) Let X = (X, B, n) be a fibration with fibers diffeomorphic to R N , let 

S be a closed subset of B, and let g : S -► X be a section ofX over S such that 
for each be S there exists an open neighborhood \ b of b in B and a C r -section 
(1 ^ oo ) s b of X over V 6 which agrees with g on V b n S. Then there exists a 

C r -section f of X over B which agrees with g on S. 

For brevity we shall call g a C r -section of X (or X) over S. 

Let (A„) be a denumerable locally finite covering of B by connected open 
sets such that X is trivializable over each A n (12.6.1). Let (B n ) be another open 
covering of B such that B„ c= A n for each n (12.6.2). Let U„ be the union of the 
A* for 1 <; k ^ n, and let W n be the union of the B fc for 1 ^ k ^ n, so that 
W„ is the union of the B fc for 1 ^ k g n. By induction on n we shall define a 
C-section f n of X over W„ such that: (1) f n agrees with g on W n n S, and the 
section of n~ l (U n ) over W n u (U n n S) which is equal to f n on W n and to g 
on U„ n S, is of class C r ; (2) f n+l agrees with f n on W„ . Since B is the union of 
the W n , the section/of X over B which is equal to f n on W„ for all n will have 
the required properties. 
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Suppose then that/„ has been defined. We shall show that there e> 
C r -section h n+1 of A over A„ +1 which agrees with/, on A n+1 n W„ anc 
g on A„ +1 n S. Then the section f n+1 which is equal to/, on W„ and tc 
on B„ + i will satisfy the conditions (1) and (2). For at a point «W,u (U, 
which does not belong to B„ +1 , there exists by hypothesis a neighboi 
TcU„ofr which does not intersect B„ + 1 ,_and a C'-section of A over T 
is equal to/, (hence also to/ n+1 ) on Tn W„ = Tn W„ + 1 , and is equa 
onTn S; and at a point of B„ + l or of A n+1 n S, the section_A n+1 ov< 
neighborhood A„ +1 of this point agrees with/„ + 1 on A„ + I n W„ +I anc 
9 on A„ +1 n S. 

It remains to define h„ + i . By virtue of the choice of the A„ and the 
thesis on the fibers of A, we may limit ourselves to the case where 7 t _1 (A„ 
A„ +1 x R N , so that sections over A„ +I may be identified with mappii 
A n+1 into R n . Consider now the function w„ +1 , defined on 

(A n+1 n W„) u (A„ +1 n S), 

which is equal to/„ on A„ +1 n W„ and to g on A„ + 1 n S. This functioi 
class C r on this closed subset of A„+,. Indeed, this is obvious at a_po 
A„ +1 n S which does not belong to W„, and at a point xe A„ +1 n W„, 
exists by hypothesis a neighborhood T c U„n A„ + , of x and a functi 
class C r on 1’ which agrees with/„ on T r> W„ and with g on T n S, and 
agrees with u„ +i on T n (W n u S). We can now apply (16.4.3) to the N 
ponents of «„ +1 and hence extend u„ +1 to a C r -function h„ +i on A„ + , 
proof is now complete. 

In particular: 

(16.12.12) If the fibers of X = (X, B, n) are diffeomorphie to R N , then 
exists a C^-section of A over X. 

We have only to apply (16.12.11) with S = 0. 

Remark 

(16.12.13) A real-analytic fibration can also be regarded as a differ 
fibration: the differential fibration so obtained is said to underlie the 
real-analytic fibration. In the same way we define the real-analytic fib 
underlying a given complex-analytic fibration. One point that should t 
phasized is that the words “ tri vializable ” and “trivialization ” signify dil 
things for a real-analytic (resp. complex-analytic) fibration and the unde 
differential (resp. real-analytic) fibration. 


PROBLEMS 


1. Let X and Y be two connected differential manifolds of the same dimension and let 
/: X -> Y be a local diffeomorphism. Show that the following properties are equivalent: 

(a) / is proper (Section 12.7, Problem 2). 

(b) / is a closed mapping (that is, the image under / of any closed subset of X is a 
closed subset of Y). 

(c) For each ye Y, the fiber f~ l (y) is a finite set, whose number of elements is in¬ 
dependent of y. 

(d) (X, Y, f) is a covering of Y, all of whose fibers are finite. 

(To prove that (a) implies (b) and that (b) implies (c), argue by contradiction.) 

Deduce that for a C°°-mapping/: R" ->R" to be a diffeomorphism of R n onto itself 
it is necessary and sufficient that/should be a local diffeomorphism and that ||/(x)|| <*> 

as ||x || ~> oo, where ||x|| is any norm on R". (Use the fact that R" is simply connected 
(16.28.3).) 


2. Let X and Y be two pure complex-analytic manifolds of dimensions m and «, respec¬ 
tively, and let/: X x Y C” be a holomorphicmapping. Let 

Z o = {(x,y)eXxY:f(x,y) = 0} 

and let S be the set of points (x, y) e Z 0 at which the tangent linear mapping 
T y /(x, •): T y (Y)-»C" is not bijective (i.e., S is the set of “singular points” of Z 0 ). 

(a) Show that Z = Z 0 — S is a submanifold of X x Y of dimension m (if not empty), 
that the restriction p of prj to Z is a local diffeomorphism and that the fiber p" 1 (x) is 
discrete for each xeX. 

(b) Suppose that X = C m and Y = €, so that/is an entire function on C m+1 . For each 
point (x L , y x ) e Z, let u L be the unique holomorphic function on a neighborhood of x t 
such that /(x, w/x)) = 0 for all x in this neighborhood, and ^(x,) = y x . If Zi is the 
analytic manifold defined by u x (Section 16.8 Problem 12) and p x : Zi ->• C m is the 
canonical mapping, show that there exists a unique isomorphism h of Zi onto the con¬ 
nected component Z x of Z containing (x x ,yj, such that po h--p t . (Lift up to Z t a 
path in X which is the projection of a path in Zi.) 

(c) Suppose that X — Y = C and take /(x, y) = xy — sin y. Then pr^S) is not closed, 
pr x (Z) = X, and (Z, X,p) is not a covering. 

(d) Suppose again that X = Y = C, and take/(x, y) = x — 2e y + e 2y . Then pr^S) == {1} 
and pr x (Z) = X — {!}, but (Z, pr/Z), p) is not a covering. 

(e) Suppose that Y = C" and that the restriction of pri to Z 0 is a proper mapping 
(Section 12.7, Problem 2). Let T be the open set X — pr/S), and let Z x be a connected 
component of p~ l (T) in Z. Show that (Z x , p(Z x ), p) is a covering of p(Z x ) with a finite 
number of sheets. (Use Problem 1.) 

(f) Suppose that X is connected, Y -= C, and take/(x, y) to be a polynomial in y, 

/(x, y) - y r -F gi(x)y v ~ l +-1- g r (x), 

with coefficients which are holomorphic functions on X. Suppose also that the dis¬ 
criminant of this polynomial does not vanish identically on X. Then pr/S) is closed, 
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and the open set T = X — pr^S) is dense and connected; hence the results of (e) are 
applicable, and moreover we have p(Z x ) = T. 

(g) Suppose that X = Y = C, and take f(x y y) = x — J* exp(* 2 ) dt. Then S is empty, 

pr*(Z) = X, but (Z, X, p) is not a covering. (Use Picard’s theorem (Section 10.3, 
Problem 8(b)), and consider the values of y e C of the form e inl *t y where t e R.) 

3. Let (X, Y, p) be a covering, in which the differential manifold Y is compact. Show that 

there exists a finite open covering of Y such that, for each /, each connected 

component of p~ 1 (XJ i ) meets at most one connected component of p~\ Uj) for each 
j # /. (Use (3.16.6).) 

4. Let A = (X, B, 7r) be a fibration and let/: Bi ->B and g : B 2 -* Bj be two mappings of 
class C 00 . Define a B 2 -isomorphism of (/ o #)*(A) onto g*(f*(X)). 

5. Let A = (X, B, 7 r) and A' = (X', B, it') be two fibrations with base B, and 

A # = (Xx b X', B,0 


their fiber product over B. 

(a) Consider the fibration 7r*(A'), with base X and projection /?, and the fibration 
7r'*(A) with base X' and projection p'. The space of each fibration is X x B X'. Show that 

IT* = 7T o p = 77*' o p\ 

(b) Let /x = (Y, B, m) be a fibration with base B, and let /: Y -+X and/: Y -* X' be 
B-morphisms. Show that there exists a unique B-morphism /" : Y -> X x B X' such that 
p of- =/and p' of- =/'. We have ft = (/*,/£) for all be B. 

6. Let X, Y be two pure differential manifolds, of dimensions p y q respectively. Let 
(U, cp y p) and (V, i f/ y q) be charts on X and Y, respectively. For each integer r 0 show 
that the mapping 


«/) ^ J/<x)(«A) o J r x (f) o JJ^- 1 ) 

is a bijection yj,,* of J r (U, V) onto J r (<p(U), ^(V)). Show that J r (<p(U), «/f(V)) may be 
canonically identified with <p(U) x </r(V) x L r Ptq (Section 16.5, Problem 9) and is hence 
canonically endowed with a structure of differential manifold, induced by that of 
R p X R* X Lp, q . Show that the charts (J r (U, V), y£, *, N) (where N = p + q 4- dim(LJ, «)) 
form an atlas on J r (X, Y) which defines a structure of differential manifold. If rr (resp. 
7 r') is the mapping which to each jet associates its source (resp. its target), then 

(J r (X, Y), X, 7r), (F(X, Y), Y, t r'), (F(X, Y), X x Y, (t r, rr')) 

are fibrations in which the fibers are diffeomorphic to 

J r 0 (R p , Y), J r (X, R fl ) 0 , U p , qy 

respectively. If /: X->Y is a C 00 -mapping, the mapping J r (/): x i—► J£(/) is a C 00 - 
section of J r (X, Y) considered as a fiber bundle over X. 

If s fS r, the canonical mapping J r (X, Y) -> J'(X, Y) defined in Section 16.9, Problem 
1 is a morphism for the fibrations over X, Y and X x Y. Iff: X-+ Y is a C 00 -mapping, 
the jet of order r — sof the mapping xh-^J x (f) depends only on J r (f). Hence we 
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have a mapping u J r ~ s (w) of J r (X, Y) into J r “ s (X, J*(X, Y)). Show that this mapping 
is an embedding and a morphism for the fibrations over X. Is it a diffeomorphism? 

Let X, Y, X', Y' be pure differential manifolds and let u:X-+X\ v:Y'-+Y be 
C 00 -mappings. For xeX and y' e Y', put x' = u(x) and y = v (y% and define a mapping 
of J* (X', Y') into J£(X, Y) by w i—► 0 w o y x (u). This gives rise to a C 00 -mapping 

JXu t v ) : u*(J r (X / , Y')) = X x x . yQL', Y) T(X, Y). 

If X' — X (resp. Y' = Y), the mapping /(l x , v) (resp. j r (u, 1 Y )) is a morphism for the 
fibrations over X (resp. Y). 


13. DEFINITION OF FIBRATIONS BY MEANS OF CHARTS 

(16.13.1) Let X = (X, B, tz) be a fibration. By hypothesis, there exists an 
open covering (U a ) of B such that the fibrations induced by X on each U a 
(16.12.9) are trivializable. This property is then a fortiori true for each open 
covering which is finer than (U a ) (12.6). For each a, let F a be the fiber at an 
(arbitrarily chosen) point of U a . Then by hypothesis there exists a diffeo¬ 
morphism 

(pa : U a X Fa-^TT^Ua) 

satisfying (LT) (16.12.1). For each pair of indices (a, /?), we denote by <p fiat the 
restriction (U a n U^) x F a 7r ” 1 (U a n U^) of <p a - Then we have a diffeo¬ 
morphism (called a “transition function”) 

i/v = <p« 0 l ° (p 0 a ■ (U« n Up) xF,-* (U. n U^) x F„, 

which is of the form 


(b, t) h-» (b, t )) 9 

where 6 pac is a C°°-mapping. Moreover, it follows directly from this definition 
that if a, ft , y are any three indices and if we denote by ^j[ a , and the 
restrictions of , i p yfi , and \l/ ya to 

(U a n U fi n U y ) x F a , (U a n U^n U y ) x F,, and (U a n U,n U 7 ) x F a , 
respectively, then we have 

(16.13.1.1) 

(16.13.2) Now consider two fibrations X = (X, B, n) and X — (X', B, 7 r') 
with the same base, and a B-morphism (resp. a B-isomorphism) g of X into 
X' (resp. onto X'). Then there exists an open covering (U a ) of B such that for 
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each a the fibrations induced on U a by both X and X' are trivializable, so that 
we have diffeomorphisms 

(p a : U« x F*-* n -1 (U a ), (p.iU.xFJ-* rc' -1 ^) 
satisfying (LT). The composite mapping 

1 0 (9 1 n“ ‘(U.)) o cp a : U a x F, - U a x F' 

is then of the form 

(b, t) i—► (b, crjb, t)), 

where o a is a mapping of class C“ (resp. a mapping of class C 00 such that 
a x (b, ■) is a diffeomorphism of F„ onto F' for each b e U a ). The mapping g* 
is called the local expression of g corresponding to <p a and <p'. 

Also, with the notation of (16.13.1) and analogous notation for the fibra- 
tion X', if we put g f<z =&,|((U„n U„) x F a ), the diagram 


(16.13.2.1) 


(U« n U,) x F a ———*(U a n U,) x F; 


'I'fiu 




(U a n Ujj) x F^-— (U. n U,) x F' p 


is commutative for each pair of indices (a, p). 

(16.13.3) Conversely, consider a differential manifold B and an open cover¬ 
ing (U a ) of B; suppose that for each index a we are given a differential mani¬ 
fold F a , and for each pair of indices (a, ft) a mapping 

t/ta : (u« n U,) xF^ (U« x U*) x F^ 

of the form 


(b, d pa (b , 0), 

where 6 px is of class C 00 . Suppose also that: 

(1) for each ieU a n U^, the mapping 6 fia (b, *): F a ~+Fp is a diffeo¬ 
morphism (which implies (16.12.2.1) that \is a diffeomorphism); 

(2) the “patching condition” (16.13.1.1) (with the notation used there) 
is satisfied for each triple of indices (a, /?, y). 

This latter condition, together with the facts that the i/^ a are homeo- 
morphisms and (U a n U^) x F a is open in U a x F a , allows us to define first 
of all a topological space X by patching together the topological spaces U a x F a 
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along the open sets (U a n Up) x F a by means of the homeomorphisms 
ij/p a (12.2). Hence {loc. cit.) we have homeomorphisms cp a : U a xF a ->X a , 
where the X a are open subsets of X which cover X, such that if (pp a is the restric¬ 
tion of (pa to (U a n U^) x F a , we have 

^a((^a ^ X F a ) = X a n Xp, lj/p a = (p a p l o (pp a . 

Let us first show that X is metrizable, separable , and locally compact. There 
exists (12.6.1) a denumerable open covering (A„) of B which is finer than the 
covering (U a ); hence (12.6.2) a denumerable open covering (B„) of B such 
that B„ c: A„ for all n. For each n , let a(/?) be an index such that A n a U a(n) , 
and put Y„ = (p a{n) ( B„ x F a(w) ) c X a(n) . Since the interior of Y„ in X con¬ 
tains <p a(n) (B /J x F a(JI) ), the open sets Y„ cover X. By (12.4.7), it is enough to 
show that the sets Y„ are closed in X, and for this it is enough (12.2.2) to show 
that Y n n X^ is closed in X^, for each index p. This is evident if X a(n) n X^ = 0, 
and if X a(w) meets X^, then Y„ n X p is the image under cp ain)t p of the set 

(B„n U p ) x Fp, 

which is closed in x F^. 

Next we define a mapping n : X-► B as follows. Each xeX belongs to 
some X«, hence is of the form (p a (b a , t a ) with ( b a , f a ) e U a x F a ; we define 
n(x) = 6 a , and from the hypotheses it is immediate that this definition is in¬ 
dependent of the choice of the index a. Finally, we transport to X a by means 
of cp a the structure of (product) differential manifold on U a x F a ; the fact 
that the ij/ fia are diffeomorphisms ensures that the structures induced on 
X a n Xp by those on X a and X fi are the same. Hence we have defined a 
structure of differential manifold on X (16.2.5). It is now clear that A = (X, B, n) 
is a fibration; it is said to be obtained by patching together the trivialfibrations 
(U« xF a ,U a , p^) by means of the 

(16.13.4) Keeping the hypotheses and notation of (16.13.3), consider an¬ 
other open covering (U') of B which is finer than the covering (U a ). For each 
index y let a(y) be an index such that U' c= U a(y) , and put F' = F a(y) . For each 
pair of indices (y, <5), let 

^ y :(U;nUi)xF;-(U;nUi)xFJ 

denote the restriction of i^ a(<5)ja(y) to (U' n UJ) x F'. It is clear that the 

satisfy the same conditions as the \j/p a , and therefore define a fibration 
X — (X', B, 71 ') by patching together the trivial fibrations (U' x F', U', prj 
by means of the ij /' dy . This fibration X is B-isomorphic to A. For if x' e X', then 
(with the obvious notation) we have x' = <p y (b y t ) with b e U y and t e F y for 
some index y; to x' corresponds the point x = cp a{y) (b, t) of X, and it is im¬ 
mediately seen that this point x does not depend on the choice of y, and that 
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in this way we have defined a B-morphism g : X' -> X. Conversely, for each 
point xeXwe have x = <p a (b, t ) with beU a and te F a , for some index a; 
there exists an index y such that AeUJ, and to x corresponds the point 
x' = <p'(Z>, t). Once again, this point x' e X' does not depend on the choices of 
a and 7 , and thus we have defined a B-morphism h:X-*X'. Finally, it is 
straightforward to check that g ° h and h° g dxt the identity mappings, and 
so our assertion is proved. 

(16.13.5) Still keeping the hypotheses and notation of (16.13.3), suppose 
that we are given, for each index a, a differential manifold F', and for each 
pair of indices (a, /?), a mapping 

^:(U„nU f )xF;-*(U,nU,)xF; 

such that the conditions of (16.13.3) are satisfied by these mappings. Let 
X = (X', B, %') be the corresponding fibration. Suppose further that we are 
given, for each a, a mapping of class C 00 : 

< 7 a : U a x F a F', 

and that, if g a : U a x F a -» U a x F^ is the mapping defined by g a (b, t) = 
(b, <r a (b, t)), the diagrams (16.13.2.1) are commutative. Then there exists a 
unique B-morphism g :X-+X' such that g a = <p' _1 ° g ° (p a for each a. For if 
x is any point of X, there exists an index a such that x = <p a (Z>, 0 with 6 e U a 
and t e F a ; we put g(x) = (Paig^b , t)) and the commutativity of the diagrams 
(16.13.2.1) guarantees that this point does not depend on the choice of index 
a. The fact that g is a B-morphism is clear. In particular, if c x (b, ■) is a diffeo- 
morphism for each a and each ieU a , then g is a ^-isomorphism. 

Another particular case in which the preceding method may be applied is 
the definition of a C*-section of the fibration 2 : for such a section may be 
regarded as a B-morphism of the trivial fibration (B, B, 1 B ) into X. 


14. PRINCIPAL FIBER BUNDLES 

We recall that a group G is said to act freely (or without fixed points) on 
a set E (cf. (12.10)) if for each xeE the stabilizer S x of x consists only of the 
identity element of G: in other words, if for each xeE the canonical mapping 
s\-+s • xof G into the orbit G • x is bijective. The group G then acts faithfully 
on E. 

(16.14.1) Let X be a differential manifold and G a Lie group acting differen- 
tiably and freely on X; suppose that the orbit manifold X/G exists (16.10.3), 
and let n : X -►X/G be the canonical submersion. Then: 
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(i) (X, X/G, n) is a fibration. More precisely, each point of X/G has an 
open neighborhood U for which there exists a C™-mapping a : U X such that 
n(a(u)) = u for all u e U and such that the mapping (u, s)i-*s • a(u) is a diffeo- 
morphism ofXJ x G onto 

(ii) Let RaX xX be the set ofpairs (x, y) such that xand y belong to the 
same orbit. For each (x, y) e R, let x(x, y) be the unique element of G such that 
y = x(x, y) • x. Then x is a submersion of the submanifold R (16.10.3) into G. 

(i) Since n is a submersion, it follows from (16.8.3) that every point of 
X/G admits an open neighborhood U for which there exists a mapping 
cr: U -> X of class C 00 such that, for each ue U, we have n(a(u)) = u and 
T<r(u)WU)) is a supplement of T^fa -1 ^) in T ff(ll) (X)- Since by hypothesis 
the mapping (p : U x G 7c“ 1 (U) defined by <p{u, s) = s • o(u) is bijective, 
it is enough to show that (p is a submersion (16.8.8(iv)). This is a consequence 
of the following more general result: 

(16.14.1.1) Let X be a differential manifold and G a Lie group which acts 
differentiably on X such that the orbit manifold X/G exists. Let %: X->X/G 
be the canonical submersion, and s uppose that there exists a C 00 -mapping 
cr: X/G -» X such that n ° a = 1 X/G . Then a is an immersion, and the mapping 
(p : (X/G) x G -► X defined by cp(u, s) = s • a(u) is a surjective submersion. 

The fact that a is an immersion follows from the relation 
TffCujW ° T„(cr) = 1 Tu(X /g) • 

Next, we shall show that (p is a submersion at a point of the form (w 0 , e). Put 
x 0 = <j(u 0 ), so that n~ 1 (u 0 ) is the orbit G*x 0 . By virtue of (16.10.7), the 
canonical mapping G -* G • x 0 is a submersion of G onto the submanifold 
n~ 1 (u 0 ) of X, and we can apply (16.6.6) and (16.8.8). If now ( u 0 ,s 0 ) is any 
point of (X/G) x G, we remark that <p is the composition of the three map¬ 
pings 

XK 5 0 • x, (u, t)y-*t * a(u), (u, s)t->(u, Sq { s), 

the first of which is a diffeomorphism of X onto itself (16.10), the third a 
diffeomorphism of (X/G) x G onto itself, and the second a submersion at the 
point ( u 0 , e). From this it follows that (p is a submersion at the point (u 0 , ^ 0 ). 

(ii) Since the question is local with respect to B = X/G, we may assume 
that there exists a C°°-section a : B -»X and that (p : (b, s)h->s • <r(b) is a 
diffeomorphism of B x G onto X. Then the mapping p : *H-»pr 2 (<p” 1 (*)) is of 
class C 00 , and hence the mapping t, which is the restriction to R of 

(x,y)\-^p(y)p(x)~\ 
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is of class C°°. Moreover, for each x e X, the restriction of t to 

{x} x (G • x) c R 

is a diffeomorphism of this submanifold onto G (16.10.7). Hence t is a sub¬ 
mersion of R into G. 

Examples 

(16.14.2) Let G be a Lie group and H a Lie subgroup of G. It is clear that 
H acts freely on G (on the right) by the action (s, x)\->xs; hence it follows 
from (16.10.6) and (16.14.1) that (G, G/H, n), where tt.-G-G/H is the 
canonical mapping, is a fibration. As another example, we have seen (16.11.11) 
that the group G consisting of the identity mapping and the symmetry 
xh —x acts freely on S„ and has the projective space P n (R) as orbit manifold; 
since S„ is connected and G discrete, the fibration so defined is not trivializable. 
Again, with the notation of (16.11.10), the group GL(p, R) acts freely on the 
right on the space L n> p , and hence defines a fibration of L„ t p whose base is the 
Grassmannian G n>p . 

It should be remarked that it can happen that a Lie group acts freely on a 
manifold X but that the orbit space X/G is not a manifold, even if G is 
discrete (cf. (16.10.3.4)). 

When the conditions of (16.14.1) are fulfilled, the manifold X endowed 
with the action of G is said to be a differential principal fiber bundle (or simply 
a principal bundle) with structure group G; the manifold B = X/G is the base 
of the bundle, and the fibers are the orbits of the points of x, and are diffeo- 
morphic to G. Usually we shall regard the structure group of a principal 
bundle as acting on the right. 

The Riemann surface of the logarithm (16.12.4) is a principal bundle, 
with base C* and structure group Z. 

(16.14.3) Let X, X' be two principal bundles, B, B' their bases, n, n' their 
projections, and G, G' their structure groups. A morphism of X into X' is by 
definition a pair (w, p), where u : X X' is a C°°-mapping and p : G -► G' is 
a Lie group homomorphism, such that 

(16.14.3.1) u(x • s) = u(x) • p(s) 

for all s e G and x e X. The image under u of an orbit x • G is therefore con¬ 
tained in the orbit u(x) • G'; in other words, there exists a mapping i;:B->B' 
such that n' o u - v o n, and it follows from (16.10.4) that v is of class C 00 . 
The mapping v is said to be associated with the morphism ( u , p); it is clear 
that (i?, u) is a morphism of fibrations (16.12). When p is an isomorphism of 
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G onto G', it follows from (16.14.3) that the restriction of u to an orbit x • G 
is a diffeomorphism of x • G onto u(x) • G\ If moreover v is a diffeomorphism 
of B onto B', then (v, u) is an isomorphism of fibrations (16.12.2). In these 
conditions, (u, p) is said to be an isomorphism of the principal bundle X onto 
the principal bundle X'. When G = G' and p = 1 G , we shall say simply that 
u is a morphism of X into X'. 

Example 

(16.14.4) Given a differential manifold B and a Lie group G, we define a 
right action of G on B x G by the rule 

(. b , t) * s = ( b , ts). 

Since the orbits of this action are the sets pr 2 *(0 for t e G, and since pr 2 is a 
submersion, if follows that the orbit manifold exists and may be identified 
with B (16.10.3). Moreover, it is clear that G acts freely on B x G; hence, with 
the above action, B x Gis a principal bundle, called a trivial principal bundle. 
A principal bundle X with structure group G is said to be trivializable if it 
is isomorphic to a principal bundle of the form B x G. An isomorphism of 
X onto B x G is called a trivialization of X. 

(16.14.5) A {differentiable) principal bundle is trivializable if and only if it 
admits a C™-section. In particular, a principal bundle whose structure group is 
diffeomorphic to R N is trivializable (16.12.11). 

The condition is clearly necessary. Conversely, if a principal bundle X 
with structure group G and base B = X/G admits a C°°-section cr: B -► X, 
then it follows from (16.14.1.1) that the mapping (b, s) h-» o{b) • s is a bijective 
submersion, hence a diffeomorphism (I6.8.8(iv)) and consequently an iso¬ 
morphism of the principal bundle B x G onto X. 

(16.14.6) Let X be a principal bundle with structure group G, base B = X/G 
and projection n : X -► B. Let B' be a differential manifold and let f: B' -► B be 
a C™-mapping. The group G acts differentiably and freely on the manifold 
X' — B' x B X (16.12.8) by the rule {b f , x) * s = (b\ x * s). With respect to this 
action, X' is a principal bundle with structure group G, and the fibration ofX' 
may be identified with the inverse image under f of the fibration X = (X, B, n). 

Furthermore, if Y' is a principal bundle with structure group G and base B', 
and if u : Y' -+ X is a morphism for which f is the associated mapping, then 
there exists a unique B'-isomorphism w : Y' B' x B X such that u =/' o w, 
where f : B' x B X —► X is the restriction of pr 2 . 
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The first assertion is obvious; with the notation of (16.12.8) the orbits of 
G in X' are the fibers n"\b') of the fibration X' = (B' x B X, B', *') =f*{X). 
Since n' is a submersion, the orbit manifold X'/G exists and the corresponding 
fibration of X' may be identified with A', by virtue of (16.10.3). The last as¬ 
sertion follows from (16.12.8). 

The principal bundle X' defined in (16.14.6) is called the inverse image of 
X by/. In particular, if B' is a submanifold of B and if/: B'->Bis the canonical 
injection, then the inverse image of X by j may be identified with the sub¬ 
manifold n~ 1 {B / ) of X, the action of G on this submanifold being the restric¬ 
tion of the action of G on X. This principal bundle is also called the bundle 
induced by X over B'. In this terminology, (16.14.1 (i)) states that each point 
of B admits an open neighborhood U over which the induced principal bundle 
is trivializable (16.14.4). 

(16.14.7) Let X be a principal bundle with structure group G {acting on the 
right); let B = G\X be the base and n : X-* B the projection. Also let ¥ be a 
differential manifold on which G acts differentiably {on the left). Then G acts 
differentiably and freely on the right on the product X x F by the rule 

(x,y)- s = (x- s,s~ l ■ y). 

For this action : 

(i) The orbit-manifold G\(X x F) exists. We denote it byX x G F, and the 
projection X x F -*X x G F by {x,y)\-*x * y. 

(ii) For each orbit z e G\(X x F), let n F {z) be the element of B which is 
equal to n{x) for all (x, y) e z. Then (X x G F, B, n F ) is a fibration in which all 
the fibers are diffeomorphic to F. More precisely, if U is an open set in B such 
that 7c~~ *(U) is trivializable and if a: U ->7i~ 1 (U) is a C°°-section of 7i _1 (U), 
then the mapping {b, y) h* a{b) - y is a U -isomorphism of U x F onto 7rF x (U) 
{which is therefore trivializable). 

(i) Let R' be the set of points (x, x', y, /) e X x X x F x F (identified 
with the product manifold (X x F) x (X x F)) such that (x, y) and (x', y f ) 
belong to the same orbit. With the notation of (16.14.1), R' is identified with 
the set of points (r, y, z{r) * y) e R x F x F, that is to say with the graph of 
the mapping {r,y)\-^z{r) ’jofRxF into F. By (16.14.1(h)) and (16.8.13), 
this is a closed submanifold ofRxFxF, hence also of X x X x F x F. By 
virtue of (16.10.3), this establishes (i). 

(ii) It is sufficient to prove the second assertion, for which we may assume 
that U = B and that X is trivial. Then it follows from (16.10.4) that n F is a 
surjective mapping of class C 00 . Next, for each xeX, put 

s{x) = t(x, <t(7c(x))) € G 
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(with the notation of (16.14.1)), so that a(n(x)) = x • s(x). If/:XxF->BxF 
is the mapping (x 9 y)t-+(n(x ) 9 s(x)~ x • y ), we have f(x • t 9 t~ l * y) = f{x 9 y) for 
all t e G, because s(x • t) = t~ x s(x) by definition. Since / is of class C 00 
(16.14.1(ii)) there exists by virtue of (16.10.4) a mapping #:Xx G F->BxF 
of class C 00 such that/(x, y ) = #(x * j>), and it is immediately verified that g 
is the inverse of the mapping (6, j)H-xr(fc) * y. 

When X = B x G is trivial, so that we may take o(b) = b • e and identify 
X x G F with B x F by means of g, we have (b, s) • y = (b, s • y). 

(16.14.7.1) With the same notation as above, every section <p of X x G F over 
U may be uniquely expressed in the form <p : b\-+a(b) * \j/(b ) 9 where \j/ is a 
mapping of U into F. The section cp is of class C r (r an integer or + oo) if and 
only if {// is of class C r . Since cr is a diffeomorphism of U onto a submanifold 
cr(U) of X, the inverse of a being the restriction of n 9 we may also write 
\j/{b) = <D(<t( 6)), where ® = if/ ° (n\ <j(U)) ; the mapping O is of class C r if and 
only if \j/ is of class C r . Moreover, by taking U to be sufficiently small, we may 
suppose that <D is defined on a neighborhood of cr(U) in X, and is of class C r 
in this neighborhood if <p is of class C r (16.4.3). 

(16.14.7.2) For x eX,y e F, and t e G we have (x * /) * y = x • (t • y). The 
relation x • y = x • y' signifies that x = x • t and y' = t -1 • y for some t e G; 
hence y' = y , so that >>t->x • y is a diffeomorphism of F onto the fiber n? 1 (n(x)). 
It should be noted carefully that the group G does not act canonically on a 
fiber 7Tp 1 (Z?) of X x G F: we can make G act on this fiber by choosing a point 
x 0 in n~ x (b) and putting t • (x 0 •;;) = x 0 ■ {t • y); but this action depends in 
general on the choice of x 0 ; for if x ' 0 = x 0 • t 0 , we have Xo • y = x 0 • (f 0 * y ) 9 
so that on replacing x 0 by x ' 0 the new action of G on % 1 (b) is 

(t,x o -^)^X 0 • ((t 0 tto *) • y), 

which is not the same as the previous action unless the commutator subgroup 
of G acts trivially on F. This condition will be satisfied in particular if G is 
commutative. 

As in (16.10), putting m(x, y) = x * y, we denote the tangent linear map¬ 
pings T Jm( ■ , y)) and T y (m(x, *)) by 

(16.14.7.3) h^i—>h x m y, ky h-* x * k y , 

respectively. Then we have 

(16.14.7.4) h x -(t-y) = (K ■ t) ■ y, x ■ (t ■ k y ) = (x ■ t) ■ k v 
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for all t e G, and the mapping k y \-+x * k y is bijective. It follows (16.6.6) 
that 

(16.14.7.5) T• (h x , k y ) = h : , • j + x • k y 

which implies that m is a submersion. 

The space X x G F is called the bundle of fiber-type F associated with X 
and the action of G on F. This notion will be especially useful in Chapter 
XX. At this point, we shall make use of it to prove the following proposition: 

(16.14.8) Let X be a principal bundle with structure group G, and let H be a 
Lie subgroup of G. Then H acts on X {on the right) by restricting the action of 
G. The orbit-manifold H\X exists, so that X is a principal bundle with base 
H\X and group H (16.14.1). Also if n : H\X G\X is the mapping which as¬ 
sociates with each H -orbit the unique G-orbit containing it, then (H\X, G\X, n) 
is a fibration whose fibers are diffeomorphic to the homogeneous space G/H. 

If R c X x X (resp. R' c X x X) is the set of pairs (x, y) which belong 
to the same G-orbit (resp. the same H-orbit), then in the notation of (16.14.1) 
we have R' = t - 1 (H), which shows that R' is a closed submanifold, because 
t is a submersion ((16.14.1) and (16.8.12)). 

Next we remark that G acts differentiably on the left on G/H, so that we 
can define the associated bundle X x G (G/H) over G\X. Let 

7r 0 : X x G (G/H) -»G\X 

be the projection. We shall define a diffeomorphism 

u : X x G (G/H) H\X 

such that the diagram 

X x G (G/H) H\X 

(16.14.8.1) 

G\X 

is commutative; this will prove the proposition. Let : G —> G/H and 
p : X H\X be the canonical projections. Let/: X x G H\X be the com¬ 
posite mapping (x, s)v~*p{x • s). For each t e H, we have/(x, st) = fix, s), so 
that we may write/(x, s) = g{x, q>(s)), where g : X x (G/H) H\X is a map¬ 
ping of class C 00 (16.10.4). Further, for s' e G, we have 

g{x • s\ s^ 1 ■ <p(s)) — fix • s\ s'- x s) =/(x, s) == g{x, q>{s)) 
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so that we may write g(x, cp(s)) = u(x • <p(s)), where u : X x G (G/H) H\X is 
a C°°-mapping (16.10.4). Next, for each xeX, put f'(x) — x • <p(e), which 
defines a C°°-mapping/':X->Xx G (G/H). For each t e H, we have 

/'(* * 0 = C* * 0 * cp(e) = *•(/• cp(e)) = x • <p(e) =/'(*) 

because t • (p(e) = cp(t) = <p(e) since t e H. Hence we may write/'(*) = u\p(x)) 
with u' a mapping of class C 00 (16.10.4). It remains to verify that u and u' are 
inverses of each other and that the diagram (16.14.8.1) is commutative, which 
is straightforward. 

In particular, and changing the notation: 

(16.14.9) Let G be a Lie group and H, K be two Lie subgroups of G such that 
KcH. Let it : G/KG/H be the mapping which associates with each left 
coset of K the left coset of H which contains it. Then (G/K, G/H, n) is a 
fibration with fibers dijfeomorphic to the homogeneous space H/K. If K is a 
normal subgroup of H, then G/K is a principal bundle over G/H with structure 
group H/K. 

The last assertion follows from the fact that H/K acts freely on G/K on the 
right, because xKt = xtK for all x g G and t e H. 

Examples 

(16.14.10) It follows in particular from (16.14.9) and from (16.11.4) and 
(16.11.6) that for p — 2 , ... , n the Stiefel manifold S„ >P (R) (resp. S n>p (C), 
resp. S rt(P (H)) is fibered over S^^R) (resp. S^^C), resp. S^.^H)) with 
fibers diffeomorphic to the sphere S„_ p (resp. S 2(n _ p) + 1 , resp. S 4(n _ p)+3 ). 
Again, by virtue of (16.11.9), S„ ?P (R) (resp. S„ jP (C), resp. S„ >p (H)) is a princi¬ 
pal bundle over the Grassmannian G„ p (R) (resp. G„ p (C), resp. G n P (H)) with 
structure group 0(p, R) (resp. U(p, C), resp. U(p, H)). In particular, the 
sphere S„ (resp. S 2 „ + i, resp. S 4rt+3 ) is a principal bundle over the projective 
space P„(R) (resp. P„(C), resp. P M (H)) with structure group (—1, +1} (resp. 
U(l, C), which is isomorphic to the multiplicative group U of complex num¬ 
bers of absolute value 1, hence also isomorphic to T, resp. U(l, H), which is 
isomorphic to the multiplicative group of quaternions of norm 1). 

More particularly, if we take n = 1 (having regard to (16.11.12)) we obtain 
a fibration of S t over S t with fiber-type {-I, 1}; a fibration of S 3 over S 2 with 
fiber-type S t ; and a fibration of S 7 over S 4 with fiber-type S 3 . Since S* is 
connected, it is clear that the first of these three fibrations is not trivializable, 
and it can be shown that the same is true of the other two (“ Hopf fibrations ”)* 
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If F is any differential manifold on which the group G = { — 1, +1} acts, 
we obtain from the first of these three principal bundles an associated bundle 
with fiber-type F and base 11 = 8!. Taking F = R, the action of — 1 on R 
being t\-*— /, we obtain the orbit-manifold (U x R)/G, where —1 acts by 
(z, t)i-»(—z, —t)- This manifold is called the Mobius strip. Taking F = U, 
with — 1 acting by zi—► — z, we obtain the orbit-manifold (U x U)/G, where 
-1 acts by (z, z')i-+(—z, — z'). This manifold is called the twisted torus. 
Finally, taking F = U again, with — 1 now acting by complex conjugation 
zh+z, we obtain the orbit-manifold (U x U)/G, with — 1 acting by 

(z,z')t-+(-z,z'). 

This manifold is called the Klein bottle. 


PROBLEMS 


1. Let X be a principal bundle with structure group G, base B = X/G, and projection 7r, 
and let (U*) be an open covering of B such that for each index a there exists a section 
cr a of X over U a for which cp a : (6, s) cr a (b) • ^ is a diffeomorphism of U* x G onto 
7r _1 (U a ). For each pair of indices (a, j8), let cp 0a denote the restriction of <p a to U a nU ? , 
and put ^p* = cpafi 10 > which is a transition diffeomorphism of the form 

(D (b,s)^(bj 0a (b)s) 

where 0/ta : U a n Up G is a C 00 -mapping. Further, for each triple of indices (a, j8, y) 
and each point b e U« r\ Up n U v we have the “ cocycle condition ” 

® 6 ya (b) = 


Conversely, let B be a differential manifold and (U«) an open covering of B; and 
suppose that we are given a C^-mapping : U a n Up -> G for each pair of indices 
a, /3, these mappings satisfying the cocycle condition (2). Show that there exists a 
principal bundle X with structure group G and base B, and for each index a a section 
a x of X over U* such that the transition diffeomorphisms are of the form (1). 

If for the same covering (U«) of B we are given another family of mappings 
: U« n Up -* G satisfying the condition (2), and hence defining a principal bundle 
X' over B with structure group G, show that for X and X' to be isomorphic it is neces¬ 
sary and sufficient that there should exist for each index a a C 00 -mapping p a : U a G 
such that, for each pair of indices (a, ft) 

W OUb)^fJL 0 (br% a {b)fjL a (b) 

for all be\J a n Up. 
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Describe the relations between two families (6 aP ) and (0' y6 ) defining the same prin¬ 
cipal bundle, corresponding, respectively, to an open covering (U a ) and a finer open 
covering (Uy). 

When G is commutative , given two principal bundles X, X' over the same base B 
and with G as structure group, we can define (up to isomorphism) their composition 
X • X' as follows: for a given open covering (U a ) of B, suppose that X (resp. X') is 
defined by the family (i 9 0<x ) (resp. (6 Pa )) satisfying the cocycle condition (2); then the 
family (6 Pa 6ji a ) also satisfies (2) and hence defines a principal bundle with structure 
group G, denoted by X * X'. Verify that up to isomorphism this bundle is independent 
of the choice of families (9 Pa ) and ( 9 Pa ) defining X and X'. In this way the set of iso¬ 
morphism classes of principal bundles with base B and structure group G is endowed 
with a commutative group structure. 

2. Let X be a connected complex-analytic manifold. Show that the ring 0(X) of (complex¬ 
valued) holomorphic functions on X is an integral domain (Section 16.3, Problem 3(a)). 
Let R 0 (X) denote the field of fractions of 0(X). If u, v e 0(X) and v # 0, the function 
x i—► u(x)/v(x) is defined and holomorphic on a dense open subset of X. If u/v — ujvx 
in the field R 0 (X) (i.e., if the holomorphic function uv x — u x v is identically zero), then 
the functions x u(x)/v(x) and x t~+Ui(x)/v 1 (x) are defined and equal on a dense open 
subset of X. Hence, for each /e R 0 (X), there is a largest dense open set 8(f) in X with 
the property that for each point x 0 e 8(f) there exist two elements u, v in O(X) such 
that u/v = / and t;(x 0 ) ^ 0, so that u(x)lv(x) is defined and holomorphic in a neigh¬ 
borhood of x Q . Put f(x 0 ) — u(x 0 )/v(x 0 ); then the complex number f(x Q ) depends only 
on / (and x 0 ). Hence we have defined a holomorphic mapping/: 8(f)-+C, and the 
mapping/H*/is bijective. Usually therefore we shall identify /and/ and say that / is 
an elementary meromorphic function on X (by abuse of language), whose domain of 
definition is 8(f). If/and g are two elements of Ro(X), then f + g,fg, and l//(if/# 0) 
are defined as elements of R 0 (X); but all that can be said about their domains of 
definition is that 8(f -f g) and 8(fg) contain 8(f) n 8(g) , and in general neither of the 
sets 8(f), 8(1/f) is contained in the other. 

A meromorphic function on X is by definition a function / which is defined and 
holomorphic on a dense open subset U of X, such that for each x e X there exists a 
connected open neighborhood V* of x and an elementary meromorphic function 
f x e Ro(V*) such that 8(f x ) = UnV* and such that f x agrees with / on U n V,; then 
there exists no holomorphic function on an open set U' strictly containing U, which 
extends / Show that the set R(X) of meromorphic functions on X can be endowed 
with a field structure which induces the field structure of each R 0 (V*). 

If X is compact and connected, then O(X) = Ro(X) = C (Section 16.3, Problem 
3(b)). If X = P„(C) (which is compact and connected), show that, for each pair P, Q 
of nonzero homogeneous polynomials of the same degree on C" +1 , there exists a 
meromorphic function / on X such that, if it : C n+1 — {0} P„(C) is the canonical 
mapping, we have ?(z)IQ(z) = f(7r(z)) at all points zi=- 0 in C n+1 such that tt(z) e 8(f). 
When n— 1, we obtain all meromorphic functions on Pi(C) in this way (use Liouville’s 
theorem (9.11.1)). 

3. Let X be a connected complex-analytic manifold. A predivisor on X is a pair consisting 
of a covering (U a ) of X by connected open sets and a family (/«), where f x is mero¬ 
morphic on U a (Problem 2) and not identically zero, such that for each pair of indices 
a, there exists a holomorphic function g fia : U a n -> C* such that 

fp(x) = gfia(x)f a (x) 
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at all points x e U« n U„ at which/* and f p are defined. Two predivisors ((U a ), (/«)) 
and ((UI), (/i)) are said to be equivalent if, for each x e X, there exists an open neigh¬ 
borhood Vx of x contained in some U« and in some Ui, and a holomorphic function 
h x : V*->C*, such that f a (y) = h x (y)f' x (y) at all points y e V* at which f x and fi are 
defined. A divisor on X is an equivalence class of predivisors. 

If D, D' are two divisors, then there exist two predivisors belonging to D and D\ 
respectively, and corresponding to the same open covering (U a ). If ((U a ), (/«)) and 
((U a ), (fa)) are two such predivisors, then we denote by D 4- D' the divisor containing 
the predivisor ((U a ), (/«/*)). Show that D 4 D' does not depend on the choice of 
predivisors in D and D'. The mapping (D, D0>->D 4- D' defines a commutative group 
structure on the set Div(X) of divisors on X. The neutral element of this group (de¬ 
noted by 0) is the divisor containing the predivisor consisting of X and the constant 
function 1. 

A principal divisor is a divisor containing a predivisor of the form (X,/), where/ 
is a meromorphic function on X, not identically zero. The divisor containing this 
predivisor is called the divisor of f and is denoted by Div(/). Two meromorphic func¬ 
tions /, g, neither of which is identically zero, have the same divisor if and only if there 
exists a holomorphic function u on X which does not vanish at any point ofX , such that 
f(x) = u(x)g(x) at all x e X, where /and g are both defined. The principal divisors form 
a subgroup Princ(X) of Div(X), isomorphic to R*(X)/0*(X), where R*(X) is the 
multiplicative group of the field R(X) and 0*(X) is the group of invertible elements of 
the ring 0(X). 

4. We retain the hypotheses and notation of Problem 3. If ((U a ), (/«)) is a predivisor on 
X, the functions g &0L define (Problem 1) a principal bundle over X with structure group 
C*, and equivalent predivisors give rise in this way to isomorphic principal bundles, 
so that to each divisor D on X there corresponds, up to isomorphism, a principal 
bundle P(D). The bundle P(D) is trivializable (as a holomorphic fiber bundle) if and 
only if D is principal. Two bundles P(D) and P(D') are X-isomorphic if and only if 
D — D' = Div(/), where /is a meromorphic function on X. In this way we obtain an 
isomorphism of the quotient group Div(X)/Princ(X) onto a subgroup of the multiplica¬ 
tive group of isomorphism classes of principal bundles over X with structure group 
C* (Problem 1). 

5. Let 7 t be the canonical mapping C" +l — {0} -*» P„(C), and for j — 0, 1,..., n let Uj be 
the image in P„(C) of the open set consisting of the points z = (z°, z 1 ,..., z n ) e C" +1 
such that z J ^ 0. The U/ are connected open sets which cover P„(C). For each / let fj 
be the holomorphic function on Uy whose value at 7 r(z) e U, is z°/z J . Then ((Uy), (/)) 
is a predivisor, and the corresponding divisor D x or D/C) is called the fundamental 
divisor on P„(C). Show that when n 1, this is not a principal divisor (Section 16.3, 
Problem 3(b)) and that its class in Div(X)/Princ(X) generates a subgroup isomorphic 
to Z. It follows that there are infinitely many nonisomorphic holomorphic principal 
bundles over P„(C) with structure group C*. 

Show that the principal bundle P(D X (C)) is that defined by the action of the multi¬ 
plicative group C* = GL(1, C) on the space L n+1< /C) = C n + 1 - {0}, (16.11.10). 

Consider the analogs for real-analytic manifolds of the definitions and results 
of Problems 1-5. In analogous notation, show that the fundamental divisor D/R) 

on P„(R) is such that 2Dj(R) is principal. (Consider the function xj^j on 
R M+l -{0}.) J ~ 
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Let B be a differential manifold, G an at most denumerable discrete group, and U, V 
two open subsets of B. Describe all the isomorphism classes of principal bundles over 
B with structure group G, such that the induced principal bundles over U and V are 
triviaiizable (cf. Problem 1). In particular, if Un V has exactly two connected com¬ 
ponents, then the isomorphism classes in question are in bijective correspondence with 
the conjugacy classes in G. 

Define the product of two principal bundles X, X' with structure groups G, G' and 
bases B, B', respectively; also define the fiber product of two principal bundles X, X' 
over the same base, with structure groups G, G\ respectively. Show that if X is a 
principal bundle over B whose structure group G is the product of two subgroups 
G', G", then X is canonically isomorphic to the fiber product over B of two principal 
bundles X', X" over B with G', G" as respective structure groups; and that X is 
triviaiizable if and only if X' and X" are triviaiizable. 

Let X be a principal bundle with base B, structure group G, and projection rr, and let 
E = Xx G Fbea fiber bundle with fiber-type F and projection tt f , associated with 
X. For each C 00 -section/of E over B, there exists a unique mapping cp f : X -> F such 
that x • <p/(x) = f(7r(x )); this mapping is of class C 00 and satisfies the relation 

cp f (x ■ s)=^ s~ l • cpfix) 

for all x e X and all s 6 G. Show that/ 1 —► cp f is a bijection of the set of C“-sections of E 
over B onto the set of C°°-mappings cp : X -* F such that <p(x - s) = s~ l • cp(x) for all 
x e X and ^ e G. In particular, if there exists y 0 e F such that s • y 0 = y 0 for all s 6 G, 
then the bundle E admits a section over B; if G acts trivially on F, the bundle E is 
triviaiizable. 

Let X, X' be two principal bundles, with bases B, B', structure groups G, G', and 
projections 77, rr' respectively; let E-^Xx G F, E' — X' x G ' F' be the fiber bundles 
with fiber-types F, F' associated with X, X', respectively, and let 7 r F , 7r F , be their 
projections. Let («, p) be a morphism of X into X' (16.14.3) and let v : B-> B' be the 
mapping associated with u. Show that for each mapping /: F->F' such that 
f(s • y) = p(s) -f(y) for all y e F and .se G, there exists a unique mapping w f : E-*E' 
such that the pair (v, w/) is a morphism of the fibration (E, B, 7 t f ) into (E', B', 77 F ,), 
and that w f (x • y) =-- u(x) • f{y) for all x e X and ye F. Such a morphism of fibrations 
is called a («, p)-morphism. 

If G = G', X = X', and if u ~ l x , p — lc, then w f is said to be an X-morphism. 

Let X be a principal bundle with base B and structure group G, and let E = X x G F 
be a fiber bundle associated with X, with fiber-type F. Let v : B' B be a C°°-mapping, 
and let X' — v*(X) B' x B X be the inverse image of X by v. Show that there exists 
a unique mapping /: E' X' x G F->y*(E) == B' x B E such that f((b', x) • y) - 
{b\ x • y) for b' eB'.xe X, and y e F, and that /is a B'-isomorphism of fiber bundles. 
What factorization property analogous to (16.12.8(iii)) can be stated in this context? 

Let A = (E, B, 77 ) be a fibration in which B is a connected differential manifold. In 
order that A should be B-isomorphic to a fibration (X x G F, B, 7 r F ) associated with a 
principal bundle X, it is necessary and sufficient that there should exist: (1) a Lie group 
G acting differentiably and faithfully on a differential manifold F diffeomorphic to 
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the fibers of E; (2) an open covering (U«) of B and for each a a diffeomorphism 
<p a: u« x such that 7r(<p«(x, y)) = x for all (x, ;)eU a xF; (3) for each 

pair of indices (a, jS) a C°°-mapping g 0a :U a nU^G such that if <p 0a is the restriction 
of (p a to (U a n U,) x F, then the transition diffeomorphism i/j 01 = 9 ? a y ° (p 0a i s of the 
form (jc, y) f~> (x, g 0 M * y) (<* Problem 1). 

12. Let X, Y be pure differential manifolds, of dimensions p and q y respectively. Let 
R r (X) (resp. R*(X)) denote the set of invertible jets of order r from X to R p (resp. in¬ 
vertible jets of order r from X to R p , with source x) (Section 16.9, Problem 1). We can 
define on R r (X) a structure of differential manifold as in Section 16.12, Problem 6; 
with respect to this structure, the group G r (p) (Section 16.9, Problem 1) acts differen- 
tiably on the right on R r (X) and defines on R r (X) a structure of principal bundle over 
X. Show that the fibration (J r (X, Y), X x Y, ( 'tt , tt')) (Section 16.12, Problem 6) is 
isomorphic to a fibration associated with the principal bundle R'(X) x R r (Y), with 
fiber-type L r p , q \ likewise that the fibration (J r (X, Y), X, tt) (resp. (J r (X, Y), Y, rr')) is 
isomorphic to a fibration associated with the principal bundle R r (X) (resp. R r (Y)), 
with fiber-type Jo(R p , Y) (resp. J r (X, R*) 0 ). 

13. Show that the twisted torus (16.14.10) considered as a fiber bundle with base Si and 
fiber-type Sj, is trivializable. 

14. With the hypotheses of (16.14.8), suppose in addition that H is a normal subgroup of 
G. Show that the quotient group G/H acts differentiably and freely on the right on 
the manifold H\X, and that the orbit-manifold may be canonically identified with 
G\X, so that H\X is a principal bundle with base G\X and group G/H. 

15. Let (X, B, 7r) be a principal bundle with structure group G, and let H be a Lie group 
acting differentiably on the right on X. Suppose that (x • s) • t = (x • /) • s for all reX, 
s e G, and t e H; this implies in particular that for each b e B the set ir~ l (b) • / is a 
fiber 7 t“ 1 (Y) for some b' e B, so that if we write b' = 6 * /, then H acts differentiably 
on B, and equivariantly (16.10.10) on X and B. Suppose further that H acts freely on 
B and that the orbit-manifold H\B exists, so that B is a principal bundle over H\B with 
structure group H (16.14.1). 

(a) Show that H acts freely on X, that the orbit manifold H\X exists, and that if 
tt' : H\X ->H\B is the unique mapping which makes the diagram 

X- —* H\X 


B -. H\B 

9 

commutative, then (H\X, H\B, tt') is a principal bundle with structure group G. (Re¬ 
duce to the case where (B, H\B, q) is trivial.) 

(b) Let F be a differential manifold on which G acts differentiably on the left. Show 
that there exists a unique differentiable right action of H on X x G F such that 
(x • y) • t — (x • /) • y for te H, x e X, and yeF. Furthermore, show that the orbit 
manifold H\(X x G F) exists and is canonically diffeomorphic to (H\X) x G F. 

(c) For each pair (x, x') of elements of X such that tt(x) — t t(x'), let r(x, x') denote 
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the element of G such that x — x'- r{x , *')• Suppose that there exists a C°°-section a 
of X over B and a C 00 -mapping j 8 : H G such that o(b • /) • /“ 1 = a(b) • /?(/) for all 
6 e B and allreH. 

(a) Show that £ is a homomorphism of H into G. 

(f$) For each * e X, put fix) = ( 7 r(x), r(<r( 7 r(x)), x)), so that/is a C^-mapping of 
X into B x G. Show that the unique mapping g which makes the diagram 

X-► H\X 

/ 9 

B x G-► B x H G 

commutative (where H acts on the left on G by the rule (/, s) - 1 )) is an iso¬ 

morphism of principal bundles with base H\B and structure group G. 

16. Let (X, B, 7 t) and (X', B', n') be two principal bundles with structure groups G, G', re¬ 
spectively. Suppose that G acts differentiably on the left on X' and that 

s • (x' • t') = (s • x') • t' 

(which we shall denote by s • x’ • t') for all s e G, x' e X', and t' e G'; then G also acts 
differentiably on B', and equivariantly on X' and B'. Show that the unique mapping 
p : X x G X' X x G B', which makes the diagram 

X x X' -► X x G X' 

1XX*' p 

XxB / -► X x G B' 

9 

commutative, is such that (Xx G X',Xx c B', p) is a principal bundle with structure 
group G\ the action of G' being such that (x • x') t' = x ■ (x' • /') for all x e X, 
x' e X', t' e G'. (Reduce to the case where X' is trivial.) Furthermore, the composite 
mapping 

p': XxX' — *-? -+ X x B'-—► Xx°B / 

is such that (XxX',Xx° B', p') is a principal bundle with structure group GxG' 
(the action of G x G' on X x X' being defined by (x, x') • {s, t') = (x • s, s~ 1 • ;t' • /'))• 
Let F be a differential manifold on which G' acts differentiably on the left; then 
G acts differentiably on the left on the fiber bundle X' x G ' F' associated with X' with 
fiber-type F', by the rule s • (x' • z') — (s • x') • z'. Show that there exists a unique 
diffeomorphism (called canonical ) 

]8 : (X x G X0 x G ' F'~> X x G (X' x G ' F') 
for which the diagram 


XxX'xF 


0 


(Xx G X')x G 'F 


Xx°(X , x c ' F') 
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is commutative, where / and g are the canonical mappings. Hence on the space 
Y = (X x G X') x G ' F' we have two structures of fiber bundle, one with base Xx°B' 
and fiber-type F', and the other with base B and fiber-type X' x G ' F'. 


17 . Let (X, B, tt) be a principal bundle with structure group G, and let p : G -* G' be a 
homomorphism of the Lie group G into a Lie group G'. Then G acts differentiably 
on the left on G' by the rule ( s , /') i —>p(s)t\ and we may consider the fiber bundle 
X x G G' associated with X by this action. Show that G' acts on the right on X x G G' 
by the rule (x • s') • t' = x - (s't') and that with respect to this action (X x G G', B, tt') 
(where tt' is the canonical mapping) is a principal bundle with base B and group G'; 
this bundle is called the p-extension of X. If X' is a principal bundle with base B and 
structure group G', and if u : X->X / is such that (w, p) is a morphism (16.14.3) of X 
into X', show that there exists a unique isomorphism i;:Xx g G'-^X' such that 
u = v ° cp, where <p : X -*X x G G' is the canonical mapping xh-+x • e' (e' being the 
neutral element of G'). 

18. Let (e k )isk$ 2 n be the canonical basis of C 2n , and identify R 2n with the real vector sub¬ 
space of C 2 " spanned by the e k ; then C 2n = R 2 " ©z'R 2 ", that is to say every vector 
z e C 2n can be written uniquely in the form z — x + iy with x, y in R 2n . Put x = ^z. 

Let B(z, w) be the symmetric bilinear form on C 2n for which B(e h , e fc ) == 8 hk 
(Kronecker delta). Let V be a totally isotropic subspace of C 2 " of maximum (complex) 
dimension n, relative to the form B. Then the mapping z i—is an R-linear bijection 
of V onto R 2n . Let f y be the inverse bijection, and put j y (x) = &(if y (x)) for x e R 2n , 
so that j y is an R-linear bijection of R 2 " onto itself. 

(a) Show that jy(x) = -x, B(y v (x),y v (y)) = B(x, y), and that B(x,/ V (x)) = 0 for all 
x, y e R 2 ”. 

(b) The orthogonal group of the restriction of B to R 2 ” may be identified with 0(2 n). 
It acts transitively on the set of mappings j y satisfying the relations in (a) by the rule 
jv ^Mv) = Sj y s~ l (0(2 n) may be considered as a subgroup of 0(B)). The stabilizer of 
jv (or of the corresponding subspace V) may be identified with the unitary group U(S V ), 
where 


S v (x, y) = B(x, y) + zB(x,/ v (y)) 

is a positive definite Hermitian form relative to the complex vector space structure on 
R 2n defined by (a -}- pi) * x = ax ~f fij y (x). The set T„ of maximal totally isotropic 
subspaces of C 2n relative to B is therefore in canonical bijective correspondence with 
the homogeneous space Q(2n)l\J(n , C), and the structure of real-analytic manifold of 
this homogeneous space may therefore be transported to F„ by means of this corre¬ 
spondence. This manifold has two connected components, one of which corresponds 
to SO(2/z)/U(/z, C) and is denoted by IY. 

(c) Show that IY is endowed with a fibration with base S 2n - 2 and fiber diffeomorphic 
to TLi • (Consider all the maximal totally isotropic subspaces V containing a given 
isotropic vector whose projection on R 2 ” is .) 

(d) Show that the real Stiefel manifold S 2 „, 2 „_ 2 (R) is endowed with a fibration whose 
base is diffeomorphic to T+ and whose fibers are diffeomorphic to the complex Stiefel 
manifold S„, „_!(€). (Observe that a totally isotropic subspace of C 2 " of dimension 
^ — 1 is contained in a unique subspace belonging to IY .) 
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(16*15.1) Let (E, B, n) be a differential fibration such that for each b e B the 
fiber E b = n~ 1 (b) is endowed with a structure of a finite-dimensional real 
(resp. complex) vector space. Then E, endowed with the structure defined by 
the fibration (E, B, it) and the vector space structures on the fibers E b , is said 
to be a real (resp. complex) vector bundle if the following condition is satisfied: 

(VB) For each b e B 5 there exists an open neighborhood V of b in B, a 
finite-dimensional real (resp. complex) vector space F, and a dijfeomorphism 

<p: U x F -►7 e"" 1 (U) 

such that n((p(y, t)) = y for all y e U and teF, and such that for each point 
yelJ the partial mapping cp(y, • ) is an R-linear (resp. C-linear) bijection of the 
vector space F onto the vector space E y . 

This condition is equivalent to the following: 

(VB') For each be B, there exists an open neighborhood U of b, an 
integer n (depending on b) and n mappings s £ : U -+ E of class C 00 such that 
n o s t = ly for each i and such that the mapping 

<p : ..., + • * * + i\(y) 

is a diffeomorphism of U x R" (resp. U x C M ) onto 7i _1 (U). 

For if (VB) is satisfied and if (a^ g is a basis of F over R (resp. C), then 
the mappings y^s t (y) = <p(y , a,) (1 ^ i g n) satisfy (VB'). Conversely, it 
is clear that the mapping (p defined in (VB') satisfies (VB) with F = R" 
(resp. C n ). 

If V is an open subset of B, the induced fibration (7c _1 (V), V, 7r 17r~ 1 (V)) 
(16.12.9) and the vector space structures on the fibers E b for beV clearly 
define a structure of a real (resp. complex) vector bundle on 7i _1 (V). This vec¬ 
tor bundle is said to be induced by E on V and is sometimes denoted by E| V. 

A mapping <p satisfying (VB) is called a framing over U, and the sections 
s t (1 g / S n) over U are said to form a frame for the vector bundle E over U. 
Sometimes we shall call a basis of E b over R (resp. C) a frame for E (or E & ) at 
the point b. For n sections $ t - (1 g i S n) of class C°° of E over U to form a 
frame, it is necessary and sufficient that, for each point ye U, the vectors 
s,(y) should be linearly independent over R (resp. C) in E y ; this follows from 
( 16 . 12 . 2 . 1 ). 
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Let (p: U X F^ 7 r'' 1 (U) and q >': U' x be two framings. 

Then the restrictions if/ and of (p and q>' to (U nU')xF are framings over 
U n U', and the transition diffeomorphism 

xj/ o xj /'- 1 : (U n U') x F (U n U') x F 


is of the form 

(16.15.1.1) (x, t)h->(x, A(x) • t), 

where x\-+A(x) is a C°°-mapping of U n U' into GL(F). 

We denote by 0 6 the zero element of the vector space E b , for each ieB. 
The support of a section s of E over an open set U is by definition the closure 
in U of the set of points ye U at which s(y) ^ 0 y . The mapping Z> i—► 0 5 is a 
C 00 -section of E, by virtue of (VB), and it is the only section with empty sup¬ 
port. It is called the zero section of E and is denoted by O e or O. 

(16.15.1.2) Every C r -section of a vector bundle E over a closed subset S of B 
can be extended to a C r -section over the whole of B. For each 4eB and each 
u b eE b , there exists a C*-section s of E over B such that s(b) = u b . 

The first assertion is a particular case of (16.12.11). The second follows 
from the first, because by virtue of (VB) there exists a C°°-section of E over U 
taking an arbitrary value at the point b. 

Suppose that U and <p satisfy the conditions of (VB), and let (V, \j/, m) be 
a chart on B at the point b such that V c U; also let p be an isomorphism of 
F onto R" (resp. C"). Then it is clear that (7i _1 (V), (\j/ x p) o (p ~ 1 9 m + n) 
(resp. (rc "^(V), (xj/ x p) o (p -1 , m 4- 2 ri)) is a chart on E at each point of the 
fiber n~ 1 (b). A chart on E obtained in this fashion is called aj fibered chart. 
The local expression (16.3) of a section s of E over V relative to this chart and 
the chart (V, \j/ 9 m) on B is a mapping of the form 

(16.15.1.3) xv ^(xJ(x)) 

of 1 KV) into 1 KV) x R" (resp. x C n ). The mapping f: xj/(W) R n (resp. 
f: \j/(y) -> C*) is sometimes called the vector part of s (relative to the charts 
under consideration). The support of s is equal to the support of f, and s 
is of class C r if and only if f is of class C. 

The dimension of the vector space E b over R (resp. over C) is called the 
rank of E at b and is denoted by rk b (E). By (16.8.8), for each x e E b we have 
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(16151 ^(dim x (E) = dim 6 (B) + rk 6 (E) if E is a real vector bundle, 

'\dim x (E) = dim 6 (B) + 2 rk b (E) if E is a complex vector bundle. 

It follows from (VB) that the rank rk*,(E) is locally constant on B, hence con¬ 
stant on each connected component of B. When rk 6 (E) is constant its value 
is called the rank of E. A vector bundle E of rank 1 is called a line-bundle . 

When E is a complex vector bundle over B, it is clear that the fibration of 
E, together with the real vector space structures of the fibers E 6 (underlying 
their complex vector space structures) define on E a structure of a real vector 
bundle. This real vector bundle E 0 is called the real vector bundle underlying 
E; we have rk 6 (E 0 ) = 2 rk 6 (E) for each beB. 

(16.15.2) If E and E' are two real (resp. complex) vector bundles, (E, B, n) 
and (E', B', n') the corresponding fibrations, then a vector bundle morphism 
(or simply a morphism) of E into E' is by definition a morphism (/, g) of 
(E, B, 7i) into (E', B', n') (16.12) such that for each be B the restriction g b of 
g to E b is an R -linear (resp. C-linear) mapping of E fc into E' f(b) . When B = B' 
and/= 1 B , we say that g is a ( linear ) B -morphism of vector bundles. The set 
of linear B-morphisms of E into E' is then denoted by Mor(E, E') (cf. 
(16.15.8)). An isomorphism (/, g) of E onto E' is a morphism of vector bundles 
which is an isomorphism for the corresponding fibrations (16.12). For (f,g) 
to be an isomorphism it is sufficient that / should be a diffeomorphism and 
g b bijective for each point b e B (16.12.2). 

The local expression of a morphism of E into E' relative to the fibered 
charts corresponding to charts (U, if/, m) and (U', if/', m!) on B and B', re¬ 
spectively (16.15.1), is therefore of the form 

(16.15.2.1) (x, t)i- (F(jc), A(x) • t), 

where F is a C°°-mapping of if/(U) into if/'( U') and x\-+A(x) is a C 00 -mapping 
of if/(U) into the set Hom(R", R"') (resp. Hom(C", C 1 ')), (identified, if we prefer, 
with the set of matrices of type (n\ n) over R (resp. C)). 

Example 

(16.15.3) Let B be a differential manifold and F a real (resp. complex) vector 
»pace of dimension n, and consider the trivial fibration (B x F, B, pr x ) 
16.12.3). By transporting the vector space structure of F onto the set 


{b} x F = pr t \b) 
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by means of the mapping t*-+(b, t), we obtain on B x F a structure of a real 
(resp. complex) vector bundle of rank n corresponding to the trivial fibration, 
because the condition (VB) is satisfied by taking U = B and <p to be the identity 
mapping. Such a vector bundle is said to be trivial. A vector bundle E over B 
is said to be trivializable if there exists a B-isomorphism of E onto a trivial 
vector bundle; such an isomorphism is called a trivialization of E, and it is 
precisely the inverse of a framing over B (16.15.1). 

(16.15.4) The tangent bundle of a differential manifold. 

Let M bea differential manifold and let T(M) be the union of the (pairwise 
disjoint) tangent spaces T*(M) as x runs through Mf Let o M : T(M) ->Mbe 
the mapping which associates with each tangent vector b x e T*(M) the point 
xeM (the “origin” of h x ). We shall show that there exists a unique structure 
of differential manifold on T(M) such that r = (T(M), M, o M ) is a fibration 
(the tangent spaces T*(M) being the fibers) and such that the following con¬ 
dition is satisfied: 

(TB) For each chart c = (U, <p, n) on M, the mapping (cf. (16.5.3)) 
(16.15.4.1) i l/ c : (x, h)^(d x <py l • h 

of U x R n onto 0m*(U) I s a diffeomorphism . 

An equivalent condition is that, for each h e R n , the mapping 

xi -+{d x (p)~ l • h 

is a C ^-section of T(M) over U. For if this is so, and if for each vector e £ of 

n 

the canonical basis of R" we put X t (x) = (d x cp) ~ 1 • e ; , and h = ]T if e ; , then 

i= 1 
n 

the mapping (x, ..., <i;")i-» ]T ^X^x) is a diffeomorphism, by virtue of 

i- 1 

(16.12.2), hence (TB) is satisfied. The existence of these sections shows at the 
same time that the vector space structures of the T X (M) and the fibration t 
define on T(M) a structure of a real vector bundle ; this vector bundle is called 
the tangent vector bundle , or more briefly the tangent bundle , of the differential 
manifold M (cf. Section 16.12, Problem 6). 

t By definition (16.5), an element of T X (M) is an equivalence class of mappings of R 
into M, hence a subset of the set <F(R, M) of all mappings of R into M; consequently T X (M) 
is a subset of ^(^(R, M)), and the sets {;*:} x T*(M) are pairwise disjoint in the set 
M x ^(^(R, M)). As a set, T(M) is defined to be their union. 
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To establish the existence of the differential manifold T(M), consider an 
open covering (U a ) of M such that for each a there exists a chart (U a , <p a9 n a ) 
on M. Let a, /? be two indices such that U a n ^ 0, which implies that 
n a = rip=n say; let <p 0a and <p a p be the restrictions of <p a and cpp, respectively, 
to U a n U^, and let = <p fia © (p~ p l be the transition diffeomorphism. Then 
(16.5.7) we have 

VfpaiVeix)) = (d x (pfia) ° (d x (Poe) ~ 1 
for x e U a n U^, and the mapping 

: (U,n U,) xR n ^ (U a n U,) x R" 

defined by 

h ) = D^ a (^(x)) * h) 

is evidently of class C 00 , hence a diffeomorphism by (16.12.2.1). Further, if 
for each triple of indices (a, p, y) we denote by , and /£ the restrictions 

of the mappings and f ya to 

<P*(U a n U^n U y ), <p y (U a n U^n U r ), and <p v (U a n U^n U y ), 

respectively, then we have ff a = fj fi © / y “ 9 and by (8.2.1) the patching condition 

(16.13.1.1) is satisfied. This establishes the existence of the fibration x (16.13.3); 
moreover, it follows from the construction in (16.13.3) that this fibration satis¬ 
fies (TB) and is the unique fibration with this property; for the condition 
(TB) implies that each mapping (16.15.4.1) is a framing of T(M) over U. This 
framing \j/ c is said to be associated with the chart c. 

(16.15.4.2) A section of T(M) over a subset A of M (16.12.9) is called a 
tangent vector field (or simply a vector field) over A. With the preceding 
notation, the mappings xi-> X t (x) = (d x <p)~ l • e f = 0~*(e f ) (16.5.1) for 
1 g n are C°°-vector fields on U which form a frame of T(M) over U. 
These vector fields are called the vector fields associated with the chart c, 
and the frame they form is the frame associated with c. Every vector field on 
U is uniquely expressible in the form 

(16.15.4.3) X{x) = X a\x) • Xfa), 

i= 1 

where the a 1 are n scalar-valued functions on U. For X to be of class C r , it is 
necessary and sufficient that the a 1 should be of class C r . 

(16.15.4.4) With the notation of (16.15.4.1), we see that 

(VOJ), (<p*l R n)ofc 1 9 2n) 
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is a fibered chart on T(M) (16.15.1), called the fibered chart associated with 
the chart c = (U, <p, n) on ML If (U, <p', n) is another chart on M with the same 
domain of definition, and if u = (p ° <p' _1 : <p'(U) -* <p(U) is the transition 
diffeomorphism, then the transition diffeomorphism for the associated fibered 
charts on T(M) is the mapping 

(16.15.4.5) (x, h)i-+(w(x), D u(x) ■ h) 
of (p'(U) x R" onto <p(U) x R". 

If a vector field X on U is given by (16.15.4.3), its local expression relative 
to the fibered chart associated with (U, <p, n) (16.15.1.3) is the mapping 

(16.15.4.6) a f (<p -1 (z)) e ij 


of q>( U) into q>( U) x R". 

(16.15.5) When M is an open subset of R n , the inverse of the framing as¬ 
sociated with the chart (M, 1 M , n) is a trivialization of T(M), called the can¬ 
onical trivialization and given by i—> (jc, ^(h*)) (16.5.2). Usually we shall 
identify T(M) with M x R" by means of this trivialization. A vector field on 
M is then of the form x\-+(x, f(x)), where f is a mapping of M into R n . 

(16.15.6) Let M, N be two differential manifolds and let /: M N be a 
mapping of class C r (where r is an integer ^ 1, or + oo). Then the mapping 

(16-15.6.1) T(/):h^T OM(h) (/)-h 

(which we shall write in the more legible form 

(16.15.6.2) h^T x (/) • h x ) 

is a mapping of class C r “ 1 (with the convention that r — 1 = oo if r = oo) of 
T(M) into T(N). For if (U, <p, m) and (V, \jj, n) are charts on M and N, re¬ 
spectively, such that /(U) c: V, and if F is the local expression of f relative to 
these charts (16.3), then the local expression of T(/) relative to the associated 
fibered charts (16.15.4) is the mapping 

(16.15.6.3) (*, h)^(F(x), F(x) • h) 

of <p(U) x R m into *A(V) x R n . If/is of class C 00 , then (/, T(/)) is a morphism 
of vector bundles (16.15.2). It is clear that 
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(16.15.6.4) rk hx (T(f)) = 2 rk x (f). 

Hence if/is a subimmersion (resp. an immersion, resp. a submersion), so also 
isT (/). 

Also it is clear that T(l^j-) = 1 t(M)> &nd that if g \ N —>P is another (re¬ 
mapping, we have T (g of) = J(g) o T(/). If/is a diffeomorphism, then so 
is T(/), and T(/~ 1 )=T(/)- 1 . 

If M and N are two differential manifolds and pr x , pr 2 are the projections 
of M x N onto M and N, respectively, then the mapping (Tfprj), T(pr 2 )) is 
a canonical isomorphism of T(M x N) onto T(M) x T(N) (16.6.2); usually 
we shall identify these two vector bundles over M x N. 

As an application of these results, we remark that if a Lie group G acts on 
a differential manifold X, then the mapping (16.10.1.2) 

(h s , lc x ) h—>• s * -j- h s * x 

of T(G) x T(X) into T(X) is of class C 00 . Likewise, if (X, B, n) is a principal 
bundle with structure group G and if E = X x G F is the associated fiber 
bundle with fiber-type F, then the mapping (16.14.7.2) 


(h x , k y )\~+h x -y + x- k y 


of T(X) x T(F) into T(E) is of class C 00 . 

(16.15.7) The tangent bundle of a vector bundle . 

If X = (X, B, 7e) is a fibration, then (T(X), T(B), T(7r)) is also a fibration. 
For if U is an open subset of B such that there exists a diffeomorphism 
(p : UxF-> tt“* X (U) with n o q> = pr t , then it follows that T (<p) is a diffeo¬ 
morphism of T(U) x T(F) onto T(7c _1 (U)) such that T(n) o T(<p) = j>r t . We 
recall (16.12.1) that the tangent vectors h x e T x (X) such that T(7i) • h x = 0 in 
T w(jc )(B) are said to be vertical, or along the fiber. 

Now let E be a vector bundle with base B and projection n. Then T(E) is 
also a vector bundle with base T(B) and projection T(7r). Since the question is 
local with respect to B, we may assume that E is trivializable, and hence we 
reduce to the case where E = B x F, with F a vector space of dimension n and 
B an open set in R w . Then (16.15.6) T(E) may be identified with T(B) x T(F), 
and the canonical trivializations of T(B) and T(F) (16.15.5) therefore finally 
identify T(E) with (B x R m ) x (F x R n ). Since F x R n is canonically endowed 
with the structure of a vector space of dimension In, it follows that T(E) is 
endowed with a vector bundle structure over T(B); but it has to be shown that 
this structure is independent of the trivialization of E from which we started. 
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Now a transition diffeomorphism from one trivialization to another is of the 
form 

ij/ : (b , y) > (6, A(b) • y), 

where A : B GL(F) c: End(F) is a C°°-mapping; and then T(^) is the 
diffeomorphism 

(16.15.7.1) ((b 9 h), (y, k))h->((6, b), (A{b) • y, A(b) • k + (A'(b) • h) • y)) 

((8.1.3) and (8.9.1)), and our assertion follows from the fact that the mapping 
(y, k)^A(b) * k + (A'(b) h) y 

is linear. 

Hence we have two vector bundle structures on T(E): one with base E 
and projection o E , the other with base T(B) and projection T(7i); moreover 
we have o B ° T(ti) = n o o E . Furthermore, if m = o B ° T(n) = n o o E , then 
(T(E), B, w) is a fibration over B; but although, for a given trivialization of E, 
each fiber of this fibration can be endowed with the structure of a vector space 
of dimension 2 n 4- m, yet it is not possible to define in this way a vector bundle 
structure on the fibration. For the preceding calculation shows that the right- 
hand side of (16.15.7.1) is not linear in (h, y, k), although it is linear in (y, k) 
and in (h, k), which correspond to the two vector bundle structures on T(E) 
previously described. 

In the particular case where E = T(M), the tangent bundle of a differential 
manifold M, the two vector bundle structures on T(T(M)) both have the same 
base T(M), but are quite distinct from each other. 

(16.15.8) Let E be a real (resp. complex) vector bundle with base B and 
projection n, and let <f(B; R) (resp. $(B ; C)) be the set of C°°-mappings of B 
into R (resp. into C), which is an R-algebra (resp. a C-algebra). Consider also 
the set Mor(E, E') of B-morphisms of E into another real (resp. complex) 
vector bundle E' over B. If u\ u n e Mor(E, E'), we define u' + u" to be the 
mapping of E into E' such that ( u f + w")* = u' b + u b for all b e B, and it follows 
from (VB) that u' + u" is a B-morphism. Again, for each function f e <f(B; R) 
(resp./e <^(B; C)) and each u e Mor(E, E'), we define a mapping/* u: E E' 
by the rule (/• u) b = f(b)u b , and/* u is again a B-morphism. Hence we have 
defined on the set Mor(E, E') a structure of <f(B; R )-module (resp. B; C)- 
module). 

In particular, the set T(B, E) or T(E) of all C 00 -sections of E may be con¬ 
sidered as the set of B-morphisms of the trivial bundle (B x {0}, B, pr x ) into 
E, and therefore T(E) is an <f(B; R)-module (resp. an <^(B; C)-module). If 
there exists a frame over B (in other words, if E is trivializable), then this 
module is free, and every frame over B is a basis of it. 



By applying these remarks to the vector bundle induced on 7c _1 (U), where 
U is open in B, we define a structure of <f(U; R)-module (resp. <f(U; C)- 
module) on the set r(U, E) of O 0 -sections ofE over U. For each u e Mor(E, E'), 
the mapping of r(U;E) into r(U;E') is $ (U ; R)-linear (resp. 

#(U; C)-linear). 

Remark 

(16.15.9) In exactly the same way we can define the notion of a real (resp. 
complex) vector bundle over a real-analytic manifold B; such a bundle is called 
a real- (resp. complex-) analytic vector bundle over B. Everything goes through 
as before, with the exception of (16.15.1.2). When the base B is a complex- 
analytic manifold, the corresponding notion of vector bundle is of interest only 
when the fibers are complex vector spaces; such vector bundles are called 
holomorphic vector bundles. When M is a real- (resp. complex-) analytic 
manifold, the tangent bundle T(M) is a real-analytic (resp. holomorphic) 
vector bundle over M. All the developments of Sections 16.16 and 16.17 (with 
the exception of (16.17.3)) extend immediately to real-analytic and holo¬ 
morphic vector bundles. 


PROBLEMS 


1. A differential manifold M is said to be parallelizable if the tangent bundle T(M) is 
trivializable. Show that the differential manifold underlying a Lie group is parallelizable. 
In particular, the spheres Si and S 3 are parallelizable. 

2. Let m be a bilinear mapping of R* x R" into R" such that 

l|m(y,x)||= ||y|| • ||x|| 

(the norms being Euclidean norms). 

(a) For all y, y' in R\ we have (m(y, x) | m(y', x)) = (y |y') fjx i[ 2 , and for all x, x' in R" 
we have (m(y, x) | m(y, x')) = ||y || 2 (x | x'). For each y i=- 0, the mapping x i-* m(y, x) 
therefore belongs to 0(n, R). If is the canonical basis of R k and if we put 

v(x) = m(e k , x), then the mapping (x, y) i—► m 0 (y, x) = m(y, v l x) has the same 
property as m, and we have m 0 (e k , x) = x. In order that there should exist such a 
bilinear mapping m 0 , it is necessary and sufficient that there should exist k — 1 elements 
Ui e O (/*, R) (l 1) such that u 2 — — 1, u k Uj + uju t — 0 for 1 ^ij <!n and 

i (in the algebra End(R")). For each x e S n -!, the k ~~ 1 vectors (x, u t (x)) e T^S,-!) 
(where T^fSn-i) is identified with a subspace of T x (R n » are then linearly independent, 
and so we have k — 1 vector fields onS,,-! which are linearly independent at each point 
of S n _j. 
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(b) We shall assume the existence of an (associative) algebra C m over R, of dimension 
2 m , generated by the unit element 1 and m elements c { (1 g ^ m) such that cf = -1, 
c iCj J rC jC i = 0 for i ¥= j, so that the element 1 and the products c il c l2 -- c lp for 

1 ^ * i < h < ' * * < h ~ m 

form a basis of C w . The algebra C m is called the Clifford algebra of index m. In order 
that there should exist a mapping m with the property considered in (a) above, it is 
necessary and sufficient that there should exist a homomorphism of C k - X into End(R"). 
(Observe that if T is the (finite) group generated by the images u t of the c t in GL (n t R), 
then the bilinear form (s • x | s • y) is positive-definite on R" and invariant under I\) 

ser 

(c) It can be shown that for 0 ^ m <; 7 the Clifford algebras C m are given by the 
following table: 

/w = 0123 4 5 6 7 

R C H HxH M 2 (H) MU(C) M 8 (R) M 8 (R) x M 8 (R) 

and that C m+8 is isomorphic to C m ® r M 16 (R). Deduce that if each integer n ^ 1 is 
expressed in the form n! * 2 c< " ) 16 d( " ) with 0 <i c(n) ^ 3, din) ^ 0, and n' odd, then there 
are p( w ) _ i = 2 c(n) -f $d(n) — 1 vector fields on S„_i which are linearly independent at 
each point of S„_i. (Use the fact that, if K is a field or a division ring, the simple 
M„(K)-modules are of dimension n over K.) In particular, S 7 is a parallelizable manifold 
(Problem 1). It can be shown that there do not exist pin) vector fields of class C° on 
S n -i which are linearly independent at each point; in particular, the only parallelizable 
spheres are Si, S 3 , and S 7 . 

3. The notion of a bundle of R- (resp. C-) algebras over B is defined as in (16.15.1), re¬ 
placing F by a finite-dimensional R- (resp. C-) algebra, and the linear bijections in the 
condition (VB) by algebra isomorphisms. If X is any differential manifold, define a 
canonical algebra bundle structure on P r (X) = J r (X, R) (Section 16.5, Problem 9). 

4. Let B be a pure differential manifold and A = (X, B,p) a differential fibration over B, 
such that X is a pure manifold. For each b 6 B let P£(B, A) denote the subset of JJ(B, X) 
consisting of jets of sections of X over a neighborhood of 6, and let P r (B, X) denote the 
union of the P£(B, A). Show that F(B, A) is a closed submanifold of J r (B, A) (Section 
16.12, Problem 6), and that the restrictions to F(B, A) of the projections of the fibrations 
of J r (B, X) define fibrations on P r (B, A) over the graph of p in X x B, B, and X, 
respectively. 

If s^r, the canonical mapping of J r (B, X) into J r ~ s (B, J S (B, X)) (Section 16.12, 
Problem 6), restricted to P r (B, A), is a B-morphism of P P (B, A) into P r '“ s (B, f.i), where 
pi is the fibration (B, P*(B, A), tt). 

If A' = (X', B, p') is another fibration over B, and if g : X' -* X is a B-morphism, 
then g defines canonically a B-morphism P \g) : P r (B, A) -> F(B, X'). 

If E is a vector bundle over B and A = (E, B, p) is the corresponding fibration, we 
write F(B, E) in place of F(B, A). Then P r (B, E) is canonically endowed with a vector 
bundle structure over B, and also with a module bundle structure over the algebra 
bundle P r (B) (Problem 3; show how to define a module bundle over an algebra bundle). 
If E = B x F is trivial, F(B, E) is canonically identified with J r (B, F). 

5. Let G be a Lie group acting differentiably on a differential manifold M. Show that if 
the orbit manifold M/G exists, then so does the orbit manifold T(M)/G (cf. Section 
16.19, Problem 5). 
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16. OPERATIONS ON VECTOR BUNDLES 


In this section and the following one we shall consider only real vector 
bundles. The extension of the definitions and results to complex vector 
bundles is left to the reader. 


(16.16.1) Let E', E" be two vector bundles over the same base B, with pro¬ 
jections n". Let E' ® E" (resp. E' ® E") be the disjoint union of the sets 
E' b ® E l (resp. E* ® E£) as b runs through B, and let <r (resp. p) denote the 
mapping E'©E"-*B (resp. E'®E"-*B) which sends each element of 
E r h © E' b (resp. E£ ® E£) to b . If U is open in B and if s', s" are sections of 
E',E", respectively, over U, let s' ©s" (resp. s' ®s") denote the mapping 
bt-+s'(b) ®s"(b) (resp. bi-+s'(b) ® s*(b)) of U into E'©E" (resp. E'®E"). 
We shall show that E' © E" (resp. E' ® E") carries a unique vector bundle 
structure with base B and projection cr (resp. pi), satisfying the following 
condition : for each open set U in B and each pair of C°°-sections s', s", of E' 
and E", respectively, over U, s' © s" (resp. s' ® s") is a C°°-section of E' © E" 
(resp. E' ® E") over U. The bundle E' © E" is called the sum (or Whitney sum) 
of E' and E", and E' ® E" is called the tensor product of E' and E". 

Let us prove for example the existence of E' ® E". Consider an open cover¬ 
ing (U a ) of B such that for each a there exists a finite-dimensional vector space 
F* (resp. F") and a diffeomorphism 

<Pa : U a X F; (resp. q>l : U a x F" UJ) 

satisfying the condition (VB). For each pair of indices a, /? we have transition 
diffeomorphisms (16.13.1) 

: (U. n U,) xF;-> (U. n U,) x , 

(16.16.1.1) ( 

\r„ a : (U. n U^) X F: - (U. n U,) x F? , 

which are of the form (b, t') -*■ (b, fp x (b, t')) and (b, t")\~+(b,fp x (b, t")), re¬ 
spectively, where for each b e U a n the mappings f$JJb, •) and fjfjjb, • ) are 
linear. Now consider the mappings 


(16.16.1.2) ^ : (U. n U,) x (F; ® F") »(U„ n U,) x (FJ ® FJ) 


defined by 


(b, t)h-+(b,fp x (b> t)), 


where, for each ieU.nU, ,f(Jb, • ) =fp x (b, • ) ®// a (6, •) (tensor product 
of linear mappings). It is immediately seen (by taking bases in F* and F") that 
the i lr fx are diffeomorphisms and satisfy the patching condition (16.13.1.1). 
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They therefore define (16.13.3) a fibration (E' ® E", B, p), and it is clear 
that E' ® E" is thus endowed with a vector bundle structure satisfying the 
condition on the sections stated above. Conversely, suppose that E' ® E" is 
endowed with a vector bundle structure satisfying this condition. With the 
notation used above, let (e; f ) be a basis of F; and (e",.) a basis of F". Then the 
sections b^(p' x (b, e' ai ) (resp. 6 mm?" (b, e",-)) form a frame (s'J (resp. &',)) of 
E' (resp. E") over U a , and the condition on the sections shows that the 

s'ai ® </ form a f rame for E ' ® E " over U « • Let : U « x ® F «) 1 (U a ) 

be the diffeomorphism corresponding to this frame. It is then immediately 
verified that for any two indices a, /? the transition diffeomorphisms 

(U. n U,) X (F; ® F") - (U a n U,) x (F* 0 

corresponding to the q> a are precisely the mappings (16.16.1.2). This establishes 
the uniqueness of the vector bundle structure on E' ® E". 

It follows moreover that if U is any open set in B such that 7i , “ ;l (U) and 
^/f-i(U) are trivializable, then T(U, E' ® E") is an <f(U; R) module isomorphic 
to r(U, E )®,?(U;R) E(U, E ). 

If F', F" are two vector bundles over B and if u ': E' —► F' and u": E" F" 
are two B-morphisms, then one shows in the same way that there exists a 
unique B-morphism u' ® u ": E' ® E" -+ F' ® F" such that, if s' and s" are 
sections of E', E", respectively, over an open set U in B, and if u{j , and 
(«' ® iOu are the restrictions of w', u" and w' ® u" to ^' _1 (U), ^"” 1 (U), and 
^ _1 (U), respectively, then we have 

(«' ® z/)u o (s' ® s") = (u' v o s') ® o s"). 

The restriction of u' ® w" to a fiber (E' ® E") ft = E b ® E" b is the tensor product 
u b ® u” b of the linear mappings u' b : E' b -+ F* and u b : E b FJ,'. If u' and w" are 
B-isomorphisms, then so is u' ® w". 

The proofs of the corresponding assertions for E' © E" are analogous 
and simpler. For each open UcB such that ^'“^U) and ^"“^U) are 
trivializable, F(U, E' ® E") is an SQJ; R)-module isomorphic to 

r(u, E')©r(u, e"). 

There are canonical injective B-morphisms/ : E' -► E' © E: E" -+ E' © E" 
and canonical surjective B-morphisms p': E' © E" E', p": E' © E" -► E" 
such that, with the same notation as above, 

fu o s' = s' © 0 E „, y" o s " = O e , © s", 

Pv ° (s' © s") = s', Pv o (s' © s") = s". 

Furthermore, if F is a vector bundle over B and if u ': E' F and w": E" -+ F 
are B-morphisms, then there exists a unique B-morphism u : E' © E" F 
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such that My o (s' © s") = My ° s' + My o s". We write u = m' + m". If G', G" 
are vector bundles over B and if v ': G' -»E' and v": G" ->E" are B-mor- 
phisms, we denote by v' © v" the morphism (/ o v') + (/' ° v") of G' © G" into 
E' © E". For each be B we have (m' + m ") 6 = u' b + u b , (t?' © z;")* = *>£ © d ’ h . 

Finally we remark that the fibration (E' © E", B, a) is isomorphic to the 
fiber product E' x B E" defined in (16.12.10). 


(16.16.2) The definitions of Whitney sum and tensor product generalize 
immediately to the case of any finite number of vector bundles over B. In 
particular, for each integer m > 0, we define a multiple mE (resp. a tensor 
power E® m ) of a vector bundle E as the sum (resp. tensor product) of m copies 
of E. We use an analogous notation for B-morphisms. 

m 

Likewise, for each integer m > 0, the exterior power f \ E is defined: this 

m 

space has for its underlying set the disjoint union of the sets /\ E fc as b runs 

m m 

through B, and its projection X : [\ E -► B sends each element of f\ E b to the 
point be B. For each sequence (s 7 ) 1 ^ J ^ m of m sections of E over an open set 
U in B, we denote by s x a s 2 a • • • a s m the mapping 

b ^ s ^ b ) a s 2 (b) a * • * a s m ( b ); 


m 

the vector bundle structure on f\ E is defined by the condition that, for each 
sequence ( s j ) l ^ j ^ m of m sections of class C°° of E over an open subset U of B, 

171 

the mapping s t a s 2 a • • • a s m is a C°°-section of /\ E. If n is the projection 
E B, and if we are given an open covering (UJ of B together with diffeo- 
morphisms q> a : U a x F a -►7r“ 1 (U a ) satisfying (VB), then the fiber bundle 


/\E may be constructed as follows: we take the transition homomorphisms 
( b , t )^( b , f P ( X ( b , t)) corresponding to the <p a , and we form the mappings 

m 

( b , g fix ( b , t)), where for each AeU.nU,, •) = A ')• 

If (°t)i s ign is a frame of E over an open set UcB, then the sections 


a, , a a.- a * * • a a . 

tl *2 ‘m 

m m 

of /\ E such that i x < i 2 < • • • < i m form a frame of f\ E over U. 

If m : E -» F is a B-morphism of vector bundles, there exists a unique B- 

m m m 

morphism /\ u : /\ E -► f \F such that, if s x , ... , s m are sections of E over U, 
we have 

m 


(A“) ° (*X A *2 A ' • ' A S m ) = (K ° Sj) A (M o s 2 ) A • • • A(K o S m ). 
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For each b e B we have (/\ u) b = f\ u b . If u is an isomorphism, then so is 

K u • 

0 

Conventionally E®°, or /\E, or I, denotes the trivial line-bundle B x R. 

(16.16.3) With the notation of (16.16.1), let Hom(E', E") denote the disjoint 
union of the sets Hom(E£, E l) (the set of all linear mappings of E£ into EJJ) as 
b runs through B, and let y\ : Hom(E', E") B be the mapping which sends 
each element of Hom(E£, EjJ) to b. If s' (resp. u) is a section of E' (resp. 
Hom(E', E")) over an open subset U of B, let u(s') or u * s' denote the sec¬ 
tion bh+(u(b))($'(b)) of E" over U. Then there exists on Hom(E', E") a 
unique structure of a vector bundle over B with projection rj , satisfying the 
following condition: for each open subset U of B and each pair of sections 
s', u of E' and Hom(E', E"), respectively, over U, if s' and u(s') are ejec¬ 
tions of E' and E", respectively, over U, then u is a ejection of Hom(E', E") 
over U. 

The proof is analogous to that given in (16.16.1) and we shall merely 
sketch it. With the same notation as before, consider this time the mappings 

<o,a : (U« n U,) x Hom(F', F")-> (U a n U,) x Hom(F/, FJ) 

of the form (A, m)i-+(2>, hpjjb, w)), where for each be U a n we have 
hpjb, u ) =// a (^, *) ° u o fpjb, * )” 1 . We leave it to the reader to check the 
details, which are analogous to those in (16.16.1). 

Consider in particular the trivial bundle B x R (16.15.3). If E is any vector 
bundle over B, the bundle Hom(E, B x R) is called the dual of the bundle E 
and is denoted by E*. If s and s* are sections of E and E*, respectively, over 
an open UcB,we write <s, s*> or <s*, s> in place of s*(s). If (o i ) 1 ^^ n is a 
frame of E over an open set U c B (16.15.1), there exists a unique frame 
(<**)i g of E* over U such that < 0 ?, a ; > = 0 if / # j and (af , 0 f > = 1 for all 
L The frame ( 0 *) is called the dual of ( 0 £ ). 

If u r : F' -> E' and w" : E" -> F" are two B-morphisms, there exists a 
unique B-morphism w : Hom(E', E") -> Hom(F', F"), denoted by Hom(w', w"), 
such that for each section f of Hom(E', E") over an open UcB and each 
section s' of F' over U, we have (in the notation of (16.16.1)) (wy ° f)(s') = 
w u 0 f( M u 0 *')• If u' and w" are isomorphisms, then so is Hom(w', u"). In par¬ 
ticular, for each B-morphism u: E -»F of vector bundles, we define its 
transpose l u : F* E* by the condition 

<fu v o s*, r> = <s*, u v o r> 

for any two sections r of E and s* of F* over an open subset U of B. 
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For each be B we have Hom(w', u") b = Hom(w;, u b ): f b t~+u b °f b °u b9 and 
in particular (*«)*, = \u b ). 

(16.16.4) With the notation of (16.16.3 ), for each open UcB and each C 00 - 
section u of Hom(E', E") over U, let u denote the mapping 

(b, t')>-(&; (u(Z>))( t')) 

of n’-\U) into Then u is a U-morphism of tz'~\\J) into 7r"~ 1 (U), and 

the mapping uh-+u is an isomorphism of the <f(U; Rfmodule r(U, Hom(E', E")) 
onto the <f(U; R fmodule Mor(7i' _1 (U), ^^(U)). 

Since the question is local with respect to B, we reduce immediately to the 
situation in which U = B and E', E" are trivial; in which case Hom(E', E") is 
also trivial, and then the result is obvious. 

(16.16.5) We denote by T P (E) the vector bundle ((E*)®*) ® (E® p ). This 
bundle is called the tensor bundle of type (p, q ) over E (p is the contravariant 
index and q the covariant index). Conventionally we put TJ(E) = E, TJ(E) = 
E*, Tg(E) = B x R. A section of T£(E) over a subset A of B is sometimes 
called a tensor field of type (p, q) on A (relative to the bundle E). If ( 0^)1 

is a frame of E over the open set UcB, and (af )j ^ the dual frame (16.16.3), 

then the n p+q tensor fields 

< ® < © - ■ • ® < <g> a h <g> a h ® • • • <g> a jp 

form a frame of TJ(E) over U, called the frame induced by ( 0 ,). 

If u : E F is a B- isomorphism , we define T fj(u) to be the B-isomorphism 
of TJ(E) onto TJ(F) induced from u by transport of structure, that is to say 
the tensor product (( f w“ 1 )®^) ® («® p ). (If p > 0 and q > 0, we cannot define 
T p (u) for an arbitrary B -morphism w, because r w is a B-morphism of F* into 
E*, not of E* into F*.) 

Remark 

p 

(16.16.6) . It is also necessary to consider morphisms such as u' (g) u\ )\u , 
Hom(i/', u") in the context of isomorphisms of vector bundles over different 
base manifolds. For example, let E', E" be two vector bundles over Bj, and 
F', F" two vector bundles over B 2 ; let (/, u') be an isomorphism of E' onto 
F', and (/, «") an isomorphism of E" onto F", corresponding to the same 
diffeomorphism / of B x onto B 2 . Then (f Horn (u\ u")) will be the iso¬ 
morphism of Hom(E', E") onto Hom(F', F") which sends h b e Hom(E£, E") 
to the element g f(b) : y> ( fc ) i-><(h b (w;" 1 (y/(6)))) of Hom(F;, F b ). We leave it to 
the reader to write down the definitions in the other cases. 
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PROBLEMS 


1. For each differential manifold B, let I or 1(B) denote the trivial real line-bundle B x R; 
it is an identity element for the tensor product of vector bundles over B. Likewise I c or 
I C (B) denotes the trivial complex line-bundle B x C. The sum ml (resp. ml c ) of m copies 
of I (resp. I c ) may be identified with the trivial bundle B x R m (resp. B x C m ). 

(a) Consider the Grassmannian G„, p = G„, P (R) and the subset U„, p = U„, P (R) of the 
trivial bundle «I(G„, p ) = G„, p x R" consisting of pairs (V, x) where V is a vector sub¬ 
space of dimension p in R”, and xeV. Show that U„, p is a vector subbundle of nKG,,, p ), 
isomorphic to the bundle associated to the principal bundle L» f p (16.14.2) with structure 
group GL(p, R), with fiber-type R p (for the canonical action of GL(/?, R) on R p on the 
left). Define in the same way the complex vector bundle U„, P (C) over G„, P (C). The 
bundle U„, P (R) (resp. U„. P (C)) is called the canonical (or tautological) vector bundle over 
G„ t P (R) (resp. G„, P (Q). 

In particular, when p = 1 (so that G„, i(R) = P*--i(R), G„, ^C) = P^^C)), we write 
L n _i(l) or L n -!, R (1) in place of U„, i(R), and L„_ 1>c (l) in place of U„, X (C). The 
principal bundle P(Di(R)) (resp. P(Di(C))) (Section 16.14, Problem 5) may be identified 
with the complement of the zero section in L^O) (resp. L„_i, c (l)). We denote by 
L„_i(A;) (resp. L n _ liC (^)), for each integer k > 0, the tensor product of k copies of 
L^a) (resp. L n _i.’c(l)). 

(b) If 7 i Jr 1, the bundles L„(2) are trivializable as real-analytic bundles, but L„(l) is 
not trivializable as a differential bundle. (Argue by contradiction, by lifting a section 
which is #0 at each point of the space R" +1 —{0}; show that, for each x e P„(R), there 
exists a real-analytic section of L„(l) over the whole of P„(R) which is 7*0 at the point 
x.) On the other hand, the holomorphic bundles L„, c (&) for k Jr 1 are pairwise non¬ 
isomorphic and admit no holomorphic section over P„(C) other than the zero section 
(same method, using Section 9.10, Problem 5). However, for each x e P„(C) there exists 
a real-analytic section of L„, c (0 over P„(C) which does not vanish at x. 

(c) If we endow R n with the Euclidean scalar product, then the mapping which sends 
each p-dimensional subspace V <= R" to its orthogonal supplement V- 1 , of dimension 
n — p 9 is a real-analytic isomorphism w of G„, p onto G„, „_ p . Show that the direct sum 
U„, p © <tf*(U„, n—p) is a trivializable bundle over G„, p . Define in the same way a holo¬ 
morphic isomorphism oj of G„, P (C) onto G„ t „_ p (C), but show that the analogous as¬ 
sertion about the canonical bundles is false (consider the isotropic vector subspaces of 
C"). On the other hand, there exists a re<z/-analytic isomorphism oj 0 of G n> P (C) onto 
G n> n~p(C) such that U„, P (C) © a>£(U„, „- P (C)) is trivializable as a real-analytic bundle. 

2. (a) Let L be a real or complex line-bundle over a differential manifold B. Show that 
the tensor product L © L* is trivializable (cf. (16.18.3.5)). Likewise for real- or complex- 
analytic line-bundles over a real-analytic manifold, and for holomorphic line-bundles 
over a complex manifold. By reason of this fact, vector bundles of rank 1 are also called 
invertible vector bundles; we write L® <-1) = L*, L® ( “ k) = (L*)® k for all k > 0, with 
the convention that L®° = I. 

(b) The tensor product of k copies of L„(l)* (resp. L„ fC (l)*) (Problem 1) is denoted b> 
L „(—k) (resp. L„, c (—£))• Show that for each k 1 and each x e P„(C) there exists a 
holomorphic section of L„, c (— k) over P„(C) which does not vanish at x. 
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(c) Let L be a (differential) real line-bundle over a differential manifold B. Show that 
L ® L is trivializable. (Observe that if (fj)i is a finite sequence of sections of L over 
B, then ®fj is a section of L ® L over B which vanishes only at the points where 

all the/) vanish.) What is the analogous result for complex line-bundles? 


17. EXACT SEQUENCES, SUBBUNDLES, AND QUOTIENT BUNDLES 

All vector bundles considered in this section have the same base B, and 
all morphisms are B-morphisms. 

(16.17.1) Let E be a vector bundle, E' a subset of E. For each b e B let 
E b = E' n E 5 . Then E' is said to be a subbundle of E if the following two con¬ 
ditions are satisfied: 

(1) For each be B, E* is a vector subspace of E b . 

(2) For each be B, there exists an open neighborhood U of b, a frame 
,..., s n ) of E over U and an integer m<.n such that, for each j^elJ, the 

vectors s x (y), ..., s m (y) form a basis of E'. 

Under these conditions: 

(i) E' is a closed submanifold of E. 

(ii) If n' is the restriction to E' of the projection n : E -► B, then the space 
E' together with the fibration (E', B, n') and the vector space structures on 
the fibers E£ is a vector bundle over B (which justifies the terminology intro¬ 
duced above). 

It is enough to prove these assertions when E' is replaced by E' n 7r -1 (U), 
where U is as in (2) above; but then assertion (i) follows from (16.8.7(ii)), and 
(ii) is obvious, having regard to the condition (VB'). 

It is clear that the canonical injection j : E' -► E is a morphism of vector 
bundles. 

Example 

(16.17.1.1) Let (X, B, n) be a fibration, and consider the tangent bundle 
E = T(X) of X. For each x e X, let Y x czE x = T x (X) be the subspace of 
vertical tangent vectors at the point x (16.12.1). Then the union V(X) of the 
V x is a subbundle of T(X). For, since the question is local with respect to X, 
we may assume that X = B x F; if x = (b, z), let U be an open neighborhood 
of b in B, let W be an open neighborhood of z in F, and consider tangent 
vector fields Y t (1 g g n) on U (resp. Z } (1 rgy ^ m) on W) forming a frame 
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of T(B) (resp. T(F)) over U (resp. W). Identifying T(X) with T(B) x T(F), 
we have a frame of T(X) over UxW, obtained by taking the vector fields 
(b\ 0) and ( b\ z')h-»(0, Z y (z')). For each x' = (b f , z') e U x W, 

the vectors (0, Z y (z')) form a basis of V*,, which proves our assertion (cf. 
Section 16.19, Problem 4). 

(16.17.2) With the hypotheses and notation of (16.17.1), let E f b = E b /E b for 
all b e B, and let E" be the disjoint union of the sets EJJ as b runs through B. 
Let n": E" -*■ B be the mapping which sends each element of E' b to b , and let 
p : E -» E" be the mapping whose restriction to E 6 is the canonical mapping 
E b -» E ' b , for each b e B. Then there exists on E" a unique structure of a vector 
bundle over B with projection n", such that p is a morphism of vector bundles. 
For if U is an open set in B satisfying condition (2) of (16.17.1), and if F y is 
the vector subspace of E y spanned by s m+1 (y),..., s n (y), for each ye U, then 
it is clear that the union F of the spaces F y for y e U is a subbundle of n -1 (U), 
and the restriction q of p to F must be an isomorphism of F onto ^"“^U), in 
view of (16.12.2.1). From this follows the uniqueness of the bundle structure 
on E". On the other hand, if we put s k (y) = p(s k (y)) for m 4- 1 <; k ^ n and all 
7 e U, it follows from above that (s" +1 ,..., s") must be a frame of E" over 
U. The existence of a vector bundle structure on E" possessing these frames 
is then verified by the same method as in (16.16.1), and we leave the details 
to the reader. 

The vector bundle E" thus constructed is denoted by E/E' and is called the 
quotient of E by the vector subbundle E'. It is clear that the canonical mor¬ 
phism p: E E" is a submersion (16.12.2.1). 

(16.17.3) With the notation and hypotheses of (16.17.1) and (16.17.2), there 

exists a morphism r : E" -+E such that /?or = l r . Consider a locally finite 
denumerable open covering (U a ) of B such that each U a satisfies condition 
(2) of (16.17.1). Let E a = ^(UJ, E; = and let p a : E a ^ E" be the 

restriction of p; then it is immediately clear that there exists a morphism 
r a : E" E a such that p a or a = 1 ES . Let (f a ) be a partition of unity subordinate 
to the covering (UJ and consisting of C°°-functions (16.4.1). For each index 
a, let r': E" -+ E be the morphism whose restriction to E£ is f a (b)(r a | E£) when 
b e U a , and 0 when b $ U a . Then the morphism r = r' a has the required 
property. a 

It follows immediately that the morphism j + r : E' © E" -► E is an iso¬ 
morphism; F = r(E") is a subbundle of E, such that E b and F b are supple¬ 
mentary subspaces of E* for each b e B. Every vector subbundle of E with 
this property is called a supplement of E' in E. 
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(16.17.4) Let E, F be two vector bundles over B, and u : E -*F a B-mor- 
phism. For each b e B let u b : E b -* F 6 denote the linear mapping which is the 
restriction of u to E b . The rank rk (u b ) is called the rank of u at b. Put N 6 = 
Ker(w*), l b = lm(u b ) and 


N = U N 6 eE, 1= (J I.czF. 

fee B fee B 

With this notation we have: 

(16.17.5) (i) The mapping rk(w b ) of B into the discrete space N is lower 
semicontinuous. 

(ii) The following conditions are equivalent : 

(a) The function Z>h->rk(w fr ) is continuous (and therefore constant on 

each connected component of B). 

(b) N is a vector subbundle of E. 

(c) I is a vector subbundle of F. 

Since the question is local with respect to B, we may assume that E and F 
are trivial, of the form B x P and B x Q, respectively, where P and Q are 
vector spaces. Then u is of the form (b , t)i —► (Z>, i(b, t)) where, for each be B, 
Kb, ■) is a linear mapping of P into Q, and moreover the elements of the 
matrix of f (b, *) relative to bases of P and Q are C 00 -functions on B. Since 
rk(w b ) is the rank of i(b , •), it is the largest integer p such that there exists at 
least one nonzero p x p minor in the matrix of f(Z>, • ). Assertion (i) now fol¬ 
lows immediately. 

Since rk (u b ) = dim(I 5 ) = codim(N fc ), it is clear that the conditions (b) and 
(c) in (ii) each imply (a). Conversely, suppose that (a) is satisfied; since the 
question is again local with respect to B, we may assume in addition that 
rk (u b ) = p is constant on B, and that there exists a basis (e;)^,-^ of P, and a 
basis of Q, such that for each b e B, l b is a supplement of the sub¬ 

space of {b} x Q generated by the (Z>, e') for p + 1 Sj S m, and such that the 
vectors (b, f(Z>, e,)) (1 g iSp) form a basis of I*. If 

Kb, e.) = t a ij(b) e 'j for 1 g / g n, 

j = i 

this signifies that the p x p minor A (b) in the matrix (a 0 (Z?)), formed by the 
elements with both indices is nonzero. Then the fact that I is a vector 
subbundle of F follows because the sections 


b^(b, f(b, e,)) (1 ^ ^ p), 

bi-+(b, e'.) 0 + 1 ^ m) 
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form a frame of F satisfying condition (2) of (16.17.1) relative to I. On the 
other hand, Cramer’s formulas show that 

f(6, e*) = £ fikMKb* (P + 1 ^ ^ »)> 

i = 1 

where the fi ki are of class C 00 ; and the fact that N is a vector subbundle of E 
follows because the sections 

f b»(b, e k - £ (3 ki (b)e) (p+l^kSn), 

(1 gigp) 

form a frame of E satisfying condition (2) of (16.17.1) relative to N. 

When the conditions of (16.17.5(h)) are satisfied, the vector bundles N 
and I are called, respectively, the kernel and the image of u and are written 
Ker(w) and Im(w). If p : E E/Ker(w) and j : Im(«) -► F are the canonical 
morphisms, then the unique mapping v : E/Ker(w) Im(w) such that u = 
j ° v © p is an isomorphism of vector bundles (16.15.2). 

(16.17.6) Let E 4 F G be a sequence of two morphisms of vector bundles 

over B. The sequence is said to be exact if, for each be B, the sequence 


of linear mappings is exact. A finite sequence 

of morphisms of vector bundles over B is said to be exact if each of the 

sequences E k — E*+i ——► E fc+2 (0 g k g n — 2) is exact. 

If we denote by 0 the trivial bundle B x {0}, then a morphism u : E -► F 
of vector bundles over B is injective (resp. surjective) if and only if the sequence 
O-^EAf (resp. E 4- F -► 0) is exact. For each vector subbundle E' of E, the 
sequence 

0 E' 4 E 4 E/E' 0 

(with the notation of (16.17.1) and (16.17.2)) is exact. 

(16.17.7) IfE 4 F 4 G is an exact sequence of morphisms of vector bundles 
over B, then u and v satisfy the equivalent conditions of (16.17.5(h)), and the 
bundles Im(w) and Ker(y) are therefore defined and equal. 
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It is enough to observe that rk(w 6 ) + rk(y fc ) = dim F b is a continuous 
function of b ; since rk (u b ) and rk(u fc ) are lower semicontinuous as functions of 
b , it follows that they are continuous. 

In particular, for each injective (resp. surjective ) morphism u : E F, 
Im(w) (resp. Ker(w)) is defined, and E is isomorphic to Im(w) (resp. F is iso¬ 
morphic to E/Ker(w)). 

(16.17.8) If E', E" are two vector bundles over B, then E' (resp. E") may be 
identified with a subbundle of E' © E" by means of the canonical injection j ' 
(resp./') (16.16.1), and also with a quotient bundle of E' © E" by means of the 
canonical surjection p" (resp. p'). 

(16.17.9) The properties of tensor products and spaces of linear mappings 
relative to exact sequences in the category of vector spaces give rise to anal¬ 
ogous properties of vector bundles: if E' -► E -> E" is an exact sequence of 
vector bundles over B and if F is a vector bundle over B, then the sequences 

E' ® F E ® F -► E" ® F, 

Hom(E", F) ->Hom(E, F) -► Hom(E', F), 

Hom(F, E') Hom(F, E) Hom(F, E") 

are exact. 

Examples 

(16.17.10) Let E be a vector bundle over B and let m be an integer >0. For 
each b e B, let S m (E b ) (resp. A m (E b )) be the subspace of E® m consisting of 
symmetric (resp. antisymmetric) tensors. By considering a frame of E over an 
open subset U of B, and the corresponding frame of E® m , it is immediately 
verified that the union S m (E) (resp. A m (E)) of the S m (E b ) (resp. the A m (E 6 )) is 
a vector subbundle of E® m , called the bundle of symmetric (resp. antisymmetric) 
(i contravariant ) tensors of index m. 


18. CANONICAL MORPHISMS OF VECTOR BUNDLES 

Except in (16.18.5), we shall again restrict our discussion to real vector 
bundles, and leave it to the reader to develop the corresponding results for 
complex vector bundles. 
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(16.18.1) Let E', E", F be three vector bundles over the same base manifold 
B, and let n\ n'\ n be their projections onto B. Consider the vector bundle 
E' ® E" and its projection <r. A B-morphism u of the fibration (E' © E", B, a) 
into the fibration (F, B, n) is said to be bilinear if, for each be B, the restriction 
u b : E£ © E l E b is a bilinear mapping. 

For each open subset U of B, the mapping (s', s")h-*Wu o ($' © s") is an 
<^(U; R ybilinear mapping of T(U, E') x T(U, E") into T(U, F). 

Multilinear B-morphisms are defined in the same way. 

In particular, there exists a unique bilinear B-morphism 

ra : E' ® E" E' ® E" 

such that, for each pair of sections s', s" of E' and E" over an open set UcB, 
we have m(s' © s") = s' ® s". This follows immediately from the definitions 
of the vector bundles E' © E" and E' ® E" (16.16.1) and the local definition 
of a morphism of fibrations (16.13.5). The morphism m is called canonical 
Furthermore, given any bilinear B-morphism u : E' © E" -► F, there exists 
a unique linear B-morphism v : E' ® E" F such that u = v ° m. Here again, 
by virtue of (16.13.5), the proof reduces to the case of trivial bundles and rests 
in the last analysis on the corresponding algebraic proposition and the fact 
that polynomials are functions of class C 00 in R". 

(16.18.2) The preceding argument applies in the same way to all the ca¬ 
nonical linear or multilinear mappings defined in algebra, and provides 
canonical linear or multilinear B-morphisms correspondingly. Moreover, 
whenever a canonical linear mapping defined in algebra is bijective for finite¬ 
dimensional vector spaces, the corresponding B-morphism is an isomorphism 

(16.15.2) . 

We shall restrict the following discussion to defining the most important of 
these canonical B-morphisms by characterizing their effect on sections. First 
of all, we have the isomorphisms of associativity and distributivity : 

(16.18.2.1) E x ® (E 2 ® E 3 ) -> (E x ® E 2 ) ® E 3 , 

which maps a section s x ® (s 2 ® s 3 ) over an open set U to the section 

(s x ®s 2 )®s 3 ; 

(16.18.2.2) (E x © E 2 ) ® E 3 -► (E x ® E 3 ) © (E 2 ® E 3 ), 
which maps (s x © s 2 ) ® s 3 to (s x ® s 3 ) © (s 2 ® s 3 ) ; 

(16.8.2.3) Hom(E ® F, G) Hom(E, Hom(F, G)) 
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such that if s', s", u are sections of E, F, Hom(E ® F, G), respectively, over 
an open set U, then the image of u is the section v of Hom(E, Hom(F, G)) 
such that 


(v(s''))(s') = u(s'®s"); 

(16.18.2.4) Hom(E' © E", F) Hom(E', F) © Hom(E", F), 

such that if s', s", u are sections of E', E", Hom(E' © E", F), respectively, over 
an open set U, then the image of u is the section v' © v", where v'(s') = u(s'), 
v"(s") = u(s"); 

(16.18.2.5) Hom(E, F') © Hom(E, F") Hom(E, F' 0 F") 

such that if s, v', v" are sections of E, Hom(E, F'), and Hom(E, F"), respec¬ 
tively, over an open set U, then the image of v' © v" is the section v such that 
v(s) = v'(s) © v"(s); 

(16.18.2.6) Hom(E', F') ® Hom(E", F") - Hom(E' ® E", F' 0 F") 

such that if s', s", u', u" are sections of E', E", Hom(E', F'), and Hom(E", F"), 
respectively, over an open set U, then to u' ® u" there corresponds the section 
u such that u(s' <g) s") = u'(s') ® u"(s"). 

(16.18.3) Second, we have the isomorphisms related to duality : 

(16.18.3.1) E-»E** 

such that, if s, s* are sections of E, E*, respectively, over an open set U, then 
to s there corresponds the section s of E** such that <s*, s> = <s, s*>; 

(16.18.3.2) Hom(E, F) Hom(F*, E*) 

such that, if r, s*, u are sections of E, F*, and Hom(E, F), respectively, then 
to u there corresponds the section *u such that <u(r), s*> = <r, r u(s*)>; 

(16.18.3.3) (E ® F)* E* ® F*, 
which is a particular case of (16.18.2.6); 

(16.18.3.4) E* ® F -» Hom(E, F) 
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such that, if r, r*, and $ are sections of E, E*, and F, respectively, then r* (g) s 
is mapped to the section u of Hom(E, F) such that u(r) = <r, r*>s. 

In particular, we have a canonical isomorphism of End(E) on E* ® E, 
under which the morphism 1 E corresponds to a section of E* ® E = T}(E), 
canonically associated with E, and called the Kronecker tensor field ; if 
( a i)i ^ is a frame of E over an open set U, and (a*) the dual frame (16.16.2), 
then the Kronecker tensor field is 

I5{a*®aj, 

U J 

where S{ = 0 if i and 5\ = 1 for all i. 

Finally, there is a canonical B-morphism 

(16.18.3.5) E* ® E -► B x R 

such that if s*, s are sections of E*, E, respectively, then s* ® s is mapped to 
the section <$*, s) of the trivial bundle. 

These morphisms may be combined with each other and with the preced¬ 
ing ones to give canonical morphisms between tensor bundles over a vector 
bundle E (16.16.5). First of all we have tensor multiplication , which is a 
bilinear morphism 

(16.18.3.6) T'(E) © Tj(E) - T^(E) 
which maps a pair of sections 

to the section 

tf ® • • • ® tj ® t;* <g) • • ■ ® t;* ® ti ® • • • ® t p ® ti ® • • • ® t;. 

This bilinear morphism corresponds canonically (16.18.1) to the associativity 
isomorphism (16.18.2.1): 

(16.18.3.7) TJ(E) ® T^E) 1(E). 

Next, we have a canonical isomorphism 

(16.18.3.8) TJ(E) ® T;(E) - Hom(TJ(E), TJ(E)) 

which is obtained from (16.18.3.4) by using the canonical isomorphism 
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(16.18.3.9) <TS(E))*-TJ(E) 

which in turn comes from (16.18.3.3), (16.18.3.1), and the associativity iso¬ 
morphisms. From all this it follows that a bilinear ^-morphism of 

TJ(E) © TJ(E) 

into T*(E) corresponds canonically to a global C“ -section of the tensor bundle 

Let p, q ^ 1 and let j , k be such that 1 Sj S P, 1 Ikk^q. Then there is a 
canonical linear morphism which generalizes (16.18.3.5), called contraction 
of the indices j and k: 

(16.18.3.10) c J k : T£(E) -► TJI J(E) 

which maps a section t* ® • • • ® <g> t x ® • • • ® t p to the section 

In particular, the bundle End(E) = Hom(E, E) is identified with TJ(E) = 
E* ® E, and a B-morphism u : E -► E is identified with a global section of 
TJ(E) (16.16.4). The contraction c\(u) y which is a section of the trivial line- 
bundle B x R, is called the trace of u and is written Tr (u)\ its value at b e B is 
the number Tr(w 6 ). Likewise, the section u(s) of E, where s is a given section 
of E, is identified with c\(u ® s) (w (g) s being a section of Tj(E)). 

(16.18.4) We shall now consider B-morphisms connected with the exterior 
algebra. First of all, there is a canonical B-morphism 

(16.18.4.1) A:E® m -*/\E 

such that, if s m are sections of E over an open set U cz B, the section 

s i ® s 2 ® * * • ® s m is mapped to the section s x a s 2 a • • • a s m , so that X is 
surjective. There exists a canonical B-morphism a : E® m -► E 0m , whose image 
is a supplement of Ker(A) (16.17.3), which is such that a ° a = a and which 
maps a section ® • • • ® s m of E® m to its antisymmetrization 

m ! a e <3 m 

(here 6 m denotes the symmetric group of all permutations of the set 

m 

{1,2,..., m}). This B-morphism enables us to identify canonically /\E with 
the subbundle A m (E) of E® m (16.17.10). 
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P 4 

Next, let s, t be sections of /\E, /\E over U (where p ^ 1, q ^ 1). We 

P + 4 

denote by s a t the section of /\ E over U such that (s a t )(b) = s(b) a t(b) 
for all b e U; s a t is called the exterior product of s and t. We then have a 
canonical B-morphism 


(16.18.4.2) 


(A e ) ® (A e ) 7 \ e 


which maps s (g) t to s a t. If we denote by /\ E the direct sum of the bundles 

f\E for 0 SP ^rk(E), then r(U, /\E) is the direct sum of the r(U, /\E) 
and is endowed by the B-morphisms (16.18.4.2) with a structure of an anti- 
commutative graded <^(U;R )-algebra. If E is trivializable over U, so that 
r(U, E) is a free <f(U; R)-module, then T( U, /\E) is canonically identified 
with the exterior algebra /\ (r(U, E)) of this module. 

Next, there is a canonical isomorphism 

(16.18.4.3) 6: /\( e *)-*(A e )* 

such that, if s m are sections of E and s*,..., s* are sections of E* over 

an open set UcB, we have 

(1 6.18.4.4) <*! a s 2 A * • • A s m , <5(s* a s* a • • • a s*)> = det«s f , Sp). 


We shall henceforth identify /\(E*) with (/\E)* by means of <5, and we shall 

m 

write them both as /\ E*. p 

Finally, if s is a section of E and z* a section of/\ E* over U (where p ^ 1), 

p -1 

we denote by i(s)z* or i M • z*, the section of /\ E* whose value at each be U 

p -1 

is the interior product s(b) J z*(b ) in /\ Ej; this section is called the interior 
product of s and z*. If s x ,..., are sections of E over U, we have 

(16.18.4.5) 

<j(s)z*, Sj A $2 A - • A S p _ t y = <Z* S A $! A • ‘ • A $,_!> 

and in particular, when p = 1, 


(16.18.4.6) 


i(s)s* = <$*, s> 
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for any section s* of E*. For arbitrary p and sections s*, ..., s* of E* over U, 
we have 

(16.18.4.7) 

i(s)(5* A S*A * * * A Sp = £ I)'<S| , S>S*A • • * A S* A * * ■ A S* 

j = l 

(with the usual convention that the symbol under the circumflex is to be 
omitted). Also we have 

(16.18.4.8) z(s)o/( s ) = 0, 

(16.18.4.9) i(s)(z*az*) = (i(s)z*)Az* + (-l)'z* a(i(s)z*), 

p * 

where z*,z* are sections of /\E*,/\E*, respectively, over U. This last 
formula may be expressed by saying that for each section s of E over U, i(s) 
is an antiderivation of degree — 1 of the <^(U; R)-algebra F(U, /\E*). 

We have then, for each integer p ^ 1, a canonical B-morphism 

(16.18.4.10) E (g) (A e *) AE* 

such that, if s and z* are two sections as above, then s (x) z* is mapped to the 
section /(s)z*. 

(16.18.5) Finally, we consider B-morphisms connected with extension of 
scalars (from R to C). The (real) vector bundle E may be canonically identified 
with the tensor product E ® (B x R); it follows immediately from the defini¬ 
tions that the tensor product E ® (B x C) (wherein B ® C is considered as a 
real vector bundle) admits a canonical structure of a complex vector bundle 
of the same rank as E at each point of B. This complex vector bundle is called 
the complexification of E and is written E (C) . We have a canonical injective 
B-morphism 

(16.18.5.1) E->E (C) , 

under which a section s of E over U is mapped to the section s ® 1 of E (c) . 
We remark that the real vector bundle underlying E (C) is the sum E © i E of 
its two real subbundles E and i E. 

Let E, E' be two real vector bundles over B. Then we have canonical iso¬ 
morphisms 



132 XVI 

DIFFERENTIAL MANIFOLDS 

(16.18.5.2) 

E(o ® c E(o —> (E ® E )(c) 

(16.18.5.3) 

(Hom(E, E')) (C) -»• Hom(E (C) , 

(16.18.5.4) 

(E*) (C) -+ (E (C) )*, 

(16.18.5.5) 

(Ae) (c) -A(E(oX 


which on the sections reduce to the usual linear mappings. For example, if 
u is a section of Hom(E, E') over U, then to u ® 1 there corresponds under 
(16.18.5.3) the section v of Hom(E (C) , E< C) ) defined as follows: if s is a section 
of E and \ a section of B x C over U, then v(s 0 <*) = u(s) 0 £. In particular, 
if s* is a section of E*, s a section of E, A and p two sections of B x C, 
the identification of s* 0 A with a section of (E (C) )* identifies <5* 0 A, s 0 /*> 
with <s*, s)A/x. 


19. INVERSE IMAGE OF A VECTOR BUNDLE 

Let E be a real (resp. complex) vector bundle over B, and let A = (E, B, n) 
be the corresponding fibration. Let B' be a differential manifold,/: B'->Ba 
C°°-mapping, and consider the inverse image /*(A) = (E', B', %') of A under/, 
and the canonical morphism (/,/') of /*(A) into A (16.12.8). We recall that, 
for each b ' 6 B', the restriction fy : E£> -+E f( p>) of /' is a bijection; we can 
therefore transport to E' b , the real (resp. complex) vector space structure on 
E /(60 by means of the inverse bijection /,'r 1 . We shall show that, with these 
vector space structures and the fibration /*(A), E' is a real (resp. complex) 
vector bundle over B'. We reduce immediately to the situation where E = B x F 
is trivial, and then it is immediate that E' = G x F, where G c B' x B is the 
graph of /. If p is the restriction to G of the projection pr x : B' x B -» B', then 
the mapping p~ x x 1 F : B' x F -» G x F = E' is a diffeomorphism which 
evidently satisfies the condition (YB) of (16.15); this proves our assertion. 
The bundle E' is called the inverse image of the vector bundle E by the mapping 
f and is denoted by/*(E). It has the following “universal property” relative 
to/: 

(16.19.1) Let E x be a real (resp. complex) vector bundle over B 7 , and let 
g : Ei -► E be a C™-mapping such that (/ g) is a morphism of vector bundles 

(16.15.2) . Then there exists a unique B' -morphism u: E x -►/*(E) such that 
g =f' o U . If g b , : ( E]L V E f ( b r) is bijective for all b' e B', then u is a B '-iso¬ 
morphism. 
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This follows immediately from (16.12.8(iii)) and the definition of the vector 
space structures on the fibers of /*(E). 

If s x ,..., s n are sections of E over U which form a frame (16.15.1) over 
U, then their inverse images si, . ..,s' under / (16.12.8) form a frame of 
/*(E) over f~ 1 (U). 

If E, F are two vector bundles over B and if v : E F is a B-morphism 
(resp. a B-isomorphism) of vector bundles, then f*(v) : /*(E) -*/*(F) 
(16.12.8) is a B'-morphism (resp. a B'-isomorphism) of vector bundles. 

A particular case is that in which B' is a submanifold of B and / is the 
canonical injection; in that case/*(E) is said to be the vector bundle induced 
by E on B'. 

Examples 

(16.19.2) Let X be a differential manifold, Y a submanifold of X, j : Y X 
the canonical injection, and consider the morphism (J, T(j)) : T(Y) -►T(X) of 
vector bundles (16.15.5), which is an immersion; hence there exists a unique 
Y-morphism u : T(Y) -► j*(T(X)) such that T (J) = f ° u, where 

/ : 7*(T(X)) -T(X) 

is the canonical mapping. It is clear that the mapping yt-> rk(w y ) = dim/Y) is 
locally constant, so that u is an isomorphism of T(Y) onto a vector subbundle 
of y*(T(X)). Usually we shall identify T(Y) with its image in y*(T(X)); the 
quotient bundle y*(T(X))/T(Y) is called the normal bundle of Y in X (this name 
will be justified in Chapter XX) (cf. Problem 5). 

(16.19.3) Let Ei, E 2 be two vector bundles over B. With the notation intro¬ 
duced at the beginning of this section, consider the canonical injections 
j\ : E x “^E x © E 2 ,y 2 : E 2 -► E x © E 2 (16.16.1). To them correspond injections 

and/*C/ 2 ):/*(E 2 )-/*(£! ®E 2 ), and hence 

we have a B'-morphism 

f*Ui) +PU 2 ) :/*(E!) ©/*(E 2 ) ->/*(E t 0 E 2 ). 

It is immediately verified (by reducing to the case where Ej and E 2 are trivial 
bundles) that this is a B '-isomorphism. We shall usually identify /*(Ej) ® /*(E 2 ) 
with/*( E t ® E 2 ) by means of this isomorphism. 

If m : Ei ® E 2 -^Ei ® E 2 is the canonical bilinear B-morphism (16.18.1), 
then f*(m) r/^Ei) ®/*(E 2 ) -^f*(E 1 ® E 2 ) is a bilinear B-morphism, and 
therefore factorizes into 

/*(EO ®/*(E 2 ) ®/*(E 2 ) 4/*(E x ® E 2 ), 
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where v is a linear B'-morphism. It is immediately checked that v is a B'- 
isomorphism, which permits us to identify /*(E 1 ) ® /*(E 2 ) with ® E 2 ). 

Under this identification, if s x , s 2 are sections of , E 2 , respectively, over 
an open subset U of B, ® /*(s 2 ) is identified with /*(s x ® s 2 ) (sections 

over/"^U)). 

Likewise, we have a canonical B'-isomorphism 

/♦(HomCEx, E 2 )) - Hom(/*(E 1 ),/*(E 2 )); 

if 1 / is any section of Hom(Ei, E 2 ) over U, this isomorphism identifies f*(u) 
with the section v of Hom(/*(E 1 ),/*(E 2 )) such that v , (/*(s 1 )) =/*(u(s 1 )) for 
all sections s x of E x over U. In particular, /*(E*) is thus identified with the 
dual bundle (/*(E))*, for any vector bundle E over B. 

Finally, with the same notation, for each integer p ^ 1 we have a B - 

p p 

isomorphism/*(/\E) ->/\/*(E), which identifies f*(s t a s 2 a • • • a s p ) with 
/*(s 1 ) a • • • a f*(s p ) 5, being sections of E over U). 


PROBLEMS 

1. (a) Let Ui lP be the subset of the trivial bundle /zl over the Grassmannian G„ f p con¬ 
sisting of all pairs (V, x ), where V is a />-dimensional subspace of R" and x is orthogonal 
to V (with respect to the Euclidean scalar product on R"). Show that Ui. p is a vector 
subbundle of nl and that Ui. p ® U n , „ = zil, in the notation of Section 16.16, Problem 1. 
(b) Show that the inverse image cu*(U„ t „_ p ) (Section 16.16, Problem 1(c)) is iso¬ 
morphic to U£ P . 

2. (a) Define a canonical injection of G„, p into G n+mf p and show that the inverse image 
of U n+m , P under this injection is isomorphic to U„, p . 

(b) Define a canonical injection of G„ tP into G„ +miP+m and show that the inverse 
image of p+m under this injection is isomorphic to U„, p @m\. 

3. (a) Show that the normal bundle of S„ (considered as a submanifold of R" 4 " 1 ) is 
trivializable. 

(b) Define a canonical injection of S„ into S„ +p and show that the normal bundle of 
S„ in S„ +p is trivializable. 

4. Let (E, B, t r), (E', B', tt') be two real (resp. complex) vector bundles and let (/, g) be a 
morphism of the first into the second (16.15.2). Suppose that the kernel of# 6 : E* ^ E} (6) 
has locally constant dimension. Show that the union of the fCer(^ b ) for b e B is a vector 
subbundle of E (factorize g by using (16.19.1)). This bundle is called the kernel of the 
morphism (/, g). 

In particular, let M, M' be differential manifolds, and/: M M' a submersion of 
M into M'. Then the morphism (/, T(/)) of vector bundles (16.15.6) has a kernel. 
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More particularly, let (X, B, 7 r) be a fibration. Then the kernel of the morphism 
( 7 r, T(7 t)) is the bundle V(X) of vertical tangent vectors (16.17.1.1), and the quotient 
bundle T(X)/V(X) over X is isomorphic to the inverse image T(7r)*(T(B)). 

5. (a) Let M be a submanifold of R", so that for each x e M the tangent space T*(M) is 
contained in T*(R"). Let N*(M) be the orthogonal supplement of T*(M) in T*(R n ) 
(with respect to the scalar product obtained by transporting the Euclidean scalar 
product on R" by means of the canonical isomorphism t* 1 (16.5.2)). Show that the 
N*(M) are the fibers of a vector subbundle (over M) of y*(T(R n )) (where j : M ->R" is 
the canonical injection), isomorphic to the normal bundle of M in R". 

(b) Suppose that M is a fiber bundle over B. For each be B and x e M b , let P*(M) 
be the orthogonal supplement in T X (M) of the subspace T*(M b ) tangent to the fiber 
M fc (with respect to the scalar product on T X (R") defined in (a)). Show that the P X (M) 
are the fibers of a subbundle P(M) of T(M), supplementary to the subbundle of vertical 
tangent vectors V(M) (16.17.1.1). 

6. Let M be a submanifold of R rt , and suppose that M is endowed with a fibration 
(M, B, 7 r) making it a principal bundle for a compact group G; suppose also that G is 
a subgroup of the orthogonal group O (n) and that, for each jceM and s e G, x • s is 
the image of x e R rt under the orthogonal transformation s~ l . Then the group G acts 
freely on T(M), N(M), V(M), and P(M), in the notation of Problem 5, and orbit mani¬ 
folds exist for all these actions, and are canonically endowed with vector bundle 
structures over B (cf. Section 20.1 and Section 16.14, Problem 15(b)). 

Show that G\P(M) may be canonically identified with T(B), and that 

G\(T(M) © N(M)) 

may be canonically identified with M x G R". Deduce that 
T(B) ® (G\V(M)) © (G\N(M)) 


is isomorphic to M x G R". 

7. Consider the principal bundle (S„, P„(R), 7 r) with structure group Z/2Z, identified 
with the subgroup of 0(n -f 1) consisting of the identity and the symmetry *»-*>— x. 
Show that the associated vector bundle S„ x Z/2Z R is isomorphic to the canonical 
vector bundle L„(l) on P„(R) (Section 16.16, Problem 1). (Consider the mapping 
(x y f)i-*(7 t(jc), tx) of S„ x R into P„(R) x R n+1 .) Deduce that T(P„(R)) ® I (notation 
of Section 16.16, Problem 1) is isomorphic to (n + 1)L„(1) (use Problem 6). State and 
prove the analogous result for P„(C). 

8. Let E be a real vector bundle of rank k y with base B and projection 7 r. 

(a) Show that there exists a canonical one-to-one correspondence between C 00 - 
mappings u : E-^R™ whose restriction to each fiber E b is linear and injective (such 
mappings are called Gaussian) and B-isomorphisms of E into /*(U„, t *), where 
/: B->G m , k is a C 00 -mapping (the notation is that of Section 16.16, Problem 1). 
(Define fib) to be u(E b ).) 

(b) Deduce from (a) that if V is any relatively compact open subset of B, there exists 
an integer N such that the bundle 7 r~ 1 (V) is B-isomorphic to an inverse image/*(U Nf *)• 
(Cover V by a finite number of open sets over which E is trivializable, and use a 
partition of unity.) 
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9 Let E be a real vector bundle of rank n over a differential manifold B, with projection 
7 r The multiplicative group R* acts differentiably on the open subset E — O(B) of E 
by the rule (c, w*,) i ~*cu b . Show that the orbit manifold (E — 0(B))/R* exists. We de¬ 
note it by P(E). If p : P(E) B is the mapping obtained from tt by passing to the 
quotient, show that (P(E), B,/>) is a fibration whose fibers are diffeomorphic to 
P _i(R) ; also that the transition diffeomorphisms are diffeomorphisms of V x P„_ /R) 
onto itself (where V is an open set in B) of the form (x, z) i—* (x, u(x, z)), where u(x, ■) 
belongs to the projective group PGL(«, R) = GL (n, R)/R* (R* being identified with 
the center of GL(/z, R)). P(E) is called the projective bundle defined by E. 

The canonical line bundle over P(E) is the subbundle L E (1) of p*(E) consisting of 
all pairs (z, u ) e P(E) x E such that p(z) = 7r(u) and such that either u = 0 or else u 
has z as its orbit under the action of R* on E — O(B). Show that if we identify one 
fiber P(E)/, with P„_i(R), the bundle induced by L E (1) on P(E) fe is isomorphic to the 
canonical line-bundle L w _i(l) (Section 16.16, Problem 1). 

10. Let E be a vector bundle of rank «,La subbundle of E of rank 1, and F a supplement 

m '/ m \ / m—1 \ 

of L in E. Show that /\E is canonically isomorphic to \/\ F/ © (L© /\ F). 

11. Let E be a vector bundle with base B and projection tt. For each 6eB and each u b e E b , 
let Tu b : Tu & (Ei,) -> E* denote the canonical bijection (16.5.2) of the space of vertical 
tangent vectors at the point onto the fiber E b . Show that for each pair of vectors 
u b , v b in E & there exists a unique vertical tangent vector A(u ft , v b ) e Tu b (E b ) such that 
tu 5 (A(u & , v b )) = v b • Considering 7r*(E) = E x b E as a vector bundle over E,show that 
A:Ex b E^ T(E) is an injective E-morphism of vector bundles whose image is the 
bundle V(E) of vertical tangent vectors (16.17.1.1). 

For each tangent vector k Ub e T Ui ,(E),let fx(k Ub ) denote the point (u ft , T(7r) • k Uft ) of 
E x b T(B). Show that if we consider E x B T(B) = 7r*(T(B)) as a vector bundle over 
E, then : T(E)->E x B T(B) is an E-morphism of vector bundles and that the 
sequence 

0^Ex b E-^T(E)-^Ex b T(B)-*-0 


is exact. 


12. (a) Let (X, B, 77 ), (X', B, tt') be two fibrations with the same base B, and let/: X -> X' 
be a B-morphism which is an embedding of X into X'. Show that the inverse image 
/*(V(X0) of the bundle of vertical tangent vectors to X' is isomorphic to V(X) © N(X), 
where N(X) is the normal bundle of X in X'. 

(b) Suppose moreover that (X', B, tt') is a vector bundle over B. Show that 

V(X) © N(X) 

is isomorphic to tt* (XO (use Problem 11). 


13. The group G = {1, —1} acts analytically on C\ the action of the element —1 being 
Zh->-Z. 


(a) Consider the holomorphic mapping/: C C N , where N = %n(n -b 1), defined by 
/(£*, £ 2 ,-£") ~ (Vt J )i£izj£n • Show that /factorizes into 


C" 


C n /G 


c n 


j 
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where tt is the canonical mapping onto the orbit space (12.10.6) and j is a homeo- 
morphism onto a closed subset V„ of C N . The canonical image of V„ — {0} in the pro¬ 
jective space P N _i(C) is analytically isomorphic to P„_i(C). 

(b) The complex manifold obtained by blowing up the point 0 in C N (Section 16.11, 
Problem 3) is analytically isomorphic to the canonical bundle L N _i fC (l). If 

Q : Ln-j.cO) C N 

is the canonical projection of this blowing-up (it is a local isomorphism everywhere 
outside the fiber q~'(())), show that g'" 1 (V n ) is analytically isomorphic to the bundle 
L„-i, c (2) over P n _!(C) (Section 16.16, Problem 1). 


20. DIFFERENTIAL FORMS 

(16.20.1) Let M be a differential manifold. The dual T(M)* of the tangent 
bundle T(M) is called the cotangent bundle of M. If F is the transition diffeo- 
morphism between two charts on M, then, as we have seen, the transition 
diffeomorphism between the associated fibered charts of T(M) is 

(x, h) I— ► (F(x), DF(x) • h) 

(16.15.4.5). Hence the transition diffeomorphism between the associated 
fibered charts of T(M)* is (x, h*)h+(F(x), 'DF(x)” 1 • h*). 

We shall write TJ(M) in place of TJ(T(M)) when there is no risk of con¬ 
fusion; in particular, therefore, TJ(M) = T(M) and T^(M) = T(M)*. A 
section of T£(M) over a subset A of M is called a tensor field (or, by abuse of 
language, a tensor ) of type ( p , q) over A. The set T(M, T£(M)) of tensor fields 
of class C 00 over M is denoted by ^J(M) or «^J >R (M); it is a module over the 
ring S(M) = <^(M; R) (also denoted by R (M)j of real-valued C 00 -functions 
on M, and is a free module when T(M) is trivializable (16.15.8). 

p 

For each p ^ 1, a section over A of the bundle /\T(M)* of tangent p- 
covectors is called a differential p-form on A (or simply a differential form 

p 

when p = 1). The set F(M, /\T(M)*) of differential p- forms of class C 00 on 
M is denoted by $ P (M) or by <^ PjR (M). It is a module over <^(M), and is free 
when T(M) is trivializable. We have ^J(M) = <fj(M), and M) may be 
identified with the module of antisymmetric p-covariant tensor fields (16.18.4) 
of class C 00 over M. 

Example 

(16.20.2) Let/be a real-valued function of class C r (r ^ 1) on M, so that for 
each point x e M the vector d x f e T X (M)* is a tangent covector at x (16.5.7). 
Then the mapping x\-+d x f is a differential form of class C r-1 on M (with the 
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convention that r — 1 = oo if r = co); it is denoted by df and is called the 
differential of/. By means of a chart we reduce immediately to the case where 
M is an open subset of R", and hence T(M) is identified with M x R n (16.15.5). 
If we denote by (e*) the basis dual to the canonical basis (e f ) of R", then it 
follows from (16.5.7.1) that the differential form df is the mapping 

( 16 . 20 . 2 . 1 ) xh (x, £d ; /(x) • e*j 

which proves that it is of class C r ~ 1 . Hence, by (16.5.7) 

(16.20.2.2) (df(x), h x > = t /Cx) (T x (f) • h x ) e R. 

If / and g are two real-valued C°°-functions on M, then clearly we have 

(16.20.2.3) d(fg)=g-df + f-dg. 

(16.20.3) Let c = (U, q> 9 ri) be a chart on M, where cp = (< p^x^i^n • Then it 

follows from (16.5.7) and (16.5.4) that the n differential forms dq >* (1 ^ i ^ n) 
form a frame of T(M)* over U, called the frame associated with the chart c. 
This frame is the dual of the frame of T(M) associated with c 

((16.15.4.2) and (16.16.3)); in other words, 

(16.20.3.1) < d(p\ Xf} = S{ (Kronecker delta). 

It follows that every differential form co on U is uniquely expressible in the 
form 


(16.20.3.2) 


xh^co(x) = Yj a i ( x ) # d(p\x\ 


i~ X 


where the a t are n scalar functions on U. The form co is of class C r if and only 
if the functions a t are of class C r . 

The framing defined by the sections d(p l is 

(16.20.3.3) (x,^, ..., {Jw. f d<p\x) 

i — 1 

and (om A (U), (cp x l Rn ) o is a fibered chart of T(M)* (16.15.1), 

associated with the chart c. 

If a differential form co on U is given by (16.20.3.2), its local expression 
relative to the fibered chart associated with (U, (p , n) is the mapping 
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(16.20.3.4) z~(z, 

of $>(U) into (f>( U) X (R n )*. 

(16.20.4) With the same notation, every tensor field Z of type (p, q) on U 
is uniquely expressible in the form 

(16.20.4.1) 

z = £ d( P h ® d( P iz ® " * ® d(p iq ® X h ® Xj ® ■ • * ® X- , 

(fc). Oh) 

the summation running over all sequences (4 )is*£« and of indices 

from 1 to n. Likewise, every differential p-form a on U is uniquely expressible 
in the form 

(16.20.4.2) <x = 5>h dqP, 

H 

where H = {i x , i 2 , ..., i p } runs through the set of all subsets of p elements of 
the set {1, 2,..., n } (the sequence (4) being strictly increasing ), and where 

(16.20.4.3) d(p H = d(p H a d<p 12 a • • • a d(p lp . 

The coefficients in (16.20.4.1) (resp. (16.20.4.2)) are scalar functions on U 
which are of class C r if and only if Z (resp. a) is of class C r . Identifying 

/\T(M)* with the dual of the bundle /\T(M) (16.18.4), we see that if 
Y t ,..., Y p are p vector fields on U, then we have 

(16.20.4.4) <«, Y, a Y 2 a • • • a Y p ) = £ a„ ' det«d<p‘ h , Y k )), 

H 

where h and k run from 1 to p in each determinant. 

(16.20.5) When M is an open set in R”, the preceding remarks may be applied 
to the canonical chart (M, 1 M , n ), so that (p l = pr* (1 ^ i g n). By abuse of 
notation, we denote the coordinates of a point x by f 1 , £ 2 , ..., and the 
differential forms ^(pr,) by (1 i g «), so that a differential p-form on M 
is written 

(16.20.5.1) (£», £ 2 ,..., 0^1 rf,<« 1 ‘ a d?* a • • • a 

H 



140 XVI DIFFERENTIAL MANIFOLDS 


For each integer r ^ 0 (or r = oo), the differential /7-forms on an open subset 
M of R n 

(16.20.5.2) d£ H = d£ h a a • • • a d?* 

form a basis (called the canonical basis) of the module of differential p-forms 
of class C r on M, over the ring <^ (r) (M) of real-valued functions of class C r 
on M. 

Example 

(16.20.6) Let M be any differential manifold. We shall define a differential 
1-form k m (or k) of class C°° on the manifold T(M)* (the cotangent bundle of 
M), called the fundamental form , as follows. Let : T(M)* -> M be the pro¬ 
jection map for the bundle T(M)*, and consider the mapping 

T(0m) : T(T(M)*) T(M) 

(16.15.6) : for each covector h* e T X (M)* and each tangent vector 

k h * e Th*(T(M)*), 

the vector Th^m) * k h . is a tangent vector belonging to T X (M). We may there 
fore consider the linear form k h *H-><h*, Th*(o^) • k h *>, which is a covector 
K u (h*) at the point hj e T X (M)*. To show that this does in fact define a dif¬ 
ferential form of class C 00 on T(M)*, we may assume that M is an open set 
in R n , so that T(M)* is identified by the canonical trivialization with M x (R n )*, 
and T(T(M)*) with T(M) x T((R n )*) and therefore with 

(M x (R")*) x (R rt x R n ) 

after permuting the factors. If h * = (x, h*) and k h * = ((x, h*), (y, k)), then 
the mapping T K (o u ) is 

((*, h*), (y, k))i->(x, y) 
and hence K M (h*) is the covector 

((x, h*), (y,k))h-<h*, y> 

on Th*(T(M)*). With the notation of (16.20.5), the fundamental form is 
(16.20.6.1) (( Z%(rii))^i ltd? 

i — 1 


on M x (R n )*. 
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(16.20.7) Consider now a mapping/: M 7 -+ M of class C 00 , and the bundle 
/*(T(M*)) on M 7 , the inverse image under / of the bundle T(M)* (16.19.1). 
We shall show that there exists a unique M'-morphism of vector bundles 

(16.20.7.1) w :/*(T(M)*) ->T(M 7 )* 

such that, for each x' e M 7 , w x , is the composite linear mapping 

(/*(T(M)*)) JC - T /(x , )( M)* T x .(M')* , 

v x > being the canonical isomorphism of fibers defined in (16.12.8(ii)). This 
property defines the mapping w uniquely, and it remains to show that w is of 
class C 00 . Now, if (U, <p , n ) and (U 7 , cp', m) are charts on M and M 7 , respec¬ 
tively, and if F : cp(\J) <p'(U0 is the local expression of / then it is easily 
checked, by virtue of the definition of v x > (16.19.1) and the local expression 
of l x if) (16.15.6.3) that the local expression of w is 

(16.20.7.2) (*', h*)h-» (x\ *DF(x 7 ) • h*), 
whence the assertion follows. 

(16.20.8) For each differential 1-form co on M, the differential form w o 

is called the inverse image of co by / and is denoted by /(co). In view of 

(16.20.7.2) , the form /(co) is equivalently defined by the condition that, for 
each x'eM 7 and each tangent vector h x . e T^M), we have 

</(co)(x 7 ), h^> = <co(/(x 7 )), T x {f) ■ »v> 

or again 

(16.20.8.1) /(u))(x 7 ) = *T Af) • co(/(x 7 )). 

In particular, if g is a real-valued function of class C 1 on M, the formula 

(16.20.8.1) and the definition of dg (16.20.2.2) give 

<%dg){x’\ lv> = <dg(f(x')), T Af) * »V> 

= Tf( X ')(g) * (TAD • h x ,) = T Ag of) * h x , 
by (16.5.4). Hence we have the formula 

( 16 . 20 . 8 . 2 ) t f{d9)^d{gof). 

Let c = (U, <p , n) be a chart on M, where (p = (<• If a differential 
form on U is given by 
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co = X a i d<? 1 

i— 1 

(16.20.3.1), then /(co) on/^(U) will be given by 

(16.20.8.3) = £ (a t of) d(<p l of). 

i~ 1 


Consider also a chart (V, \j/, m) on M' such that /(U) <= V, and let F be the 
local expression of/relative to these two charts, and xh (x, w*(x)) the local 
expression of <x> (where w*(x) e (R")*); then the local expression of '/(co) is 

(16.20.8.4) x' i~> (x\ 'DF(x') * w*(F(x'))). 

In the particular case where M (resp. M') is an open set in R n (resp. R m ), then 
with the notation introduced in (16.20.5), the inverse image of the form 


i~ 1 

by the mapping F = (F 1 ,..., F”) of M' into M will be given by 

t ( i (‘/W* • ■ • > O* • • • > F"(r S ..., £' w ))D I F- / (£' 1 ,..., £"”))) dt'K 

f=i \j=i / 

(16.20.9) Under the hypotheses of (16.20.7), by replacing each of the linear 
mappings w x , by a tensor or exterior power, we may define in the same way 
the inverse image under/of a covariant tensor field Z or of a differential p-form 
a on M. These inverse images are denoted by r /(Z) and /(a), respectively. If 
(U, cp , n) is a chart on M, and if Z and a are given on U by 


(16.20.9.1) 


then we have 


z = X a i,i 2 -i p d<p il <g> dcp' 12 <g) • • • <g> dip’*, 

0i,ip) 

<t-=Y J a Hd<p i 'Ad(p il /\---Ad(p i > (H s= {/,, i 2 , ..., i }), 

H ' 


(16.20.9.2) 


7(2)= X ( a i,i2 -i„ °/) 0 /) ® • ■ ‘ ® d(<p ip °f ), 

(* l.-M »p) 

'/(a) = X («h °/) <7<P“ °/) a • • • a d((p ip of). 

< H 


We may also write 
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>•9.3) '/(«)(*') = (A %-(/)) • «(/(*'))• 

M and M' are pure, this shows in particular that if dim(M) = n and 
4') = ri, then for a p-form a on M we have '/(a) = 0 if ri <p g n. Sup- 
that ri = n, and consider two charts on M and M', respectively. If 

k, V(x)) (where V(x) e R) is the local expression of a differential n-form 
M, and if F (a C°°-mapping of an open set in R" into an open set in R m ) 

local expression of /, relative to the two charts under consideration, 
the local expression of f(v) is 

l. 9.4) *'H(*’JMV(F(r))) 1 

: J(jc') = det(DF(x')) is the Jacobian of F at the point x' (8.10.1). 
is clear that if a is a differential p-form and /? a differential q- form, then 

1.9.5) '/(a a j3) = '/(«) A'/(i5). 

ly, if g: M" -+ M' is another C“-mapping, we have 

1-9.6) '(/o g)( a) = ”p('/(a)). 

: are analogous formulas for covariant tensor fields. 

1.10) If M' is a submanifold of M and j : M' —► M is the canonical in- 
n, then 'j(Z) (resp. ‘j(a)) is said to be the covariant tensor field induced by 
M' (resp. the differential p-form induced by a on M'); we have '/(a) = 0 
dim(M'). If M is an open set in R n , and M' an open set in R m (a situation 
iich we may reduce by means of charts), and if we identify the vectors of 
monical basis of R m with the first m vectors of the canonical basis of 
ten we pass from the p-form 

a = £ ■■■,?) dt h a d?> a • ■ ■ a d?> 

H 

5 induced form 7(a) by replacing the and the d£ k with k > m by zero. 

).11) It should be noted carefully that there is no equivalent of the 
ding developments for contravariant tensor fields or mixed tensor fields. 
uch fields neither inverse images nor direct images relative to a C :I> -map- 
f: M' -> M can be defined. The reasons behind this are that the map- 
T x .(f) are not necessarily bijective (which prevents us defining the 
se image of a tangent vector) and that/itself need not be bijective (which 
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prevents us defining the direct image of a section (16.12.6)). Of course, 
if / is a diffeomorphism of M' onto M, we can define the image/(Z) of any 
tensor field Z on M 7 , by transport of structure (16.16.6); if a 7 is a differential 
/7-form on M 7 , then /(a 7 ) is the inverse image f / -1 (a') of a 7 under/ -1 , as 
defined above. 

Examples 

(16.20.12) Let M, M 7 be two differential manifolds. A homogeneous contact 
transformation from M to M 7 is by definition a diffeomorphism /of an open 
set in T(M)* onto an open set in T(M 7 )*, such that the image under / of the 
form induced by the fundamental form k m (16.20.6) is the form induced by the 
fundamental form k m , Afg: M M 7 is a diffeomorphism, we obtain canoni¬ 
cally from g by transport of structure a contact transformation 

A(g)* : T(M)* ->T(M 7 )*: 

for each x e M and each covector h* e T X (M), we have 
(16.20.12.1) 

and it is immediately verified that the image of k m under T(#)* is k w . 

However, it is easy to define contact transformations which are not of this 
type. Take for example M = M 7 = R n , so that T(M)* may be identified with 
R rt x (R n )*, and let U be the open set in T(M)* consisting of the ((£*), (rjf) 
such that rj n ^ 0. Then the mapping 



may be verified to be a contact transformation of U onto U; it is a particular 
case of a Legendre transformation. 

( 16 . 20 . 13 ) Let G be a Lie group acting differentiably (on the left) on a dif¬ 
ferential manifold M. We have already seen that there is a canonical differen¬ 
tiable action of G on the tangent bundle T(M) ( 16 . 15 . 6 ). We shall show that 
there is also a canonical action of G on the cotangent bundle T(M)*. Since 
y(s) : xh -+s * x is a diffeomorphism of M, we obtain by transport of structure 
a diffeomorphism of T(M)*, which transforms a covector h* at the point 
x e M into the covector *T x (y(.y)) -1 • h* at the point s • x. If we denote this 
covector by s * h* we shall have, for every tangent vector k s . x at the point 
s • x, 


( 16 . 20 . 13 . 1 ) 


<s-h:,k J . ;c > = <hj,s- i -k i .. x > 
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and since the right-hand side is a C°°-function on the submanifold of 

G x T(M) x T(M)* 

where it is defined, it follows that the action of G on T(M)* so defined is in¬ 
deed differentiable. If co is a differential form on M, its image s • a> or y(s)co 
under the diffeomorphism y(s) is therefore the form defined by 

(16.20.13.2) <(.s • o))(x), h x > = <co(5~ 1 • x) 9 s~ 1 * h x >. 

Remark 

(16.20.14) The definitions (16.20.8.1) and (16.20.9.3) retain their validity 
under the weaker hypothesis that the mapping/: M' -* M is of class C r for 
some r ^ 1; the formula (16.20.8.4) then shows that the inverse image under 
/ of a form of class C s is of class inf(r - 1, s). 

(16.20.15) Vector-valued differential forms. 

Instead of considering in (16.20.1) the vector bundle T(M*) = 
Hom(T(M), M x R) or 

/\T(M)* = Hom(/\T(M), M x r), 

we may more generally consider the vector bundle Hom(T(M), M x F) or 

Hom(/\T(M), Mxf), where F is a real vector space of finite dimension. A 

section of Hom(/\T(M), M x f) over M is called a vector-valued differential 
p-form on M, with values in F. If (a i ) 1 ^^ r is a basis of F, such a p- form is 

r 

uniquely expressible as a = £ oqa,., where the are differential p-forms in 

i= 1 

the sense defined earlier, or (as we shall sometimes call them) scalar-valued 
differential p-forms. For each xeM, a(x) takes its values in the space of 

p 

linear mappings of f\T x (M) into F (identified with (M x F)J; if h x ,..., h p 
are p tangent vectors belonging to T/M), we denote by a(x) • (hj a * • • a h p ) 
the value of a(x) at the p-vector hj a h 2 a • • • a h p , so that we have 

(16.20.15.1) ol(x) • (h 1 a • • • a h p ) = ]T <a f (x), a • • * a 

/=i 

If X x , ..., X p are p vector fields on M, we denote by 
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(16.20.1 S.2) a • (JT X a X 2 a • • • a X p ) 

the function on M, with values in F, 

xn-»a(x) • (^(x) a X 2 (x) a • • • a X p (x)). 

In particular, if f = ^/ ; a f is a C 1 -mapping of M into F, then df = £ {dfy a f 

i » 

is a differential 1-form with values in F, called the differential of f; it is pre¬ 
cisely the mapping xt~*d x f (16.5.7). 

For example, if E is a finite-dimensional Teal vector space, the mapping 
xi-m:* (16.5.2) is the differential d(l E ) of the identity mapping. 

If/: M' -+ M is a C°°-mapping, we define the inverse image '/(a) of a under 
/by the same condition as in (16.20.8): for each x'e M' and each p -vector 
hi A W 2 A • • • A hp, where the h) belong to T X .(M'), we put 

(16.20.15.3) '/(a)(x') • (h; a • • • a h;) 

= a(/(x')) • (T x ,(f)' h)' a • • • aT x .(f) • K)- 


Equivalently, we have 

(16.20.15.4) ‘/(a) = £ /(«,•>,■ 

t= 1 

which brings us back to scalar-valued p-forms. 

There is no “exterior calculus” for vector-valued differential p-forms 
analogous to the exterior algebra of scalar-valued differential forms, but we 
shall be led to consider in Chapter XX operations analogous to the exterior 
product in certain particular cases. Consider three finite-dimensional real 
vector spaces F', F", F, and let B:F'xF%Fbea bilinear mapping. If 
we are given vector-valued differential 1-forms a)', co" on M, with values in 
F' and F", respectively, we can associate with them a differential 2-form with 
values in F, in the following manner: the mapping 

(16.20.15.5) ( h x , k x ) B(<*>'(x) • h x , <*>"(*) • k x ) - B(<*>'(*) * K , ©'(*) • K) 

of T X (M) x T X (M) into F is bilinear and alternating, and hence there exists a 

2 

unique linear mapping of /\T X (M) into F, for which the right-hand side of 

(16.20.15.5) is the value at the bivector h x a k x . We denote this mapping by 
(o' a b o")(;t), and thus we have defined a 2-form o' a b o" with values in F. 
(When there is no risk of confusion we shall write o' a o", but it should be 
remarked that o" a B o' in general has no meaning.) If (aj)^^,. is a basis of 
F' and a basis of F", and if we put 
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(16.20.15.6) <*>' = X w i a i. 0>" = £ w"a", 

* i 

where the co- and co'j are scalar-valued 1-forms, then we have 

(16.20.15.7) o' a B co" = £ (©' a co])B(a;, aj). 

ij 

In the particular case in which F' = F" = E, cd' = cd" = cd, and the bilinear 
mapping B is alternating , we do not use the notation cd a b cd. The mapping 

(16.20.15.8) (h*, k x ) h* B(<d(jc) • h x , <*>(*) • k,) 

is already bilinear and alternating, and we denote by B(cd, cd) x the corre- 

2 

sponding linear mapping of/\T X (M) into F. If o', o" are 1-forms with values 
in E, we have 

(16.20.15.9) B(o' + cd", cd' + cd") = B(cd', cd') + o' a b o" + B(cd", cd"), 
and if we put cd = £ co* a £ , where (a f ) is a basis of E, then 

i 

(16.20.15.10) B(ca, a>,) B(a f , a,) 

^ ij 

(summed over all pairs of indices (/,/)), which can also be written in the form 

(16.20.15.11) B(o, cd) = £ (<»i A a> 7 )B(a,, a,). 

i<j 

(16.20.16) Differential forms on complex manifolds. 

All the definitions in this section can be transposed to the context of a 
complex manifold M, by replacing C 00 -mappings throughout by holomorphic 
mappings, and real vector bundles by complex vector bundles. The cotangent 
bundle T(M)* is a holomorphic bundle (16.15.9) of (complex) rank «, if M 
is a pure manifold of (complex) dimension n. 

If we denote by M )R the differential manifold of dimension 2 n underlying 
M, then the cotangent bundle T(M )R )* is a real vector bundle of rank 2 n over 
Mj r , and its complexification (T(M )R )*) (C) is a complex vector bundle of 
(complex) rank 2 n over Mj R . The results of (16.5.13) show that there exists a 
C-automorphism of this fiber bundle such that l J 2 — —/; the images of the 
two morphisms p ' = £(/ — / *J), p" = £(/ + i f J) are, respectively, the co¬ 
tangent bundle T(M)* and its complex conjugate T(M)*, so that 


(T(M 1r )*) (c> = T(M)*©T(M)*. 
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To any complex function / of class C 1 on M lR we can associate two sections 
d'f = p' o df d"f ~p” o df of T(M)* and T(M)*, respectively, so that the 
complex differential form df is equal to d'f + d'f. The function / is holo- 
morphic if and only if d'f = 0. If (U, cp , n) is a chart on the complex manifold 
M, where (p = ( cp J \ , then the dcp J form a frame of T(M)* over U, and the 

d(p J a frame of T(M)* over U. 


PROBLEMS 


1. Let A be one of the rings «f(M), <^ (r) (M) (where r ^ 1) on a differential manifold M. 
For each xeM, let m* denote the ideal of functions belonging to A which vanish at x. 
Consider the mapping f^d x fo f m* into T X (M)*. Show that, if A ~ <^(M), the kernel 
n x of this mapping is equal to ml , but that if A = <^ (r) (M) with r finite, then ml is of 
infinite codimension in rt*. (Observe that in the latter case the product of two elements 
of m x has a local expression which admits derivatives of order r -f 1 at the point of the 
chart corresponding to x.) 

2. Let M be a differential manifold. 

(a) For each real-valued C^-function / on M, let df denote the C°°-function on T(M) 
defined by h x i— ► (df(x), h x >; then d(df) is a differential form on T(M). If F is the local 
expression of / by means of a chart of M, show that the local expression of d(3f ), 
relative to the trivialization of T(T(M)) corresponding to this chart, is 

(x, h, u, k)t->D 2 F(x) • (h, u) + DF(x) • k. 

(b) Show that there exists one and only one involutory diffeomorphism j of T(T(M)) 
satisfying the following conditions for all k e T U;c (T(M)): 

(i) 0T ( M>(/(k)) ^ T(<?m) * k; 

(ii) T (o M ) j (k) = o T(M) (k); 

(iii) < dhfdf ), k> = <dh x (df),j(k)y for all real-valued C 00 -functions /on M. 

(Here h x = T(o M ) • k.) (For the proof use (a) and (8.12.2).) The involution j is called 
the canonical involution on T(T(M)); it is an isomorphism of the vector bundle 
(T(T(M)), T(M), <7 T( m)) onto the vector bundle (T(T(M)), T(M), T (o M )). 

3. Let M, M' be two open subsets of R". A point of R x T(M)* will be written (z, (x ( ), (^<)) 
with 1 <>i<:n, and similarly for R x T(M')*. A diffeomorphism / of an open subset 
V of R X T(M)* onto an open subset V' of R x T(M')* is called a nonhomogeneous 

contact transformation if the image under / of the form dz — X ^ dx l is 


p{dz' - y'i dx n 
where p is a real-valued C 00 -function which does not vanish in V. 
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Let N, N' be two open sets in R n+l . A point of T(N)* will be written ((£'), (yd) 
with 0^/^ /?, and likewise for T(N')*. Let U (resp. U') be the set of points of T(N)* 
(resp. T(N')*) such that y 0 # 0 (resp. y& A 0). Let M (resp. M') be the projection of 
U (resp. U') on R” (the subspace spanned by the last n vectors of the canonical basis). 
Define a C°°-mapping g of U into R x T(M)* as follows: #((£*), (yd) = fe (x*), (yd) 
where z = £°, x l ~ for 1 ^ n, and y t = yily 0 . Define ^:U'^Rx T(M')* like¬ 

wise. Show that, for each nonhomogeneous contact transformation/of VcRx T(M)* 
onto V' <= R x T(M')*, there exists a unique homogeneous contact transformation F 
of # -1 (V) onto g'-'Q/'), for which the diagram 

^(V)-» V 

F / 

---► V' 


is commutative. 

4. With the notation of Problem 3, consider the graph 1/ of / in V x V'. Show that the 
projection S of this graph on (R x M) x (R x M') contains no nonempty open set. 

(a) Suppose that S is a submanifold of dimension 2n +■ 1 and that the restrictions 
p,p' to S of the two projections of (R x M) x (R x M') are submersions. Suppose that 
S is defined by an equation 

(1) H(z, x 1 ,..., x», z\ x'\ ..., x /n ) = 0, 

where H is of class C 00 . Show that in S we have 


(1 

0 £/<«), 

and deduce that H determines / completely, provided that the functional determinant 
of the left-hand sides of (1) and (4) with respect to z\ x'\ ..., x' n is not zero. 

(b) Determine /when H has one of the following forms: 

n 

zz' -I 52 x l x n — 1 (transformation by reciprocal polars ), 

/ = i 

n 

(z' — z ) 2 + 52 (x /l ~~ x 1 ) 2 ~~ r2 (dilatation). 

i = 1 

(c) Generalize to the case where S has dimension n -f k (2 <! k n -f 1). Consider the 
case where n — 2 and S is one of the submanifolds of dimension 4 defined by the fol¬ 
lowing equations: 


( 2 ) 

(3) 

(4) 


8H dH 

p —H-- 0, 


dz' 


dz 

dH 


dH 

_ y' -f 

dz dx 


dH 8 H 

- y l _|-- — Q 

dz dx 1 


(x 1 ) 2 + (x 2 ) 2 + z 2 - (x /l ) 2 + (X /2 ) 2 + z' 2 , zz' + x 1 *' 1 + xV 2 = 0 
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0 apsidal transformation ), 

x l z' + z + x' 1 = 0, x l x' 2 + x 2 — z f — 0 {Lie s transformation ). 

(d) Let X be a submanifold of R x M. For each xeX, let T x (X) x be the subspace of 
Tx(R x M)* consisting of the covectors which are orthogonal to T*(X) (relative to the 
canonical duality between T*(R x M) and T*(R x M)*). If the projection on R x NT 
of the image under F (Problem 3) of the union of the T^X)- 1 is a submanifold X' of 
R x NT, then the union of the T^X')- 1 is the image under F of the union of the T^XjA 
Then X' is said to be the transform of X by /. 

5. Let X be a submanifold of R rt , of dimension n~~ p, defined by p equations f(x) = 0 
(1 ^p), where the f are of class C 00 in a neighborhood of X and are such that the 

differential forms dfj are linearly independent at each point of X. Let F be a C 00 -function 
defined in a neighborhood of X, and let G be its restriction to X. Then in order that 
dG(x) — 0 at a point x e X, it is necessary and sufficient that dF(x) should be a linear 
combination of the p covectors dfj(x), or again that dF(x) A df t (x) A • • • A df p (x) = 0 
( Lagrange*s method of undetermined multipliers ). 


21. ORIENTABLE MANIFOLDS AND ORIENTATIONS 

(16.21.1) Let X be a pure differential manifold of dimension n^. 0 (16.1.5). 
Then the following properties are equivalent: 

(a) There exists a continuous differential n-form v on X such that v(x) ^ 0 
for all xeX. 

(b) There exists an atlas 21 o/X such that, if (U, cp , n) and (U', cp', n) are 
any two charts of 2t for which U n U' ^ 0, and if we put \// = cp | (U n U'), 
f = ^|(Un U') and 0 = f ^(UnU^^UnU'), then the 
Jacobian J(0) of 6 (8.10) is strictly positive at each point of cp( U n U'). 

To show that (a) implies (b), we remark first that there exists an atlas 2l 0 
of X all of whose charts have a connected domain of definition. For each such 
chart (U, (p 0 , n) we may write, for each jceU, 

o(x) = w(x) d x (pl A d x (pQ a • • • A d x <pl 

(16.20.4.2), where w is a continuous mapping of U into R. By hypothesis we 
have w(x) ^ 0 for all xeU, hence the sign of w(x) is the same for all xeU. 
Put <p = <p 0 if w(x) > 0 for ^ e U, and put cp = (-(pi , (pi , ..., (p n 0 ) if w(x) < 0 
for xeU; then it is clear that (U, cp, n) is a chart of X and that the set 21 of 
these charts is an atlas. We have to show that 21 satisfies condition (b). For 
each xeUnU'we may write 

u(x) = w(x) d x (p x a d x (p 2 a • • • a d x (p n = w\x) d x cp fl a d x (p' 2 a • • • a d x (p ,n . 
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where by hypothesis w(;c) >0 and w'(x) > 0 at all xe Un U'. Since the 
matrix of transition from the basis {d x <p') of T^X)* to the basis (d x (p n ) is 
the transpose of the Jacobian matrix of 0, by virtue of (16.5.8.4), it follows 
that 


d x (p n a • • • a d x <p" = J(0)(<p(x)) ■ d x <p' a • • • a d x (p n 

and consequently w(x) = J(Q)(<p(x)) * w'(x) y which shows that J(0) is positive 
at cp(x). 

Conversely, let us show that (b) implies (a). By considering the restrictions 
of charts of 21 to open sets belonging to a denumerable locally finite covering 
of X which refines the covering formed by the domains of definition of the 
charts of 21 (12.6.1), we may suppose that 21 is a finite or denumerable set 
of charts (U*, <p k9 n), where the U* form a locally finite open covering of X. 
Let ( f k ) be a C 00 -partition of unity on X, subordinate to the covering (U*) 
(16.4.1). Put o k (x) = 0 if and v k (x) =f k (x) d x (p\ a •• • a d x q>\ if 

x e U*; then v k is a C°°-differential /z-form on X. Moreover, each x e X has 
a neighborhood which meets only finitely many of the U*; hence the sum 
o = £ v k is defined and is a differential /7-form of class C 00 on X. We have to 

k 

show that v(x) ^ 0 for all x e X. Let h 0 , , ..., h m be the indices k such that 

X e U*, and put z = (p ho (x), xj/j = <p hj I (U ftj n U,J, 0 ; = xpj o 1 for 1 gy ^ m; 
then, by definition, we have 

»(X> = (AoM + ■ J(w) d x <pt 0 a • • • a d x q>l a . 

m 

But the f k (x) are ^0, and f ho (x ) + £ A/x) = 1; hence at least one of the 

j= i 

f hj {x) for 0 Sj S m must be >0; and since all the J (0j)(z) are >0 by hy¬ 
pothesis, we have o(x) ^ 0. 

If X is a pure differential manifold satisfying the two equivalent conditions 
of (16.21.1), X is said to be orientable. The proof shows that there is then a 
differential / 2 -form v on X of class C 00 such that u(x) ^ 0 for all x e X. Any 
manifold of dimension 0 is orientable, since the conditions of (16.21.1) are 
then trivially satisfied. 

It is clear that every open submanifold of an orientable manifold is 
orientable, and that a manifold X is orientable if and only if its connected 
components are orientable. 

(16.21.2) Let X be an orientable pure differential manifold of dimension n , 
and let u 0 be a C 00 differential /z-form on X such that u 0 (x) ^ 0 for all x e X. 

n 

Since the vector space /\(T x (X))* is of dimension 1, every differential /7-form 
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o on X may be written uniquely as v =/• v 0 , where/is a real-valued function 
on X, which is of class C r if and only if v is of class C r . 

Suppose moreover that X is connected and v is continuous. In order that 
v (x) ^ 0 for all x e X, it is necessary and sufficient that f(x ) # 0 for all x e X, 
and then we have either f(x) > 0 for all xeX, or else f(x) < 0 for all x e X 
(3.19.8). Let O x (resp. 0 2 ) be the set of differential / 2 -forms of class C 00 on X 
which satisfy the first (resp. the second) of these conditions. Then O x and 0 2 
are called the orientations of the connected orientable manifold X, and the 
pairs (X, O x ) and (X, 0 2 ) are called the oriented manifolds (with orientations 
respectively 0 1 and 0 2 ), having the orientable manifold X as underlying 
manifold. The definitions of O t and 0 2 remain unchanged if we replace u 0 
by any other / 2 -form of class C°° belonging to O t . The orientations O t and 
0 2 (and the corresponding oriented manifolds) are said to be opposites of 
each other. 

If X is an oriented manifold and v 0 is a differential / 2 -form belonging to 
its orientation, then for any differential /7-form t> =/• v 0 on X, we write 
v(x) > 0 (resp. v(x) < 0) if f(x) > 0 (resp. f(x) < 0). This relation is indepen¬ 
dent of the form u 0 chosen in the orientation of the manifold. Likewise, we 
say that an /z-covector v x at a point x e X is >0 (resp. <0) if it is of the form 
co 0 (x) with c> 0 (resp. c < 0). 

A sequence (Z x ,..., Z n ) of n vector fields over X is said to be positive or 
direct (resp. negative or retrograde ) if we have 

<0 O (*), Z t (x) a * * * a Z„(x» > 0 
(resp. <0) for all ^eX. 

If X is an oriented manifold and U is open in X, then the restriction to U 
of a differential / 2 -form on X belonging to the orientation of X is ^ 0 at all 
points of U, and therefore defines an orientation on U, called the induced 
orientation. 

(16.21.3) Let X, X' be two oriented connected differential manifolds of the 
same dimension n, and let/: X' X be a local diffeomorphism (16.5.6). If v 
is a differential / 2 -form on X belonging to the orientation of X, it is clear that 
/(b)(*0 # 0 for all x' eX'. We say that f preserves (resp. reverses) the orienta¬ 
tion if/(t>) belongs to the orientation of X' (resp. to the opposite orientation). 
Let x' e X' and let (U, q> , n) be a chart of X at the point x — f(x '), and 
(U', i p, n) a chart of X' at the point x', and suppose that the differential n- 
forms d<p 1 a • • * a d(p H and dip 1 a • • • a d\j/ n belong, respectively, to the 
orientations induced on U and U' by the orientations of X and X'. We may 
also suppose that/= where F is a diffeomorphism of (p( U) onto 

an open subset of ^(U/ Then/preserves (resp. reverses) the orientation ac¬ 
cording as the Jacobian J(F)(x) is >0 (resp. <0). 
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Examples 

(16.21.4) The spaces R n are orientable, for the canonical «-form 

dt, 1 a d£ 2 a • * * a d£ n 

is 0 at every point of R rt . The orientation containing this n-form is called the 
canonical orientation. Whenever we shall consider R rt as an oriented manifold 
it is the canonical orientation that is to be understood, unless the contrary is 
expressly stated. 

(16.21.5) Let Xj, X 2 be two orientable pure manifolds; then so is their 

product X = Xj x X 2 . Let p = dim X x , q = dim X 2 , so that p + q = dim X; 
let (resp.i> 2 ) be a p-form on X x (resp. a #-form on X 2 ) of class C 00 , such that 
v 1 (x 1 ) 0 for all x t e X x (resp. v 2 (x 2 ) # 0 for all x 2 eX 2 ). Then it is im¬ 

mediately seen that the (p + #)-form v = 'pr^Uj) a *pr 2 (o 2 ) on X is such that 
d(x x , x 2 ) ^ 0 for all (x x , x 2 ) e X. The orientation to which this form belongs 
is called the product of the orientations of X x and X 2 defined by o* and n 2 , 
respectively. We remark that the canonical diffeomorphism 

X t x X 2 ->X 2 x X t 

which interchanges the factors does not preserve the product orientation un¬ 
less either p or # is even. 

(16.21.6) Let X be an orientable connected differential manifold,/: Y -»X 
an etale morphism (16.5.6). Then Y is orientable. For if v is a differential n- 
form belonging to an orientation of X, it is immediate that f(v)(y) ^ 0 for all 
ye Y, since /is a local diffeomorphism. The orientation defined by f(v) is 
said to be induced by /from the orientation of X defined by v . 

(16.21.7) Let X, Y be two differential manifolds, f : X -► Y a submersion, x a 

point of X, and y = /(*); letn = dim^X), m = dim/Y),^n thatdim x (f' i (y)) = 
n — m (16.8.8). Let j'-f~~ l (y) ~*X be the canonical injection, u = T x (f), 
w = T x (j), so that l u : T/Y)* T^X)* is injective and 

‘w:T x (X)*^TAT'iy))* 

m n — m 

is surjective ; consequently f\(*u) is injective and f\(*w) is surjective. Then, for 

n m 

each n-covector v x e /\ (T x (X)*) and each m-covector in f\ (T y (Y)*), 

n — m 

there exists a unique (n — m)-covector o x e f\ (T x (f“' 1 (y))*) such that 

x = (a C u )(q) a a 'x 


(16.21.7.1) 


V 
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n —m 

for every (n — mfcovector o x e f\ (T x (X)*) such that 


(16.21.7.2) A ('")«)• 

By virtue of (16.7.4) we reduce immediately to the case where X = R", 
Y = R m , / is the projection (£*, ..., £ rt ) h -»(£\ • * • > £ w )> and x and y are the 
origins, so that f~ l (y) = R rt “ m . We can then identify T x (X)* (resp. T/Y)*) 
with R rt (resp. R w ), and T//" 1 ^))* with R"“ m ; l u is the canonical injection 
(f i, •. •, (&,. •., { m , 0,..., 0), and V is the canonical projection 

Moreover, if (ef) is the basis dual to the canoni¬ 
cal basis of R rt , we may suppose that £ y = e* a • • • a e* and 

»* = C • e? a • • • a e*. 

The (n — m)-co vectors cr' x such that v x = (A C«KC,)) a o x are then of the form 
c * a * * * a e* 4* z*, 

where z* is a linear combination of (n — /w)-covectors, each of which is an 
exterior product of certain of the e* in which at least one of the factors has 

n—m 

index j g m. For all these covectors it is clear that the image f\ (*w)(cr*) is the 
same (n — m)~co vector c • e* +1 a • • • a e* = o x . 

We denote by v x /£ y the (n — m)-covector o x whose existence has just been 
established. The above proof shows that, for fixed y and £ y ^ 0, we have: 

(16.21.8) If xt-+v(x) is a differential n-form of class C r on X, then ih- v(x)/C y 
is a differential (n — m)~form of class C on f~ l {y). 

For, by the use of a chart we may suppose that/coincides in a neighbor¬ 
hood of 0 with the canonical projection R rf ~*R m considered in the above 
proof, and that o(x) = h(x) d£} a • • • a d£ rt , where h is of class C r ; it follows 
that v(x)IC y ~ h(x) d£ m+1 a • • • a d£ rt , h being restricted to R n “ w . 

Furthermore, it is clear that the relation n(x:) ^ 0 implies that n(x)/£ y ^ 0, 
whence: 

(16.21.9^ IfX is an orientable manifold and f: X -► Y a submersion , then for 
each y e /(X), the fiber f~ 1 (y) is an orientable submanifold ofX .. 
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Remarks 

(16.21.9.1) Under the hypotheses of (16.21.9), suppose that Y also is an 
orientable manifold, and that £ y = £(y) is the value at y of a differential m- 
form £ of class C r on Y which is ^0 at all points of Y. Then the most practical 
method of calculating the form a = v/( y on f~ l (y) is often the following: 
determine an (n — m)-form <r 0 of class C r on X such that 

(16.21.9.2) '/(£) a<t 0 = o 

(in general there will be infinitely many). Then it follows from (16.21.7) that 
a = 7(°o)- We shall also write D/*/(C y ) when there may be ambiguity about/. 

For example, if Y is open in R w and if f = (/*,... ,/ m ), where the/* are 
real-valued functions of class C 00 , to say that f is a submersion signifies that at 
each point xeXthem co vectors d x f J are linearly independent (16.7.1). The 
form *f(0 is then (16.20.9.2) 

(a o f) df 1 a df 2 a * • • a df m , 

where a is a real-valued function on Y. To determine a locally we may, by 
restricting ourselves to a neighborhood U of a point of the fiber f“ *()/), 
complete the f j to a system of local coordinates / *, ...,/". Then we have 

v = b * df 1 a • * • a df n , 

where b is a real-valued function on X, and in U we may take 
<x 0 = b(a o f)" 1 df m+1 a * * • a df n . 

(16.21.9.3) If X and Y are two oriented manifolds, v an /7-form belonging to 
the orientation of X, and £ an m- form belonging to the orientation of Y, then 
the orientation of f~ l (y ) determined by v/£ y is said to be inducedby f from the 
orientations of X and Y. 

In view of (16.21.5) and the fact that the projections of X x x X 2 are sub¬ 
mersions, it follows from (16.21.9) that a product X x x X 2 of pure manifolds 
is orientable if and only if each of the factors X t , X 2 is orientable . 

(16.21.10) The spheres S n are orientable. 

We may assume that n ^ 1, and then the assertion is an immediate con¬ 
sequence of the last remark, because the open set R" + 1 - {0} is diffeomorphic 
to the product R* x S n (16.8.10). 
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For later use we shall construct on the sphere S„ (where n 5; 1) an n-form 
which is everywhere nonzero, by the method of (16.21.9.1). Consider S„ as 
the submanifold r -1 (l), where r : xh ||x|| = (Of) 2 + (<f) 2 + • • • + (<f) 2 ) 1/2 is 
a submersion of R B+1 -{0} onto R* (16.8.9). On R* we take the form 
£ — and on R B+1 - {0} the canonical (n + l)-form 

o = d%° a d£} a • • • a dt,”, 

and we shall first of all construct an «-form <x 0 on R B+1 — {0} such 
that o = V (0 a c 0 ; then we take a = 7(cr 0 ), where j : S„ ->R n+1 - {0} is 

n 

the canonical injection. Now, we have V(0 = r~ 1 dr = r~ 2 £ ?d£ l , and it is 

i = 0 

immediately checked that the n-form 

(16.21.10.1) <t 0 = £(- d£° a di 1 a a d? a ■■■ a d£ R 

i = 0 

(where as usual the caret means that the symbol underneath it is to be omit¬ 
ted) has the required property, and the induced /z-form a on S w is just o/f(l). 
The function r and the form v are invariant under the rotation group 

SO(rc + 1, R) 

acting on R" +1 - {0}. By virtue of the uniqueness of the H-form a (16.21.7), 
this tt-form is also invariant under the action of SO (n + 1, R) on S w , and 
changes sign under an orthogonal transformation of determinant — 1. In 
particular, if s : xh* — x is the symmetry transformation on S„, we have 

(16.21.10.2) V)O0 = (- l) n+ V(x). 

We shall write cr (n) in place of a. Conventionally, when n = 0, cr (0) is the 
0-form (= function) on S 0 = {- 1, 1} which takes the value 1 at the point 1 
and the value — 1 at the point — 1, so that the formula (16.21.10.2) remains 
valid. 

When we take on S n the orientation induced by the function r from the 
canonical orientations of R n+1 and R (16.21.9.2), the sphere S„ is said to be 
oriented toward the outside . With the opposite orientation, S n is said to be 
oriented toward the inside. 

(16.21.11) The projective spaces P 2w - 1 (R) are orientable (n ^ 1). 

We have seen in (16.14.10) that, for each m ^ 1, the sphere S m is a two- 
sheeted covering of P W (R). If n : S m -►P m (R) is the canonical projection, then 
for each z e P m (R) the two points of n~’ 1 (z) are antipodal on S m . If m = 2n — 1 
is odd, we shall show that there exists on P 2n - 1 (R) a (2 n — l)-form cr' such 
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that *7r(<r') = cr ? in the notation of (16.21.10). Each point z e P 2n _ 1 (R) has a 
connected open neighborhood U on which are defined two C°°-sections, 
u x : U n~ x ( U) and u 2 : U 71 :^ 1 (U), which are diffeomorphisms of U onto 
two disjoint open subsets Uj, U 2 of ^“^(U), whose union is tzT^U); also we 
havew 2 (z) = siu^z)) for all ze U. It follows immediately from (16.21.10.2) that 
'«i(cr| Uj) = t u 2 (a | U 2 ); if c' v denotes this (2n - l)-form on U, then it is clear 
that for each open subset V of P 2 «-i(R) over which the covering ^(V) is 
trivial, the restrictions of cry and <j' w to U n V are the same. Hence the exis¬ 
tence of the (In — l)-form o', which is clearly ^0 at each point. 

(16.21.12) The projective spaces P 2 „(R) are not orientable (n ^ 1). 

With the same notation as in (16.21.11), suppose that there does exist a 
continuous differential 2/x-form p on P 2 m (R) which is nonzero at every point. 
Then the same is true of t n(p) on S 2n , and therefore *7r(p) =/• a, where /is 
a continuous real-valued function on S 2rt which is never zero. However, by 
definition we must have t s(*n(p)) = t n(p), because 7z = nos; and since by 
(16.21.10.2) we have *s(<t)(x) = — cr(x), it follows that f(-x) = —f(x) for all 
xeS 2n . Since S 2rt is connected, this contradicts the fact that f(x) # 0 for all 
x e S 2n . 

(16.21.13) Let X be a pure complex-analytic manifold. Then the differential 
manifold X 0 underlying X is orientable. 

Let 21 be an atlas of X, and consider two charts (U, cp, n) and (IT, (p\ n) 
belonging to 21, such that U n U/ 0. Let 

xl/ = <p|(U n U'), ij/' = </|(U n U'), 9 = i// f 0 t/T 1 ; 

9 is a holomorphic mapping of an open set in C" onto an open set in C*. For 
each ze <p(U n U'), it follows that D0(z) is a C-linear bijective mapping of 
C 1 onto C rt . The proposition will therefore result from the following lemma: 

(16.21.13.1) If u : C rt C" is a C-linear mapping and if u 0 : R 2 " -*R 2 " is the 
same mapping u considered as an R -linear mapping , then 

(16.21.13.2) det(w 0 ) = |det(w)| 2 . 

To see this, take a basis of C" with respect to which the matrix 

of u is upper triangular (A. 6.10): 

Ai Pi 2 
0 r 2 



0 0 
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If r . = s- + itj, where Sj and t s are real, then the matrix of u 0 relative to the 
basis of R 2 ” formed by the b } and the ib s (1 <; n) is of the form 

P 12 

0 R 2 


0 0 

a triangular array of blocks of order 2, in which 



The formula (16.21.13.2) follows directly by calculating the determinant of 
this matrix (A. 7.4). 

We remark that there is a canonical orientation on X 0 , with the property 
that for each chart (U, <p,ri) of the complex manifold X the corresponding 
chart (U, (p, 2 n) of X 0 preserves the orientation, where R 2n is endowed with the 
canonical orientation (16.21.4) and C rt is identified with R 2n via the mapping 
(C 1 , C 2 ,. - •, S?, • - •, @C n , •/£"). It is easily verified that the forms 

which belong to the canonical orientation of X 0 are those which, for each 
chart (U, <p, n) of X, have a restriction to U which can be written as 

/• dcp 1 a dip 1 a dcp 2 a dcp 2 a • * • a d(p H a dcp n , 

where f(x) > 0 for all xeU. 

(16.21.14) The manifold underlying a Lie group G is orientable. 

Suppose that dim G = n, and let z* be a nonzero «-covector at the identity 
element e of G. Then xKy(x)i* is a C 00 differential /z-form on G (16.20.13) 
which clearly is everywhere 7 * 0 . 

We remark that a homogeneous space of a Lie group is not necessarily 
orientable; for example, we have just seen that P 2 „(R) is not orientable 
((16.11.8) and (16.21.12)). 

(16.21.15) We have seen in (16.21.12) that the nonorientable manifold 
P 2n (R) admits an orientable two-sheeted covering. This is a general fact: 

(16.21.16) Every pure manifold X of dimension n admits a canonical orientable 
two-sheeted covering. 
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In the bundle /\ T(X)* consider the open set Z which is the complement 
of the zero section. The multiplicative group R* acts differentiably and freely 

n 

on Z, because /\T(X)* is a line bundle, and by taking a fibered chart of 

n 

/\ T(X)* it is immediately seen that Z is a principal bundle over X with struc¬ 
ture group R*. Now apply (16.14.8), taking H to be the subgroup R* of R 
consisting of the positive real numbers; since R*/R* is the group of two 
elements, it follows that X' = Z/R* is a two-sheeted covering of X. To show 
that X' is orientable, we shall construct an atlas of X' satisfying condition 
(b) of (16.21.1). 

To do this, we start with an atlas 21 of X such that, for each chart (U, <p, n) 
belonging to 21, the open set U is connected and the inverse image of U in X' 
is the disjoint union of two open sets U', U" such that the canonical pro¬ 
jections p ': U' -► U and p n : U" -► U are diffeomorphisms. If n : Z -+X, 
n ': Z X' are the canonical projections, then by hypothesis there is a canoni¬ 
cal morphism of fibrations (16.15.4) \j/ : cp( U) x R* •—>7r*~ X (U), and ^'“^U') 
and are each equal to one of the images under ij/ of <p(U) x R% and 

<p(U) x (-R*). Let s be the reflection of R n with respect to the hyperplane 
if = 0. If n'~ x (U') = *K<p(U) x R*), we take as chart of U' the triplet 
(U' s <p ° p', n); otherwise we take (U\ s o q> op', n); and similarly for U". We 
have now to show that the condition (b) of (16.21.1) is satisfied by the atlas 
of X' so defined. For this we may limit ourselves to considering two charts 
corresponding to charts (U, cp , n ), (U, <p\ n) of X having the same domain of 
definition. Let t j/ f : <p'(U) x R* -*7r” ^U) be the canonical morphism corre¬ 
sponding to the second chart; if F : <p'(U) -> cp( U) is the transition difleomor- 
phism, then the composite morphism i//' o i//" 1 is given (16.20.9.4) by 

(x, t)h+(F(x), JW^t), 

where J(x) is the Jacobian of F at the point x. Suppose for example that 
^/-^(U') = ^(<p(U) x R*). If J(x) > 0 in ^'(U), then we have also tc'" 1 ^') = 
^(<p'(U) x R*), and the transition diffeomorphism for the charts 

(U',q>op' 9 n), (\J',<p' °p\n) 

is then F. If on the other hand J(x) < 0 in cp f ( U), then we have = 

j/'WQJ) x (—R*)), and the transition difieomorphism for the charts 
(U', <p o p\ n) and (U', s o <p' o p’ 9 n ) is then F ° s. In both cases, the transi¬ 
tion diffeomorphism has Jacobian >0. The argument is similar when 

ti'-'OU) = iK<P(U) x (-R*)), 
and the proof is complete. 

We remark that if X is orientable, then the covering X' is trivializable, 
because Z admits a section over X and is therefore trivializable. 
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PROBLEMS 


1. Let G be a connected Lie group, H a closed subgroup of G. Suppose that, at the point 
x 0 e G/H which is the image of e , the endomorphisms h^i—> t • h Xo of T* 0 (G/H), where 
/gH, have determinant 1. Show that G/H is orientable. (Using the hypothesis, show 
that there is a differential form on G/H of highest degree which is invariant under the 
action of G.) Hence give another proof of the orientability of spheres (16.11.5). Genera¬ 
lize to Stiefel manifolds. 

Show in the same way that the homogeneous spaces 

SO (n, R)/(SO(p, R) x SO(n -/>, R)) = GJ. P (R) 

are orientable. Gn, P (R) is in one-one correspondence with the set of oriented /?-dimen- 
sional subspaces of R”. Show that G»J, P (R) is a two-sheeted covering of the Grass- 
mannian G„, P (R). 

2. Show that the Mobius strip and the Klein bottle (16.14.10) are not orientable (same 
method as for projective spaces). Generalize to the situation of a principal bundle over 
S!, obtained by making an arbitrary finite subgroup of Si = U act by translations. 

3. Let X be a pure differential manifold of dimension n. Define a canonical differential 

n 

(n + Inform on the manifold /\ T(X)* which does not vanish at any point. 

4. If M is any pure differential manifold, show that the tangent bundle T(M) is orientable 
(use the chart construction of T(M) (16.15.4)). 


22. CHANGE OF VARIABLES IN MULTIPLE INTEGRALS. LEBESGUE 
MEASURES 

(16.22.1) Let U, U' be two open subsets of R", and let u be a homeomorphism 
of U onto U' such that both u and u ~ 1 are of class C 1 . For each jceU, let J(x) 
be the Jacobian of u at x ( 8.10). Let X v and X v , be the measures induced on U 
and U' by Lebesgue measure X on R". Then the image under u (13.1.6) of the 
measure | J| • X v is equal to X w . 

This means that if/ is any function in with support contained in 

U', then 

(16.22.1.1) J f(x) dX(x) = J /(w(x)) | J(x) | dX(x) 

(“formula for change of variables in a multiple integral”). 
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The proof is in several steps. 

(1) Let (U a ) be an open covering of U, so that the U£ = w(U a ) form an 
open covering of U', and let u a : U a U' be the restriction of u to U a . Sup¬ 
pose that the theorem is true for each u a . Then it is true for w. For if A Ua is 
the restriction of A to U a and if is the image under u of | J| • A u? then its 
restriction to U' is the image under u a of (| J | | U a ) • A Ua , hence is the restriction 
to U' of V, by hypothesis; hence we conclude from (13.1.9) that = A^. 

(2) Let u' be a homeomorphism of U' onto an open subset U" of R n , such 
that u! and u f ~ 1 are of class C 1 ,and put u" = u! © u, which is a homeomorphism 
of U onto U". If the theorem is true for w and then it is true for w". For if 
J'(x) is the Jacobian of w' at the point x, then for any function /e Jf(R n ) with 
support contained in U" we have 

J/(x) dX(x) = j/(«'(x))|J'(x)| dX(x) 

/% 

= /(w'(mW))M'(«W)I • I JO) I dx O) 

4 

and the Jacobian of u" at x is J'(w(x))J(x) (8.10.1). 

(3) The theorem is true when u is the restriction to U of an affine mapping 
Jena + w(x). For then we have Dw = w (8.1.3); whence J(x) = det w for all 
x e R n , and the formula (16.22.1.1) follows from (14.3.9). 

(4) The theorem is true for n = 1. We have then J(x) = D«(x), and every 
point of U is the center of a bounded open interval in which Dw is bounded 
and keeps the same sign. By (1) above we may therefore assume that U = ]w, b[ 
is a bounded interval in R, w being the restriction to U of a continuous func¬ 
tion, differentiable and monotonic in [a, b\. Then we have U' =]w(w), u(b)[ 
if D(x) >0 for x g U, and U' = ]u(b), u(a)[ otherwise, and the formula 

(16.22.1.1) reduces to (8.7.4). 

(5) The theorem is true for n arbitrary and u of the form 

(16.22.1.2) , { 2 ,..., , • • •, W, &, ■ • ■, £»), 

where 0 is of class C 1 and J(x) = Di^x) ^ 0 for all xeU. For each point 
x' = fe,...,OeR w " 1 such that the section U(x') ^ 0, the mapping 
6(£ i, ^ 2 j • • • > in) i s a homeomorphism of the open set U(x') c R onto 
an open set in R, and both it and its inverse are of class C 1 . Hence, by (4), 
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and therefore, by virtue of the definition of the product measure on R" 
(13.21.2), 


fix) d\(x) = 



J/tfl '--.in)#! 

J/(u(x»|J(x)| df. 


f/(«(*))U(*)| dk(x). 


(6) The results established so far show immediately that in the general 
case the theorem will result from the following lemma: 

(16.22.1.3) Under the hypotheses of (16.22.1), for each x e U there exists an 
open neighborhood V of x such that the homeomorphism of V onto w(V), 
obtained by restricting u, is of the form u p © u p ^ x © • • • o u x , where each Uj is a 
homeomorphism of an open subset of R” onto an open subset of R", of one of the 
types considered in (3) and (5) above. 

By replacing u by ^moT 1 , where t and t' are translations, we may as¬ 
sume that x = u(x) = 0. Replacing u by (Dw(O))" 1 <> u, we may assume more¬ 
over that Dw(0) = 1 R „. Hence we may write u(x) = (wj/x),..., u n (x)), where, 
fori S-j ^ /i,w 7 is a C^mappingofU into R such that Dj-w^O) = <5 l7 (Kronecker 
delta). Put 


Vj(x) = (u^x),Uj(x), Zj +1 

(where x = (£ x ,..., <!;„)); it follows from the implicit function theorem 
(10.2.5) that there exists an open neighborhood V of 0 in U such that, for 
each/, Wj = y, | V is a homeomorphism of V onto an open neighborhood of 0. 
We may therefore write 

u\y = w n = (w n o O (w n _ 1 o W~J 2 ) o * * • O (w 2 o Wj" 1 ) o Wj 

and each Wj ° w]} x is of the form 

.{Mi..{,). 

Hence we obtain a factorization of u of the desired type by taking each u { to be 
either a linear transformation of the type 


• (^l > ■ * • j £/i) * * (^ff(l) > • • • j £<T(n))> 
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where cr is a permutation of {1,2,or a mapping of the form 

S ff o(WjO W 7} 1 )oS z , 

where the permutations a and t are chosen so that this mapping is of the type 

(16.22.1.2) . Q.E.D. 

For an important example of the application of (16.22.1) (“change to 
polar coordinates ” in R"), see (16.24.9). 

(16.22.2) Let Xbea pure differential manifold of dimension n. Then there exists 
a positive measure p on X with the following property : for each chart (U, cp , n) 
ofX , the image under cp of the induced measure p^ is of the form f° (A^ (U) ), 
where X is Lebesgue measure on R n and f is a function of class C 00 which is ^ 0 
at every point of cp{ U). Moreover , any two measures p , p! on X with this 
property are equivalent and each has a density of class C 00 with respect to the 
other. 


There exists a sequence of charts (U*, cp k , n) of X such that the U k are 
relatively compact and form a locally finite open covering of X. Let v k be the 
image under the homeomorphism (p k x of the measure induced by X on <p k (U k ). 
Also let ( f k ) be a C 00 -partition of unity subordinate to the covering (U fc ) 
(16.4.1). Then there is a measure p k on X which coincides with f k • v k on U k 
and with the zero measure on the complement of Supp(/*) (13.1.9), and this 
measure p k is clearly bounded. Moreover, since each compact subset of X 
meets only finitely many of the U k , the sum p = ]T p k is defined and is a 

k 

positive measure on X. We have to show that it has the property stated above. 
Let g be a function in ^T(X) with support contained in U. By definition, 
we have 

d/i = X f g d/x k = £ f (gf k ) dv k 

J * Ju k Ju 

= X [ (0 0 <Pk l )(fk ° (Pk 1 ) dX, 

k J<MUnU k ) 

the summation being over the finite set of indices k such that U* intersects 
U. If 0 k : cp(U n U fc )-»<p fc (U n U fc ) is the transition diffeomorphism and 
J (6 k ) its Jacobian, then by (16.22.1.1) we obtain 


9 dp = 


(g © (p *)/i dX, 

<p(V) 


where h = <p J ) I J(0*) I is a function which does not depend on g but 

k 

only on the charts. Since J (6 k ) is nonzero at each point of <p(U n U*) and 
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f k o cp~ l vanishes in a neighborhood of each point of <p(U) — <p( U n U*), it 
follows that h is of class C 00 and ^0 at each point z e <p(U), because at least 
one of the functions f k o <p ~ 1 is # 0 at this point. The last assertion of (16.22.2) 
is evident, because the inverse of a nonvanishing C 00 -function is of class C 00 . 

Measures jx satisfying the condition of (16.22.2) are called Lebesgue 
measures on X. The set of negligible functions (resp. measurable functions) is 
the same for all these measures. So also is the set of locally integrable func¬ 
tions, because the density of one Lebesgue measure relative to another is 
continuous and locally bounded. Whenever we speak of negligible, measur¬ 
able, or locally integrable functions on X without specifying the measure, it 
is always a Lebesgue measure that is meant. 

We remark that submanifolds ofX of dimension <n are negligible , because 
vector subspaces of dimension <n in R" are negligible for Lebesgue measure 
((14.3.6) and (13.21.12)). 

If E is a fiber bundle over X, the notion of a measurable section of E over 
an open subset of X is well defined, independently of the choice of Lebesgue 
measure on X. So also is the notion of a locally integrable section if E is a 
vector bundle; this is clear when the bundle is trivial, and since the notion is 
local with respect to X, it is enough to verify that on an open set over which E 
is trivializable, the notion is independent of the trivialization chosen, and this 
follows immediately from the definitions (16.15.3). 


PROBLEMS 


1. Let u be a (^-mapping of an open subset U of R" into R", and let J(jc) be its Jacobian 
atxeU. 

(a) Let K be a compact subset of U such that J(*) == 0 for all x e K. Show that there 

exists a real number c > 0 and, for each sufficiently small e > 0, a real number 8 0 (e) > 0 
with the following property: for each ;t € K and each cube C with center x and side 
length 28 < 8 0 (£), contained in U, we have A(w(C)) ceA(C). (By using the uniform 
continuity of J on K, show that if the image of R" under Du(x) has dimension p < w, 
and if (b j) x is an orthonormal basis of this space, and (c*), an orthonormal 

basis of its orthogonal supplement, then u(C) is contained in the parallelotope with 
center u(x\ constructed from the p vectors 28 «Mb y , where M is the least upper bound 
of ||Dw(y)|| in K, and the n — p vectors e8n 1/2 c k .) 

(b) Deduce from (a) that, for each A-measurable subset A of U, we have 

A*(«(A» ^ J* I I <&(*). 

(Reduce to the case where A is relatively compact. Let K be the set of points e A at 
which J(.x) = 0, and let V be a relatively compact open neighborhood of K such that 
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A(V) < A(K) + s. Cover K by small closed cubes with pairwise disjoint interiors, and 
use (a) to show that if W is the union of the concentric open cubes of twice the side 
length, then A*(w(W)) can be made arbitrarily small. Next, show that there exists a 
partition of An CW into a finite number of integrable sets G Jy each of which is con¬ 
tained in an open set Ur, such that the restriction Uj of u to Uj is a homeomorphism 
of U, onto an open set tf(Ur) such that both u s and uj 1 are of class C 1 . Finally, use 
(16.22.1) in each U,.) 

(c) Deduce from (b) that the image under u of each set N c: U of measure zero is of 
measure zero. If also N is closed in U, then «(N) is a meager set, a denumerable union 
of nowhere dense compact sets of measure zero. 

(d) If E is the closed subset of points xeU such that J(*) = 0, show that w(E) is a 
meager set, a denumerable union of nowhere dense compact sets of measure zero. 
Deduce that if M is any meager subset of U, then «(M) is meager in R". (Show that if 
B is any compact and nowhere dense subset of U, then w(B) is nowhere dense. For this 
purpose, consider a decreasing sequence (V„) of open neighborhoods of E, whose inter¬ 
section is E, and consider as in (b) above a suitable partition of B n CV„ into integrable 
sets.) 

2. With the notation of (16.22.1) show that if u is a homeomorphism of U onto U', of 
class C 1 (but whose inverse is not necessarily of class C 1 ), the formula (16.22.1.1) re¬ 
mains valid. (Use Problem 1.) Furthermore, the set E = {x € U : J(x) = 0} is nowhere 
dense, but not necessarily of measure zero. (To prove this last point, use Problem 4 of 
Section 13.8.) 

3. (a) Let F be a closed subset of R\ Show that there exists a real-valued function g of 
class C 00 on R", such that g(x) — 0 for all x e F and g{x ) > 0 for all x £ F. (Use Problem 
4 of Section 16.4.) 

(b) Let /i, / 2 , be n real-valued functions of class C 1 on an open set A R". 
Show that if the Jacobian of the fj vanishes on A, then for each compact B <= A there 
exists a C 00 -function g on R" such that the set g~ 1 (0) is nowhere dense in R" and such 
that g(fi(x ),... ,/„(jc)) = 0 for all x e B. (Use (a) and Problem 1(d).) 

4. (a) Let / be a holomorphic function in an annulus S : r< \z\ < R in C, and let 

+ oo 

f(z) = a n z n be its Laurent expansion (9.14.2). Show that/(S) is open in C and that 

n= — oo 

A*(/(S» n\ a„| 2 (R 2 " - r 2 ’) 

- OO 

(the right-hand side being interpreted as 4- °o if the series does not converge). If / is 
injective on S, the two sides are equal. 

(b) Let/be a holomorphic function for |z| > 1, and suppose that its Laurent series 
is of the form 

/(z) = z+ 2 b„z~\ 

n = 0 

If/is injective, show that 


£ n\b n \*^\. 


(Use (a).) Under what conditions is | b t \ — 1 ? 
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(c) With the same assumptions on / as in (b), suppose moreover that f(z) # 0 for 
| z\ >1. Show that |6 0 | ^2. (Remark that there exists a function g, holomorphic for 
\z\ > 1, such that f(z 2 ) = ( g(z )) 2 , by using Section 10.2, Problem 8.) 

(d) With the same assumptions on / as in (b), show that 


!/'(*)! ^ 


1 


for | z [ > 1. 


5. (a) Let /be a function holomorphic in the disk D : \z\ <1, with Taylor series of the 

form/(z) = z + a 2 z 2 +-b a n z n -{ -. Show that if/is injective in D, then \a 2 1 ^2. 

For which functions is \a 2 \ =2? ( BieberbacKs theorem : consider the function g{z) — 
/(z -1 ) -1 for | z | >1 and use Problem 4.) 

(b) With the same hypotheses, show that the open set/(D) contains the open disk with 
center 0 and radius £. (If c £/(D), consider the function/(z)/(l — c -1 /(z)).) 

6. Let B be a positive definite symmetric bilinear form on R", and let A > 0 be its dis¬ 
criminant relative to the canonical basis of R". Show that 


f exp(— B(x, x)) dX(x) — 7 r n/2 A~ 
Jr" 


(Consider an automorphism u of the vector space R" such that the matrix of the trans¬ 
formed form B(«(jc), u(y)) is diagonal.) 


7. Let P„ denote the open subset of R" 2 = M„(R) consisting of the positive definite sym¬ 
metric matrices. 


(a) Let 


Hr ',)• 


where *z = (x 12 x iz • • • x ln ) is a row matrix and X t is a positive definite matrix of order 
tl — 1. Show that 


(det X 1 )~ 1 (det X) = Xll - r z • X' 1 • z. 

(Reduce to the case where X x is a diagonal matrix by means of an orthogonal trans¬ 
formation in R n_1 .) 

(b) If Y e P n and s > %(n + 1), show that 

f e -.t<*i') (det xy~« + i >/2 dX{X ) = ^.(«-D/4 (det r| i - . 

J p »» j=o y 2 ) 

(Reduce to the case Y=l by means of an orthogonal transformation. Integrate first 
with respect to x t t , by taking as new variable of integration 

u — (det X 1 )(x 1 x — *z * AT 1 * z) 

and then with respect to x 12 ,..., x ln by using Problem 6, and finally with respect to X x ; 
hence obtain a reduction formula for the integral.) 
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23. SARD'S THEOREM 

Let X, Y be two differential manifolds, /: X -» Y a C°°-mapping. Generali¬ 
zing the definition of (16.5.11), a point x e X is said to be critical for/if/is 
not a submersion at x (16.7.1), in other words if 

rk*(/) < dim /(x) (Y). 

If E is the set of critical points of /, then Y — /(E) is called the set of 
regular values of /. For each ye Y —/(E), the fiber f~ l {y) is therefore either 
empty or a closed submanifold of X (16.8.8). 

(16.23.1) (Sard’s theorem) Let /:X->Y be a C°°-mapping, E the set of 
critical points of f Then /(E) is negligible in Y, and Y — /(E) is dense in Y. 

The latter assertion follows from the former and the fact that the support 
of any Lebesgue measure on Y is the whole of Y. To prove the first assertion 
of the theorem, observe that if (U*, <p k , n k ) is a sequence of charts of X such 
that the U k cover X and such that each f(U k ) is contained in a chart of Y, it is 
enough to show that /(E n U k ) is negligible for each k (13.6.2). We may 
therefore assume that Y = R p and that X is an open subset of R\ The proof 
will be by induction on n; the case n = 0 is trivial. 

Put f = (/ , ... ,/ p ) where each /} is a real-valued function of class C 00 on 
X. Put E 0 = E, and for m 1, let E m cE denote the set of points x e X such 
that all the derivatives of order of all the /} vanish at x. The theorem will 

be established if we prove the following two statements: 

(i) For each m, f(E m — E m+1 ) is negligible. 

(ii) For m ^ n[p , f(E w ) is negligible . 

(16.23.1.1) Proof of (i). Since the topology of R” has a denumerable basis, 
it is enough to show that, for each x 0 eE m — E m+1 , there exists an open 
neighborhood V of x 0 in X such that f(E m n V) is negligible. By hypothesis, 
there exists an index j and a derivative D a /} of order | a | = m -f 1 which is 
=5*0 at x 0 . By permuting the coordinates, we may assume that j = 1 and that 
DTi = D t w, where w is a C 00 -function. Consider the mapping h : X -►R rt 
defined by 

h(x) = (w(x), Z 2 ,..., £„), 

where x = g h J 2 ,.../JeX. Since D^Xq) ^ 0, it follows immediately 
from (16.5.6) that there exists an open neighborhood of x 0 in X such that 
h | Vis a diffeomorphism of V onto an open subset W of R". Let g = (g x ,..., g p ) 
denote the restriction of f ° h - " 1 to W, which is therefore a C°°-mapping of 
W into R p . 



168 XVI DIFFERENTIAL MANIFOLDS 


We distinguish two cases: (a) m = 0 and (b) m ^ 1. 

(a) m = 0. By definition, we may assume that w = f , so that ^(x) = 
for all x e W. Next, the set E' of critical points of g is equal to h(E n V), 
hence f(E n V) = g(E') and it is enough to prove that g(E') is negligible. 
Identify R" with R x R"“ \ and for each x = (£, z) e W, put g(x) = (£, g c (z)). 
Then the Jacobian matrix of g at the point x is of the form 



hence in order that xeE' it is necessary and sufficient that zeE[, where 
E£ is the set of critical points of g c . Consequently, for each £ e R, 

({£} x R p ~ 1 ) n g(E') = {£} x g c (E£). 

Now the inductive hypothesis implies that g c (E£)is negligible in R^" 1 ; on the 
other hand, E' is closed in W, hence is a denumerable union of compact sets, 
and consequently g(E') is a denumerable union of compact sets, hence is 
Lebesgue-measurable in R p (13.9.3). It follows now from (13.21.10) that 
g(E') is negligible. 

(b) m g: 1. By definition, we may assume that w(x) = 0 for xeE m , 
hence h(E m n V) c{0} x R~ wl . For each point (0, z) e W n ({0} x R"” 1 ), 
put g(0, z) = g 0 (z). Since all the first derivatives of g vanish at each point of 
h(E m n V), all these points are critical points of g 0 . The inductive hypothesis 
therefore implies that g 0 (h(E,„ n V)) is negligible in R p , and this set is pre¬ 
cisely f(E m n V). 

(16.23.1.2) Proof of (ii). Let ||x|| denote the norm sup | on R” and on 

i 

R p . For each real number a > 0 and each k = (k t ,..., k„) e R", let I(k, a) 
denote the cube in R" defined by the inequalities k { ^ <^ ; gi, + a(l g i g n). 
Then it is evidently enough to show that f(E m n I(k, a)) is negligible for some 
a> 0 such that l(k, a) c X. Let M be the least upper bound of ||f< m+ 1 ■•(ac)|| in 
I(k, a); it follows from Taylor’s formula (8.14.3) that if x e E m n l(k, a) and 
x + t e I(k, a), then 

(16.23.1.3) ||f(x + t) - f(x)|| g M||t|| M+1 . 

Now observe that, for each integer N > 1, the cube I(k, a) is the union of the 
N" cubes I(s, a/N), where 

s = (Ar t +(as,/N),..., k„+(asJN)) 

and the integers grange independently from 0 to N - l.Thesetf(E m n I(k,a)) 
is therefore contained in the union of the N" sets f(E m n I(s, a/N)); but for 
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each s such that E m n I(s, aj N) is nonempty, if x 0 is a point of this set, it 
follows from (16.23.1.3) that for every other point x e E m n I(s, aj N) we have 
||f(x) — f(x 0 )|| ^ M (a[N) m+l , and therefore 

2(f(E m n I(s, a[N))) g M^/N) p(m+1) , 
where X is Lebesgue measure on R p . Hence 

2(f(E m n I(k, a))) g MY (ffl+1) N fl ' p(m+1) . 

Since by hypothesis m ^ n/p , the right-hand side of this inequality tends to 
zero with 1/N, and the proof is complete. 

Sard’s theorem implies, in particular: 

(16.23.2) Let X, Y be pure differential manifolds of dimensions n,p, respec¬ 
tively, such that n <p, and let /: X -► Y be a C 00 -mapping. Then Y — /(X) is 
dense in Y. 

In other words, for C°°-mappings there do not exist phenomena of the 
type of the “Peano curve” (Section 4.2, Problem 5, or Section 9.12, Prob¬ 
lem 5). 


PROBLEMS 

1. (a) Let m, n, p , r be integers >0. Let f be a C°°-mapping of an open set UcR m into 
R n , and let g be a C°°-mapping of an open set V f(U) in R n into R p . Put h = g o f. 
Show that for each xeUwe have 

D'h(x) = ± £ ov(/,,..., /«)D*g(f(x)) ° (D* ;l f(x), ..., D'M, 

Q-0 (l i. Ig) 

where in the inner sum, (t\ , i q ) runs through all sequences of q integers such 

that /! H- +i q — r. Furthermore, in this formula, the constants a r {i x , are 

rational numbers which depend only on the ij,q, m, n, p , and r, and not on the functions 
f and g. 

(b) Let x 0 e U. Assume now only that, for some s < r, f is a mapping of class C r “ s of 
U into R", and that g is a mapping of class C r of V => f(U) into R p . Suppose also that 
D fc g(fC* 0 )) = 0 for k 5. For each x e U and each integer k e [0, r], let 

h*W= X X , /,)D"g(f(x)) o (D‘'f(x), ..., D'"f(x)) e R p ), 

9=S+ 1 (h.iq) 

the second sum being over the same sequences (/ t ,..., iq) as in (a), so that ijSk — s for 
all /, and hence the function h k is well-defined on U. By applying Taylor’s formula, 
show that h*(x) can be written in the form 

h*(x) = E a j*' ( x ~ x o) (J) + R*( x ), 

J =o 
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where the a Jk are constant elements of :SP/(R" 1 ; R p )) = ^ k+J (R m ; R p ), and 

l|Rjfc(x)||/||x — x 0 ir~* tends to 0 as x -> x 0 . Further, the a Jk depend only on the values 
of the derivatives of f at x 0 and of g at f(x 0 ). Deduce that 

jl*Jk— h fc+j(x 0 ) 


for j^r — k. (Use (a).) 

(c) More generally, let A be a closed subset of U, B a closed subset of V containing 
f(A), and suppose that D k g(y) = 0 for all y e B and 0 <?k<s. Defining the h* as in (b) 
above, show that for x 0 e A, 


h t (xO = 2 7 h *+j( x ) • O' - x ) u> + R *0', x )> 

j = 0jl 

where ||R k (x', x)||/Ux' — x || r ”* tends to 0 as x, x' tend to x 0 whilst remaining in A. 

(d) Under the hypotheses of (c), deduce that there exists a mapping H : U->R P of 
class C, such that H(x) = g(f(x)) for all x e A and D*H(x) = 0 for all x e A and 
k<Ls (Kneser-Glaeser theorem). (Use Whitney’s extension theorem (Section 16.4, 
Problem 6).) 

2. Let U be an open subset of R n , f a mapping of U into R p , of class C r . Show that if 
r max(l, n — p + 1), the image f(E) of the set of critical points of f is of measure zero 
in R p . (Proceed as in the proof of (16.23.1), using the result of Problem 1 to deal with 
the case m 1 in (i).) 


3. The notation is that of Section 13.21, Problem 2. The simple arc K = #([0, 7]) is there¬ 
fore a subset of R 2 of measure >0. 

Let K 0 be the union of {#o(0)}, (#o(7)} and the three sets K 0 i = #o([l, 2]), K 0 2 = 
#o([3,4]), and K 03 = #o([5, 6]). Let F 0 be the function on K 0 which takes the value 0 
at go(0\ i on Koi, |onK 02> I onK 03 , and 1 at g 0 (7). Define sets K„ inductively as 
follows: K„ is the union of K„_! and the sets K s , where s is any sequence of n terms 
(zT,..., i n ), each term of which is equal to 0, 2,4, or 6; for any such s, K s is the union of 
the three sets K s . x = ^„(y s ([l, 2])), K s , 2 = g n (v s { [3,4])), and K s , 3 = ^«(o«([5, 6])). De¬ 
fine functions F„ on K„ inductively as follows: F n |K n _! = F n _i, and F„ is constant on 
each K %tJ (1 <ij 3): putting a = g n (v s ( 0)), f3 = g n (v 9 (7)), then 

F« — f‘F n _ 1 (oc) -b ^F n _i(^) on K s>1 , 

F n = JF.-^a) + Wn~i(l S) on K s , 2 , 

F„ = iF n _!(a) + JF^^jS) on K s , 3 . 

(a) Let G be the function on the union of the K n which is equal to F„ on K„ for each 
n. Show that G extends by continuity to a real-valued function F on K. 

(b) Show that there exists a constant c > 0 such that, for any two points x, y e K, we 
have | F(x) — F(y) | ^ c * ||x — y || 3/2 for a suitable choice of the sequence (a„). (Consider 
the least integer n such that the two points ^ n -1 (x), g~\ y) do not belong to the same 
interval z? s ([0, 7]), for some sequence s of n terms.) 

(c) Deduce from (b) and Whitney’s extension theorem (Section 16.4, Problem 6) that 
there exists a function/: R 2 ->R of class C 1 for which all the points of K are critical 
points, and yet such that/(K) is the interval [0,1]. 
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4. For k ^ inf(/?, «), let M fc be the subset of the space R pn of p x n matrices consisting of 
the matrices of rank k. Show that M fc is a differential submanifold of R p ", of dimension 

k(p 4 -n — k). (Observe that an p x n matrix of the form ^ ^ j, where A is a k x k 

invertible matrix, is of rank k if and only if D — CA~ l B; for this purpose, multiply the 
matrix under consideration on the left by a suitably chosen invertible matrix so that 

the product is of the form 



5. Let U be an open set in R" and let f: U -» R p be a C 00 mapping; Suppose that p ^ In. 
Show that for each e > 0 there exists a p x n matrix A = (a tJ ) with \au\ ^ e for all 
/,/, such that the mapping xi—>g(x) = f(x) + A • x of U into R p is an immersion. (For 
each k<n t consider the C 00 mapping F*: M fc x U -*R P " (notation of Problem 4) de¬ 
fined by F*(Z, x) =Z — Df(x), and remark (16.23.1) that the image of F* is of measure 
zero in R p ", by using Problem 4; the complement of the union of the images of the F* 
for 0 ^ k ^ n — 1 is therefore dense in R pn .) 


24. INTEGRAL OF A DIFFERENTIAL sz-FORM OVER AN ORIENTED 
PURE MANIFOLD OF DIMENSION n 

(16.24.1) Let X be an oriented pure manifold of dimension n ^ 0. Then there 
exists a C 00 differential /z-form v 0 on X, belonging to the orientation of X. We 
shall define on X a positive Lebesgue measure (16.22) jx 0o depending on v 0 . 
To do this it is sufficient to define a Lebesgue measure on U, for each chart 
(U, (p , n) of X with U connected, and then to show that if (U\ <p\ n) is another 
chart with U' connected, and if ju, jx' are the measures defined on U and U', 
then the restrictions of fx and fx' to U n U' are equal (13.1.9). By hypothesis, 
if x = (£\ ..., C) e <p(U), we may write 

Oo(<P~ l (*)) =/(£’> • . •, O dt 1 A de A • • • A d? t 

and since U is connected,/is of the same sign throughout <p(U). More pre¬ 
cisely, if R n is endowed with the canonical orientation (16.21.4), then/(x) > 0 
(resp. /(x) < 0) in <p(U) if cp preserves (resp. reverses) the orientation. By 
definition, the measure g on U is the image under cp ~ 1 of the measure e/* 2, 
where X is the measure on <p(U) induced by Lebesgue measure on R", and e 
is +1 or —1 according as cp preserves or reverses the orientation. Likewise, 
if xe^U'), we have v 0 (cp f ~ l (x))=f'(K)d^ l Ad^ 2 A"-Ad^ n , and we 
define the measure p! on U' as the image under cp'~ l of e'f' • X ', where X' is 
the measure on cp'iU') induced by Lebesgue measure, and e' is 4-1 or - 1 ac¬ 
cording as cp' preserves or reverses the orientation. Now let 


0:<KUnU')^</(UnU') 
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be the transition diffeomorphism, and let J(0) be its Jacobian, which is >0 
in <p(U n U') if s' — 8, and <0 if s' = — s. For each x e <p( U n U') we have 

/(x) =/'(0(x))J(0)(x). 

To prove that the measures induced onUnU' by/i and g! are equal, we may 
assume that U = IT. Then, by (16.22.1), the image under 6 of the measure 
ef • 2 = (£(/' o 0)) * (J(0) • 2) is equal to sf' • 2' if e' = 8, and to — sf • 2' if 
8 ' = - 8 . Hence in both cases it is equal to &'f' • 2, which proves our assertion. 

The fact that the measure g VQ is a Lebesgue measure follows from the fact 
that v 0 (x) # 0 for all x eX; moreover it is clear that this measure is positive. 
If Dj is another C 00 differential n- form on X, belonging to the orientation of X, 
then Uj = hv 0 , where h is a C°°-function which is >0 at all points of X, and it 
follows immediately that g 0l = h • ji vo (13.14.5). 


(16.24.2) With the same hypotheses and notation as above, consider now 
an arbitrary differential / 2 -form v on X. We have u = gv 0 , where g is a real¬ 
valued function on X. The «-form v is said to be integrable (or integrable over 

X) if g is ^ uo -integrable, and the number J g dg uo is called the integral of v (or 
the integral of u over X) and is denoted by J v, or u, or J x v(x). We must 


show that this definition is independent of the C 00 / 2 -form v 0 chosen in the 
orientation of X. Now, if v x is another / 2 -form of class C 00 in the orientation 
of X, then = hv 0 , where h is a C°°-function on X, everywhere >0. Hence 
v = gh~ l v x ; but also g Vl = h * ju Vo , and g is ^ uo -integrable if and only if gh~ l 
is h • jU uo -integrable (13.14.3). Moreover we have 




9 d[x VQ 


(.gh l )d(h’fjL U0 ) 


(13.14.3), which proves the assertion. 


The integrable differential / 2 -forms on X clearly form a real vector space, 
and v is a linear form on this space, taking positive values on forms 
v > 0 (in the sense defined in (16.21.2)). 

If we fix a C 00 / 2 -form v in the orientation of X, it is clear that the linear 
form on JT(X) is a positive Lebesgue measure, and conversely all 

positive Lebesgue measures on X are of this type for a suitable choice of o. 
These measures are also called volumes on the oriented manifold X, and the 
corresponding forms v are called volume-forms. 

(16.24.3) A differential / 2 -form v = gv 0 on X is said to be measurable (resp. 
locally integrable , resp. negligible) if the function g is measurable (resp. locally 
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integrable, resp. negligible) with respect to the measure ju VQ . It is immediately 
verified that these notions are independent of the choice of the //-form v 0 in 
the orientation of X (13.15.6). If u is locally integrable and of class C 00 , then 
fv is integrable for each measurable function/which is bounded and of compact 
support. 

Let v be a locally integrable differential /7-form on X, let (l J k ) be a locally 
finite covering of X by relatively compact open sets, and let ( u k ) be a continu¬ 
ous partition of unity subordinate to (U fc ). Then v is integrable if and only if 

the series £j \gu k \ dp vo is convergent; in which case the series 

converges and has j v as its sum. If each U* is the domain of definition of a 
chart (U fc , <p k , /?), where cp k is orientation-preserving, and if 

M<Pk \*))'K<Pk '( x )) =A( X ) dC a ■ ■ • a d£ n 

for x = (£\ ..., £") e <p k (U k ), then by definition, 

J J<Pk(U k ) 

and so J o may be calculated. 

(16.24.4) Let X 0 be an orientable pure manifold of dimension /?; let X be 
the oriented manifold obtained by endowing X 0 with an orientation, and let 
—X be the oppositely oriented manifold. If v is an integrable differential 
/ 7 -form on X, then u is also integrable over —X, and 



~x 



(16.24.5) Let/: X' X be a diffeomorphism of a connected oriented mani¬ 
fold X' onto an oriented manifold X. Then, for each integrable //-form v on X, 
the form /(u) is integrable over X', and we have 


(16.24.5.1) 



'/(»), 

X' 


where the sign is + or — according as/preserves or reverses the orientation. 
For by the method of calculation indicated above, we reduce immediately to 
the situation where X and X' are open subsets of R\ where the result follows 
immediately from the definitions and the formula (16.22.1.1) for change of 
variables. 
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(16.24.6) Let Y be an oriented manifold of dimension m, X a manifold of 
dimension n^.m, and/: Y -> X a mapping of class C* (r ^ 1). We have seen 
(16.20.9) how to define the inverse image f f(c r) of an ra-form a on X. If this 

inverse image is integrable, we may consider its integral J y */(<t). When Y is an 
oriented submanifold of X, and/is the canonical injection, we shall often write 
J y a in place of J y 

Example 

(16.24.7) Integration on a sphere. Let n > 0. Consider the closed parallelo- 
tope P in R w defined by the inequalities 

^ 9 j ^ (1 ^ n — 1 ), 

(the 6 s being the coordinates of a point of P). The interior £ of P is defined by 
the same inequalities with all the signs ^ replaced by <. It is immediately 
checked (by induction on n ) that the mapping \j/ : P -» S„ which maps the 
point (0 1 , ..., 0") of P to the point of S„ with coordinates 

sin 0 1 , 

cos 0 1 sin 0 2 , 

cos 6 1 cos 0 2 * • • cos 6 n ~ x sin 6 n , 
cos 6 1 cos 6 2 * • • cos 6~ nX cos 6 n , 

is surjective ; its restriction to P is a diffeomorphism of this open set onto an 
open subset U 0 of S„, whose complement is contained in the hyperplane 
= 0 and is therefore negligible (16.22.2). Let U denote the open subset of 
U 0 which is the complement of the intersection of U° with the hyperplane 
= 0, so that the complement of U in S* is also negligible; U is the image 
under \j/ of the open set Q c= p consisting of the points such that 6 n # ± 
and the 9 J form a system of coordinates in U. If V is the complement of the 
hyperplane £° = 0 in R rt+1 , then the rc-form <r on U defined in (16.21.10) is 
induced by the «-form on V 


£ 2 = 

(16.24.7.1) J \ 

<■ = 

\£° = 
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and r = 1 on S„. The “triangular” form of the equations (16.24.7.1) shows 
that the form (16.24.7.2) is equal to 


£ 0 dd l dO 2 


dj? 
' d9 n 


dd 1 A dO 2 A - • • A dQ” 


and consequently, on U, 

(16.24.7.3) a - cos" -1 0 1 ■ cos" -2 0 2 ■ • • cos 0" -1 d6 l A • • • a d(T. 


It follows that for a function / on S B to be such that the form /• a is in¬ 
tegrate, it is necessary and sufficient that the function 

f(^{Q l ,.... 0")) cos" -1 0 1 cos" -2 0 2 • • • cos 0" -1 

should be Lebesgue-integrable over P, and then 


f-° 


s„ 


Ml M2 Ml 

= cos”” 1 0 l dd 1 I **• cos 0” d6 n 

J-ic/2 J - it/2 J-*/2 


me\...,e n ))d(r. 


The form o (also written d n> ) is called the solid angle form on the sphere 
S„ oriented toward the outside. 

(16.24.8) Let X, Y by two oriented pure differential manifolds, of dimensions 
n and m, respectively, f: X -*■ Y a surjective submersion, u an integrable dif¬ 
ferential n-form >0 on X, and £ a locally integrable differential m-form on Y 
such that C(y) >0(16.21.2) almost everywhere on Y. Then for almost ally e Y 
the ( n-m)-form v/£(y) (16.21.7) is defined and integrable over / -1 (y) ( en¬ 
dowed with the orientation induced by f from the orientations ofX andY); the 
formyt-*C(y)j M v/t(y) is integrable over Y, and 


(16.24.8.1) 


f o = [ COO « 

Jx J y Jf-Hy) 


»/{oo. 


There exists a denumerable open covering (U t ) of X and charts 
(U*, <p k , n), (f(U k ), ,m) of X and Y, respectively, such that 

%(uj = W*)xr M . 

where 1 =] -1,1[, and/| U k = *K -1 °F k ° <p k , where F* is the restriction to 
<p t (U fc ) of the canonical projection of R" onto R m . Using the integrability 
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criterion of (16.24.3), we reduce immediately to the situation in which Y is 
an open set in R m , X = Y x I n-m and/ = pr x . Then we have 

o(jc) = u(x) dt l A d? A • • • A d$ n , COO = My) d? a • • • a d^ m , 


where u is integrable with respect to Lebesgue measure X on X, and w is locally 
integrable and =A0 almost everywhere with respect to Lebesgue measure 
X' on Y. The form d/COO, defined for almost all y = (C\ ■■■, may be 
written as 




m+ 1 




, gm+1 


A 


• • a </<r. 


Now the function (£\ ..., ..., ..., £ m ) is measurable 

with respect to the measure rlon R*, and this measure may be thought of 
as the product measure (w • A') ® A", where A" is Lebesgue measure on R”“ m 
(13.21.16). The proposition is therefore a consequence of the Lebesgue- 
Fubini theorem (13.21.7) and the definition of the orientation on the fibers 

r\y\ 


(16.24.9) Application : calculation of integrals in polar coordinates. Let 
n ^ 2. We shall apply (16.24.8) by taking X = R* - {0}, Y = R* = ]0, + oo [, 
/(x) = ||x|| = ((i 1 ) 2 -+- * • * + (£”) 2 ) 1/2 > so that for u > 0, is the sphere 

u • homothetic to . Also take C(0 = d£, and take u to be an 

«-form g • v Q , where u 0 is the canonical H-form d? 1 a • • • a d£ n , and g is 
Lebesgue-integrable over X. The (n — l)-form d 0 /((u) on u • S,,.! may be 
calculated as follows: Let o' be an (n — l)-form on a neighborhood of 
u • S n ^ 1 in X, such that v 0 = */(£) a o'. Let h u : x\->u • x be the homothety 
of ratio u on X. Then we have 


%(»o) = XCfiO) A X(o') 

in a neighborhood of S„_!; but it is immediately seen that 


\(v 0 ) = u n -o 0 , \c/(0) = m 

In view of the uniqueness of v 0 f£(u), it follows that t h u (v 0 fC(u)) = u n • o (n ~ l) on 
S w _ 1? whence by (16.24.5.1) 



0(t>o/C(w)) = w" 




s, 


g(u ■ 


Hence the formula (16.24.8.1) gives 


g{^,...A n )d^de---d£r 




g(u ■ z)(j( n ~ l \z). 


(16.24.9.1) 
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Using the formula (16.24.7.4), we obtain finally the formula for calculating an 
integral over R" — {0} in polar coordinates: 


(16.24.9.2) 


/» 


0(.Z l ,:.,?)dZ 1 dZ 2 ---dZ* 



»+00 

% ic /2 

Ctc /2 

* 

= 

u " -1 du 

cos” -2 9 1 d9 x 

• 

• 

* 

0 

- tc /2 

J - te /2 



'iz/2 


n ~2 AQn -2 


COS 9 n 2 d& 


-tc/2 


i 


g(u sin 9 1 ,..., u cos 9 1 • • • cos 9 n 2 sin 9 n *, 

r 

u cos 0 1 • • • cos Q n ~ 2 cos 9 n ~ l ) d9 n ~' 1 . 


Of course, we should arrive at the same formula by calculating the Jacobian 
of the diffeomorphism off x R* onto an open set in R" — {0} with comple¬ 
ment of measure zero. In the notation of (16.24.7) (with n replaced by n — 1) 
this diffeomorphism is u • if/. 

Applying (16.24.9.1) to the particular case where g is the characteristic 
function of the unit ball B„ : ||x|| g 1 in R", we obtain 


V = -Q 
n 


where Q n — I cr ( ” 1} is called the solid angle in R” or the superficial measure 

of S n _!. From the preceding calculations and the formula (14.3.11.3), its 
value is 


(16.24.9.3) 


a 


nn 


m /2 


r(i« + i)’ 


or equivalently, 


(16.24.9.4) 


£l 2n — 


2n n 

{n- 1)!’ 


^2u-l 


2V" 1 

1 • 3 -5 •••(2/7-3)' 


We remark that, with the definition of a (0) given in (16.21.10), the formula 
(16.24.9.1) remains valid for n = 1, for it then takes the form 


*+00 

9(0 dt = 

— 00 


■* + 00 

( 0 O) - g{-u)) du. 

0 
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(16.24.10) The interesting thing about the preceding method is that it ap¬ 
plies without modification when / is any positive and positively homogeneous 
function of degree 1 on R" — {0} (i.e., such that f(u • x) — uf(x) for all u > 0) 
of class C 00 and whose differential df is nonzero at all points of R” — {0}. If E 1 is 
the submanifold given by the equation f(x) = 1 in R w , and a f is the form 
i> 0 /*/(C(l)) on Ei > then by the same reasoning as before we shall obtain the 
following generalization of (16.24.9.1): 


(16.24.10.1) 


J- 


g(4\..., n Ode---d^ 



g(u ■ z)a s (z). 

Ei 


From a practical point of view, if the set U in E x of points where dfjdt;' # 0 
for some index i has a complement of measure zero, we may determine a f by 
the method of (16.21.9.1): We consider, in a neighborhood of U in R" - {0} 
the following (n — l)-form: 


(16.24.10.2) 


c,=(-iy 




Ad? A 


A 


me 


and we take for o f the form induced by o' f on U. 


(16.24.11) (Stokes’ formula, elementary version) Let V be an open subset 
of R" -1 , U an open subset of R rt , F a function of class C 00 on U such that 
DiF = 3F jd^ 1 # 0 in U and such that the mapping 

is a diffeomorphism of U onto l x V, where I is an open interval in R. For each 
uel, let E u be the closed submanifold of U defined by the equation 

F (f 

whose image under xfr is {u} x V, and let o u be the (n — X)-form on E„ equal to 
o 0 /'F(e*), where e* is the unit covector in T„(R)*. Let [a, b] be a closed interval 
contained in I. Then, for every C 1 -function f on U, we have 


(16.24.11.1) 


Di/^ 1 , d ^ 1 d £ 2 ••• dt? 

u 


/( z )D 1 F(z)<t ( ,(z) - f /(z)D 1 F(z) ffa (z), 

E b JE a 


where U fljh is the set of x e U such that a ^ F(x) g b, and the orientations on 
E„ and E t are induced by F from the canonical orientations of R" -1 and R 
(16.21.9.2). 



24 INTEGRAL OF A DIFFERENTIAL /j-FORM 179 


Put U' jfc = ]a , Z>[ x V, and let g =/° ^ 1 on I x V. By the Lebesgue- 
Fubini theorem, we have 



D^(m, £ 2 , ..., f") du a d £ 2 a • • • a d£ w 


dr a • • • a dr 

V 


a 


= j^(b, r,..., r> - r,..., r» ^ 2 a * • • a dr. 

Observe that if z = £ 2 , ..., r)> the projection of z on R w_1 is 

(r,...,r). 

The calculation of a b indicated in (16.21.9.1) shows that this (n — l)-form is 
induced on E* by the (n — l)-form x\-+d£, 2 a • * * a d^ n /D x F(x) on U. There 
is an analogous calculation for o a , and hence we see that the value of the 
right-hand side of (16.24.11.1) is 


D ig {u 9 s 2 ,...,i?)du a dr a---a dr. 

Ju'a, b 

However, we have I> 1 g(\j/{x)) = D a /(x) • (D^x)) -1 (8.2.1) for each xeU, 
and since ty(u 0 )(x) = DiF(jc) * o 0 (.x), we obtain finally 

j d x g(u, r,..., r) a dr a • • • a dr 

Ju' a , b 

= f D 1 yrr,...,«rfrA---Adr, 

JUa.b 


which proves (16.24.11.1). 
Remark 


(16.24.12) In the preceding calculation, replace /by the function 

a and b by ( and t + h; divide by h and let h -*• 0; then we obtain 


(16.24.12.1) 





/(z)<r,(z). 

E t 


In particular, taking/ = 1, this gives an interpretation of J E a t as the deriva¬ 
tive of the volume of U a> t . 
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(16.24.13) The notion of the integral of a differential «-form on an oriented 
manifold X is easily extended to the case of a differential /7-form with values 
in a vector space F (16.20.15). For example, let I be an open interval in R, 
y 0 a (^-mapping of I into an open subset A of C, and/: A C a continuous 
function. If y is the restriction of y 0 to a compact subinterval J of I, then the 

integral denoted by J f(z) dz in (9.6) is none other than 

J ‘loif- (di 1 + id% 2 )), 

in which we have taken the inverse image under y 0 of the complex-valued 
differential 1-form/• ( d4 1 + id£, 2 ) defined onAc R 2 . 


PROBLEMS 

( n \ 1/2 

X (fO 2 I > where 

(g °,..., g n ) are the coordinates in R M+1 . If a = (a 0 , a 1 ,..., a M ) e H, show that there 
exists a constant c n > 0, independent of a, such that 

r / n \ ( n \ C« -t-1 >/2 

J h expf - oc J g J \ dg° dg 1 • • • d£ n = c„l (a 0 ) 2 - ( oc J ) 2 \ 

(Use a suitable Lorentz transformation.) 

2. Let H be a hyperplane in R M . There exists a Euclidean displacement transforming R"” 1 
(identified with the subspace of R" generated by the first n — 1 vectors of the canonical 
basis) into H. The image under this mapping of Lebesgue measure A n _! on R M_1 is a 
measure on H which does not depend on the displacement chosen, and we denote it 
again by A w _i. Show that if u is a unit vector orthogonal to H, and A an integrable sub¬ 
set of H, then the orthogonal projection /?(A) of A on R”" 1 has measure 

A n _iO>(A))= \(e n \u)\X n ^(A). 

3. Let P be a compact convex polyhedron in R" with nonempty interior. If F k (1 <^k^r) 
are the faces of P (Section 16.5, Problem 6), the area (or the (n — 1 )-dimensional area) 
of P (or of the frontier of P) is defined to be the number ^V n _i(P) =Y,K-i(Pk)- For 

k 

each vector u e S M _!, we denote by A^^P, u) the measure of the orthogonal projection 
of P on the hyperplane (x|u) = 0. Show that 

(1) P) = f Vlff.U) • 0-<«- J >(4l) 

J s n-l 

(Cauchy's formula for convex polyhedra). (Use Problem 2.) 

Deduce from this formula that if P' is another compact convex polyhedron con¬ 
taining P, then ^ n -i( P) c n - i(P')- 
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4. Let C be a compact convex body in R" (Section 16.5, Problem 6). There exists a 
sequence (P m ) of compact convex polyhedra tending to C with respect to the Hausdorff 
distance h defined in Section 3.16, Problem 3 (Section 16.5, Problem 8(a)). Show that 
the sequence (^„_i(P m )) w& i tends to a limit which does not depend on the particular 
sequence P m converging to C. This limit is called the area (or the (n ~ 1 fdimensional 
area) of C (or of the frontier of C), and is denoted by j/ n _i(C). For ueS„_i, we 
denote again by A n _x(C, u) the measure of the orthogonal projection of C on the 
hyperplane (x| u) = 0. Show that ui—>A n _i(C, u) is continuous on S w _! (use Problem 
3) and that 

(2) V«—i ^n —i(C) - f A^(C, u) • o*-»( u) 

J s n -i 

( Cauchy's formula for convex bodies). If C' is another compact convex body containing 
C, then *^„_i(C) ^ rfa-iiC'). If (C m ) is a sequence of compact convex bodies tending 
to C with respect to Hausdorff distance, then lim ^ n ~i(C m )~ s/ n _ x {C). Consider 

m~* co 

the case C = S„_i. 

5. Let be the set of all compact convex bodies in R", endowed with the Hausdorff 
distance (Section 3.16, Problem 3). Define by induction on n a sequence of n -b 1 real¬ 
valued functions W in (0 <[ i <1 n) on , as follows: W 0 i(C) = A^C), W n (C) = 2. For 
n > 1, Won(C) = A„(C), and for 1 <[ i ^ n, 

W,„(C) = —— f W,_ I .„- 1 (p u (C)) • o-‘”-»(u), 
nV n -i Js n — i 

where is the orthogonal projection on the hyperplane (x | u) — 0. Show that each of 
the functions W/„ is increasing and continuous on , and that W in (aC) = a n-< W in (C) 
for all a > 0. If A, B are convex bodies belonging to , such that AuBis convex 
and AnB has a nonempty interior, then 

W/„(A uB) + W in (A nB) = W in (A) + W,„(B). 

(Observe that if a e A and 6eB, there exists a point of A n B in the segment with 
<a, b as endpoints. Consequently, if H is a supporting hyperplane of A n B, then H is 
a supporting hyperplane of either A or B. Deduce that 

pJA n B) = p„(A) n p„(B).) 

In particular, / 2 W lin (C) = (Problem 4). 

6. If C is a compact convex body in R n containing the origin, recall that the function of 
support of C is the function H(z) = sup(x | z) (Section 16.5, Problem 7). For each 

xeC 

u g S rt _!, let b( C, u) = H(u) + H(— u) (the “width” of C in the direction u, cf. Section 
14.3, Problem 9(a)). Show that, in the notation of Problem 5, 

w= 3- f b(C, u) • u). 

2n Js n «i 



182 XVI DIFFERENTIAL MANIFOLDS 


(Proof by induction on rt. For each u e S„_ x , let E(u) denote the hyperplane (x | u) — 0 
in R", and let a (n ~ 2) be the differential (n — 2)-form on S„_i n E(u) which is the 
image of o ( "~ 2) by a rotation of R" transforming S„_ 2 into S,,-! n E(u). Show that 
the integral 

f f KPu(C), v) * cr < J“ 2) (v) 

J Sn-l •'S„. 1 nE(u) 

can be written in the form 

where P is the submanifold of S n _! x S„«! consisting of pairs (u, v) such that 
(u | v) = 0, and a> is a (2n — l)-form on P obtained by the procedure of (16.21.7); use 
(16.24.8).) 

7. (a) Show that if P is a compact convex polyhedron of dimension n in R", then the area 

n—iXP) is equal to the Minkowski area of P (Section 14.3, Problem 10(c)). Deduce 
that, for each p > 0, in the notation of Section 3.6, 

(D A„(V„(P)) = A„(P) + JV.-^VAP)) dr. 

(b) Show that, for each compact convex body C in R", we have 

A„(V,(C)) =± ^W Jn (C)W 

( Steiner-Minkowski formula ). (Prove the formula first in the case that C = P is a 
compact convex polyhedron of dimension «, by using (a) and induction on n. Then pass 
to the limit in .) 

(c) Deduce the formula 

W„(V,(Q) = |' ("T')w Jt ,„(C)rJ 

for 0:g/<^« and r^>0. (Observe that V r+s (C) == V r (V s (C)) and use the Steiner- 
Minkowski formula.) 

(d) Deduce from (b) and (c) that formula (1) is valid for any compact convex body 
C. In particular, ^ r n _ 1 (C) is equal to the Minkowski area of C (Section 14.3, Problem 
10(c)). 

8. Let be the set of all nonempty compact convex sets in R", endowed with the Haus- 
dorff distance (Section 3.16, Problem 3). $!, is a compact space in which is dense. 
Show that the functions W*„ defined on extend by continuity to (induction on 
n). If A is a compact convex set of dimension <n in R", then 

W f „(A) = W i _ 1 , n _ 1 (A) (1 ^ i S n). 
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9. Let A <= R p , B c R« be compact convex sets. Show that 


W it P+<I (A x B) = 


n \~ 

v, X 

j = o 


1 


Y/Vi-j 



W J>p (A)W i _,, <I (B). 


(Apply the Steiner-Minkowski formula to A x B, and use the Lebesgue-Fubini 
theorem.) Hence calculate the values of W in (C) when C is a cube in R". 


10. Let C c R" be a compact convex body of dimension n. Show that the set CV r (CC) is 
convex (express it as an intersection of translates of C). For each r>0, we have 
V r (CV r (CC)) c C. By using the continuity of the functions W,„(C) with respect to C, 
deduce that the function r \~> A„(CV r (CC)) has a derivative on the right at the origin, 
equal to — ^ n _i(C). 


11. Let X, Y be two oriented pure differential manifolds, of respective dimensions n and 
m; let/: X-> Y be a submersion, x a point of X, y =f(x). We shall use the notation 
of (16.21.7). Let £ be a C°°m-form on Y belonging to the orientation of Y. For each 

k m — k 

k<:m, £ defines a canonical isomorphism z y h->0 4(y) (z y ) of A T(Y) onto /\ T(Y)*, 
such that <D ay) (z y ) = z y J £(y). Let a be a C 00 (n — m + A:/form on X with compact 

k 

support. To each k -vector z y e /\ T y (Y) there corresponds an (n — m)-form fix y on 
f~\y) such that, for x e/'^y), we have 

£*,(*) = («W A (( A ('“)]( <1> «»>( z y))))/£(j') 

in the notation of (16.21.7). This form is independent of the choice of £ in the orienta¬ 
tion of Y. We give each fiber f~ 1 (y) the orientation induced by /from the orientations 
of X and Y (16.21.9.1). Show that there exists a unique C°° &-form y on Y such that, 

for all y £ Y and all z y e A T y (Y), 

<yO), z »> = f 

Jf-Hy) 

This form is denoted by oft and is called the integral of oc along the fibers of f (Reduce 
to the case (16.7.4).) 

If p' is a C 00 k '-form on Y, then a t> A P' = (a A r /(£')) b . 


25. EMBEDDING AND APPROXIMATION THEOREMS. TUBULAR 
NEIGHBORHOODS 

(16.25.1) Let X be a differential manifold , U a relatively compact open subset 
o/X. Then there exists an integer N and an embedding (16.8.4) of U in R N . 

There exist a finite number of charts ( U k , <p k , n k ) of X (1 S k ^ m) such 
that the Uncover the compact set O. Next, there exists a family (V*)i^ m 
of open subsets of X which cover O and are such that V k c= \J k for each k 
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(12.6.2) . Finally, there exists a family of C”-functions (/*)ig*g m on X, with 
values in [0,1], such that Supp(/ k ) c U* and f k (x) - 1 for all ie? t . We shall 
show that the mapping 

9: x^{(f k (x))^ kim , {f k (x)cp k {x)) 1Sk z m ) 

m 

of 0 into R N = R w x Y\ gives the desired embedding by restriction to 

k=l 

U. It is clear that g is of class C 00 (16.6.4). Next, g is injective. For if x, x' are 
two distinct points of X such that f k (x ) = f k (x') for then since 

xeY k for some k , it follows that f k (x) = 1 and therefore f k (x') = 1, so that 
x'eU k ; but then, since x^ x',w e have 

fk(x)Vk(x) = <Pk(x) * <p k (x') =f k (x')<p k (x') 

so that g(x) ^ g(x'). Since U is compact, it follows that g is a homeomorphism 
of U onto g{0) (3.17.12), hence of U onto #(U). Hence it remains to show 
that g is an immersion (16.8.4) at each point x of U. Let k be such that xeY k , 
and let p be the projection of R N onto the factor R" k , so that p ° g = cp k on 
Y k . Since T x (cp k ) = T fl(x) (p) *> T x (#) is of rank n k , it follows that T x (^) is of 
rank n k . This shows that g is an immersion at x (16.7.1) and finishes the proof. 

One can in fact show that there exists an embedding of the whole of X into 
an R n , and that if X is pure of dimension n , one can take N = In -f 1 (Prob¬ 
lems 2 and 13(c)). 

The above embedding theorem will enable us to extend to manifolds the 
Weierstrass approximation theorem (7.4.1), polynomials being replaced by 
C°°-functions. We shall begin by establishing two extremely useful auxiliary 
results on “tubular neighborhoods” of a submanifold of R N . 

(16.25.2) Let X be a pure submanifold of R N , of dimension n. Let j:X-+ R N 
be the canonical injection and U a relatively compact open subset ofX. For each 
xeX let M x be the n-dimensional subspace of iff which is the image of T x (X) 
under the mapping x x ° T x (j) (16.5.2). Let d be the distance function on R n 
derived from the scalar product (x | y) = £ f , and let N x be the orthogonal 

supplement of M x in R N (6.3.1). Suppose that we have defined , on an open 
neighborhood V o/U in X, N — n mappings (1 g j ^ N — n) of V into R N , 
of class C 00 , such that for each xeY the ufix) form a basis of N x . Then there 
exists an open neighborhood T of U in R N and a dijfeomorphism 

y^(n(y),6(y)) 

°f T onto U x R N “” such that , for each ye T, n(y) is the unique point ofX 
whose distance from y is equal to d(y, X). 
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Consider the mapping g : V x R N rt R N defined by 

N-n 

g(x; r N _„) = x + £ h u /*)- 

j= i 

Clearly # is of class C 00 . Moreover, for each point a e V, the tangent mapping 
T (fl , 0 )(^) is bijective, hence (16.5.6) there exists an open neighborhood W fl cV 
of # in X and an open ball B fl with center at the origin in R N_rt such that the 
restriction of g to W fl x B fl is a diffeomorphism of this open set onto an open 
neighborhood T a of a in R N . Let y*-+(n a (y), 9 a (y)) be the inverse diffeo¬ 
morphism. 

We shall show that there exists a ball S a c T a with center a such that, for 
each ye S a , n a {y) is the only point x e X such that d(y , x) = d(y , X). 

We shall use the following lemma: 

(16.25.2.1) For each aeX there exists a ball S' in R N with center a such that , 
for each ye S', there exists at least one point xeX for which d(x, y) = d(X, y). 
For such a point x , the vector y — x is orthogonal to M*. 

Since X is locally closed in R N , there exists a closed ball S" with center a 
and radius r a in R N such that X n S" is closed in S'', and therefore compact. 
Let S^ be the closed ball with center a and radius %r a . For each y e S', we have 
d(y , a) S , and for each zeX such that z$S' a , we have d(y , z) ^ f r a , so 
that d(y , X) = d(y, X n S"). Hence X n S" contains a point x such that 
d(y 9 x) = d(y, X) (3.17.10). Moreover, the function z\->h(z) = (d(y, z)) 2 = 

n 

X (*7 J V) 2 is of class C 00 on X and admits a minimum at the point x; hence 

7=1 

d x h = 0 (16.5.10). However, relation d x h — 0 may be written as 

I(^-CVC J ‘ = 0; 
y=i 

also, for each vector t e M z , the numbers <t, d£ J } (1 <£/ ^ N) are the com¬ 
ponents of t with respect to the canonical basis of R N . Hence the vector y — x 
is orthogonal to M x . 

Having established the lemma, we shall now argue by contradiction. 
Suppose that there exists a sequence ( y v ) of points of T fl tending to a, and a 
sequence (x v ) of points of X such that x v ^ 7i fl (y v ) and * v ) = d(y v , X). 
Since d(y v ,x v ) S d(y v , n a (y v )), it follows that rf(j' v , x v ) 0 and hence that 
x v -+a\ so we may suppose that x v e W fl . By virtue of the lemma (16.25.2.1), 

N — n 

we can write y v — x v = £ t Jv Uj(x v ); and since x v ^ 7i v (y v ), the point 

7=1 


(^lv ’ ^2v j • • • j — n, v. 
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N-n 

does not belong to the ball B„. If we put r 2 = £ f, 2 , the sequence (r~‘) is 

N — n j — 1 

therefore bounded. Since £ (r''f,- v ) 2 = 1, we may, by passing to a sub- 

J = 1 

sequence of the sequence (y v ), assume that each of the sequences (r v l t jv ) has 

a limit /'• (1 fgy g N - «); we have then £ i} 2 = 1; but on the other hand, 

j 

r;\y v — x v ) -> 0 as v -> oo, and hence £ t '• Uy(a) = 0. This is impossible, since 

j 

the tj are not all zero and the Uj(a) are linearly independent. 

If b is another point of V such that S fl nS^ 0, then it follows from 
above that % a and n b agree on S a nS b . Hence there is a unique function 7t, 
defined on the union S of the open sets S a 6 V), which extends each of the 
functions % a . For each aeV, let W' cz be an open neighborhood of a in 
X, and B' c B a an open ball with center 0 such that g( W' x B^) c S fl . Cover 
O by a finite number of open neighborhoods (1 ^ / S f), and let B" be 
an open ball with center 0 in R N “ rf (hence diffeomorphic to R N_/I ) contained 
in the intersection of the B',. Then g(\J x B") is an open subset of R N con¬ 
tained in S and containing U, and for each (x, t)eUx B" we have 

7 t(g(x, t)) = x and t = g(x, t) - x. 

This proves that ^|(U x B") is a bijection of U x B" onto g(\J x B"), and 
hence a diffeomorphism of U x B" onto an open neighborhood of U in R N 
(16.8.8(iv)). 

(16.25.3) There does not always exist a system (u,.) of mappings of V into 
R N having the properties of the statement of (16.25.2). For example, if X is a 
nonorientable compact manifold embedded in R N (16.25.1), the existence of 
an open neighborhood of X in R N diffeomorphic to X x R N “ n would contra¬ 
dict (16.21.9.1), since every open subset of R N is an orientable manifold. 

However, there is the following weaker result: 

(16.25.4) Let X be a pure submanifold o/R N of dimension n. Then there exists 
an open neighborhood T ofX in R N and a C 00 submersion n of T onto X with 
the following property : for each y e T, n(y) is the only point ofX whose distance 
from y is equal to d(y y X), andfor each x e X, the fiber n~ 1 (x) is the intersection 
ofT and the linear manifold x + N* (the space N* being defined as in (16.25.2)). 

It is enough to prove that, for each aeX, there exists an open neighbor¬ 
hood T fl with center a in R N such that X n T fl is closed in T a , and a surjective 
submersion n a : T a -*X n T a such that, for each yeT a , n a (y) is the unique 
point of X whose distance from y is equal to d(y, X), and such that, for each 
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xeXnT fl ,the fiber is the intersection of T a with x 4- N*; the union 

T of the T a will then have the required properties. By virtue of (16.25.2), it is 
enough to show that there exists a relatively compact open neighborhood V 
of a in X on which N — n functions can be defined so as to satisfy the con¬ 
ditions of (16.25.2). By means of a displacement we may assume that a = 0 
and that M fl is the space R rt spanned by the first n vectors of the canonical 
basis of R N . Consequently (16.8.3.2) there exists a relatively com¬ 

pact open neighborhood U of 0 in R" such that a neighborhood V of 0 in X 
is formed by the points of U x R N-W which satisfy the equations £ rt+j = 
fjiZ 1 ,..., f") (1 gy S N — n), where the /• are C°°-functions defined on U 
which vanish, together with their first derivatives, at the origin. For each point 

x = (C 1 ,..., s ..., f), ... ,/n-*(£\ . -., «) 

of V, the space M* is defined by the N — n linear equations 

- t Di/jtf 1 . • • ■. n ■ C‘ = 0 (lg;gN-«) 

1=1 

and consequently the functions 

u/x) = e„ + , - f DJjiC,.... {*)«! (1 £j ^ N - n) 

i = 1 

satisfy the required conditions. 

We can now state the approximation theorem : 

(16.25.5) Let X, Y be two differential manifolds , K a compact subset o/X, 
andf : K -> Y a continuous map . Let d be any distance which defines the topology 
of Y, atfd /ef 8 > 0. Then there exists an open neighborhood U o/K in X and a 
C 00 -mapping g : U -> Y t/zat 

<*(/(*)> #(*)) ^ £ 


/or all x e K. 

Let U 0 be a relatively compact open neighborhood of K in X, and V 0 a 
relatively compact open neighborhood of/(K) in Y (3.18.2). We may assume 
that U 0 is embedded in R w and V 0 in R" (16.25.1). Let T be an open neighbor¬ 
hood of V 0 in R” having the properties of (16.25.4), and let 5 < be a positive 
real number such that every point of R" whose distance from /(K) is <5 lies 
in T (3.17.11). By the Weierstrass approximation theorem, there exist n 
polynomials hj (1 ^ j ^ n ) in m variables such that if h = (h ± , ..., h„), we have 



188 XVI DIFFERENTIAL MANIFOLDS 


d(f(x), h(x)) 8 for all xeK (7.4.1). Since /j(K) <= T, there exists an open 

neighborhood U <= U 0 of K in X such that A(U) c T. For each xeU, put 
g(x) = n(h(x)) e V 0 . Since f(x) e V 0 , we have by definition (16.25.4) 

d(h(x), n(h(x))) g d(h(x),f(x)) 5 
and therefore d(f(x), g(x)) g e for all x e K. 


PROBLEMS 


1. Let M be a pure submanifold of R m , of dimension n, and let A be a compact subset of 
M. Let be the set of linear mappings u : R m -*R 2n+1 such that u\ M is of rank n at 
every point of A, and let D 2 be the set of linear mappings u : R m ->R 2n+1 such that 
u | A is injective. Show that, if m ^ In + 1, and D 2 are dense open sets in the vector 
space JS?(R m ; R 2n+1 ). (Show first that the complements Ox, ® 2 of Qx , D 2 are closed, 
by using the compactness of A; then show that <b lf 0 2 are meager subsets of 
J^(R m ; R 2n+1 ), by covering A with a finite number of charts, and using Sard’s theorem.) 

2. Let M be a pure manifold of dimension n , and let (U k ) kS t be a locally finite denumer¬ 
able open covering of M such that each U k is relatively compact and is the domain of 
a chart (U k , <p k , n) of M, where cp k = (<p k ,..., <p k ) is such that <p k (U k ) is the cube in 
R" defined by \£ J — 11 < £ for 1 </ ^ For each k, let V k be an open set such that 
V k <= U k and the V k cover M. Let g k be a C^-mapping of M into [0,1], with support 
contained in U k , and equal to 1 on V k . 

00 

(a) Show that the function u 0 — X kg k is of class C 00 and is a proper mapping (Sec- 

km 1 

tion 12.7, Problem 2) of M into R+ . 

(b) Let (u h ) h £i denote the sequence of functions g k and g k <p k (k 1,1 g n) ar¬ 
ranged in some order. For each x e M, let u(x) denote the point of E = R (N) whose 
coordinates (all but a finite number of which are zero) are the u h (x) for hl>0. Show that 
u is injective. 

(c) Let A* (resp. B k ) denote the union of the U h (resp. V„) for h <> k. Then «(A k ) => w(B k ) 
is contained in a vector subspace E k of E, of finite dimension which we may assume 
to be + 1. Show that the restriction of u to A k is an embedding of A k in E k . 

(d) Let E+ denote the topological product R*J, and let F + —E+ n + l . An element 
v e F + is therefore of the form v = (v x ,..., v 2n +i), where Vj = (£j h )h& o, the sequence 
(£jh)hz: o of numbers ^0 being arbitrary. We may identify v with the linear mapping of 
E into R 2n+1 which maps the point (r) h ) h % 0 of E (in which all but a finite number of 

the r) h are zero) to the point | of R 2n+1 . Let Q k be the subset of 

F+ consisting of the v e F+ such that the restriction of v to w(A k ) is an immersion at 
each point of u( B k ), and such that the restriction of v to u( B k ) is injective. Use Problem 
1 to show that Q k is a dense open subset of F + . Deduce that the intersection of the 
Q k is dense in F + . In particular, there exists w = (w x ,..., w> 2/l+1 ) in this intersection 
such that the coordinate of index 0 in is ^0. Show that the mapping /— w ° u is 
a proper embedding of M in R 2n + 1 (Whitney's embedding theorem). 
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3. Let M be a submanifold of dimension n in R m . Show that for each point aeM there 

exists a number e > 0 with the following property: for each b e B n M, where B is the 
open ball in R m with center a and radius e , the orthogonal projection of B n M on the 
linear manifold Lb tangent to M at b (16.8.6) is a bijection of B n M onto a convex 
open subset of L b . (Reduce to the case where a = 0 and T a (M) is the subspace R" of 
R m generated by the first n vectors of the canonical basis , so that in a neigh¬ 

borhood of the origin M is defined by n — m equations £" +J == < /}(£ 1 , 

(1 SJ m )- Let u i (1 i n) be the vectors in x b (T b (M)) which project orthogon¬ 
ally onto the e* (1 / <£ n). Orthonormalize the sequence (ti*, ..., u„, e„ +1 ,..., e m ), 

thus obtaining an orthonormal basis (v t ) is ,g m of R m whose elements are C°°-functions 
of b, and the first n vectors of which form a basis of T b (T b (M)). Using the implicit 
function theorem, show that if e is sufficiently small, BnMis identical with the set 

m 

of points Y rfvi, where the point y = runs through an open set H b in 

t = i 

R”, and the rj n+i = F/y, b) for 1 ^i^m — n are C 00 -functions of (y, b) in a neigh¬ 
borhood of the origin in R” x M. Finally show that if e is sufficiently small, the func¬ 
tion G(y) = Y (r) 1 — aO 2 + X (Fj(y, b) — F/a, b)) 2 is convex in a neighborhood of 

i = 1 j= 1 

0 in R”, where a = (a 1 ) g R” is sufficiently small.) 

4. Let M be a pure manifold of dimension n. Show that there exists a locally finite de¬ 
numerable open covering (A k ) of M such that every nonempty intersection of a finite 
number of the sets A k is diffeomorphic to R". (Use Problems 2 and 3.) 

5. Let X be a pure submanifold of R m , and let tt : X B be a surjective submersion. Let 

Y be the graph of tt, which is a submanifold of X x B diffeomorphic to X, and consider 

Y as a submanifold of R m x B. Show that there exists an open neighborhood T of Y 
in R m x B and a submersion p of T onto Y with the following property: for each 
b e B and y e T n prj 1 ^), p(y) is the only point of Y n prj J (b) whose distance from 
y in R m x {6} is equal to d(y, Y n pr J 1 (b)) (d being the Euclidean distance on R m x {6}). 
(Use (16.7.4).) 

6. Let M be a pure differential manifold of dimension n and / a continuous mapping of 
M into R” 1 . Let F be a closed subset of M such that the restriction of/to F is of class 
C r (where r is an integer >0, or -f oo) in the following sense: at each point reF there 
is a chart (V, <p , n) such that/° cp ~ 1 is of class C r at <p(jc), in the sense of Section 16.4, 
Problem 6. Let S be a neighborhood of the graph of /in M x R m . Show that there 
exists a mapping g : M ->R m of class C r , which coincides with /on F and is such that 
(jc, g(x)) g S for all x e M. (We may assume that M <= R 2n + 1 and extend / to R 2n+1 by 
the Tietze-Urysohn theorem. Let S' be a neighborhood of the graph of /in R 2n+1 x R m 
such that S' n (M x R m ) <= S, and for each jc g R 2n+1 let r(x) be the distance from 
( x,f(x )) to CS'. Show first, using Weierstrass’ theorem and a partition of unity, that 
there exists a mapping h : R 2n+1 ->R m of class C 00 such that ||/(jc) — /z(jc)|| < Mo¬ 
using Whitney’s extension theorem (Section 16.4, Problem 6) show that there exists a 
mapping u : R 2n+1 -»R m of class C which is equal to /— h on F and is such that 
||«(x)|| < iKx) for all x.) 

7. Let (X, B, tt) be a fibration, F a closed subset of B, s a continuous section of X over B. 
Suppose that s is of class O (r an integer >0, or + oo) in F, in the following sense: for 
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each be F there exist charts (U, cp , n) of B and (V, ip , m) of X such that .y(U) <= V and 
such that ip ° s o cp~ 1 is of class C r at 9 ( 6 ) in the sense of Section 16.4, Problem 6 . Show 
that for each neighborhood S of the graph of .s in B x X, there exists a section s x of X 
over B, of class C r in B, such that (s(b), s^b)) e S for all be F. (Embed X in R m (for 
some m) and apply the results of Problems 5 and 6 .) 

8. A -fibration A== (X, B, 7 x) is defined by replacing, in the definition (16.12.1), dif¬ 
ferential manifolds by topological spaces, and diffeomorphisms by homeomorphisms. 
X is also said to be a C°-fiber bundle. If (X, B, 77 ) is a fibration in the sense of (16.12.1), 
it defines a Calibration (called the underlying C°-fibration) by regarding X and B as 
topological spaces. Generalize to C°-fiber bundles the definitions and results of Section 
16.12. Define likewise the notion of a C° -principal bundle and a C°-vector bundle , and 
generalize the definitions and results of Sections 16.14-16.19. 

Show that if a vector bundle E (in the sense of (16.15)) is such that the underlying 
C°-vector bundle is C°-trivializable, then E is trivializable. (Use Problem 7.) 

Show likewise that if two vector bundles (in the sense of (16.15)) E, F over B are 
such that the underlying C°-bundles are isomorphic, then E, F are isomorphic. 
(Consider the bundle Hom(E, F) and use (16.16.4).) 

9. Let (X, B, 7 t) be a C°-fibration. It is said to have the section extension property if every 
continuous section of X over a closed set A which is the restriction of a continuous 
section of X over an open neighborhood of A is also the restriction of a continuous 
global section of X (which need not agree with the preceding one on the open neighbor¬ 
hood of A). 

Suppose that B is separable, metrizable, and locally compact. Let (UJ be an open 
covering of B such that for each a the fibration induced on 7 r -1 (U a ) has the section 
extension property. Then (X, B, 77) has the section extension property. (Let A be a 
closed subset of B, and let V 0 be an open neighborhood of A which is equal to the set 
of points at which a continuous mapping g 0 : B -»• [0,1 ] is strictly positive, the function 
g 0 being equal to 1 at all points of A. Let (V„) Bai be a locally finite open covering of 
B, and let (g n )n' 4 i be a continuous partition of unity such that V„ = {x e B : g„(x) > 0} 
for all n ^ 1. Then the functions h 0 = g 0 and h n = (1 — g 0 )g n (n ^ 1) form a continuous 
partition of unity. Let s be a continuous section of X over A which extends to a con¬ 
tinuous section of X over V 0 . Proceed by induction on n by introducing the functions 
f n = h 0 + hi 4- • • ■> + h n , and reduce the problem to the following one: Let u, v be two 
continuous functions on B with values in [0,1], and let V be, respectively, the open 
sets on which u(x) > 0, t?(x) > 0; suppose that 77 -*(V) has the section extension pro¬ 
perty. At the points ^eUnA (resp. Vn A) we have u(x) = 1 (resp. v(x) = 1) and 
there is a continuous section s over A such that i|(UnA) extends to a continuous 
section s' over U. Show that s | ((U uV)nA) extends to a continuous section s" over 
U vj V. For this purpose, consider the function w on U u V which is equal to 1 at 
points x such that u(x) u(x), and equal to u(x)/v(x) otherwise; observe that the set 
V n w~ x (l) is closed in V, and extend the section which is equal to s' in V n w _1 (l) 
and to s in V n A, to a continuous section over V. 

10. Let M be a pure differential manifold, and (U«) an open covering of M. Show that there 
exists an integer N, depending only on the dimension of M, and a denumerable locally 
finite refinement (V„) of the covering (U a ), consisting of relatively compact open sets 
V„, such that no point of M belongs to more than N of the sets V„. (Embed M in some 
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R m (Problem 2) and consider the U* as the intersections of M with open sets U« in 
R m ; this reduces us to considering only the case M = R m . Let K„ be the closed cube in 
R m defined by \z J | ^ n for 1 Sj S m \ decompose each set K„ — K„_ x into equal closed 
cubes, sufficiently small that each one is contained in some U« (3.16.6); then enlarge 
each of the cubes slightly to a concentric open cube.) 

11. Let (g n )n &o be a continuous partition of unity in a separable, metrizable, locally com¬ 
pact space B. Let V„ be the set of b e B at which g n (b) > 0. For each finite subset J of 
N let W(J) be the set of all b e B such that g t (b) > gj(b) for all i e J and j $ J. If J and 
J' are two distinct subsets of N having the same number of elements, then 
W(J) n W(J') = 0. For each 6eB, let J (b) be the set of integers n such that gjjb) > 0, 
so that J (b) is finite. Then W(J(6)) c: V rt for all n e 3(b). For each integer m > 0, if 
W m is the union of all the sets W(3(b)) such that 3(b) has m elements, the W m form an 
open covering of B. 

Using these results and Problem 10, show that if B is a pure differential manifold 
and X a fiber bundle over B, then there exists a finite open covering (Wi) 1S t Sm of B 
such that X is trivializable over each W*. 

Generalize Problem 5 of Section 16.19 by replacing the relatively compact open 
subset U of B by B itself. 

12. (a) Let M be a differential manifold of dimension «, let f: M R p be a C°°-mapping, 
and let N be a compact subset of M such that f is of rank n at each point of N. Also 
let cp be a chart of M with domain W, let V be a relatively compact open set such that 
V c: w, let U be a relatively compact open set such that O <= V, and let u : R" [0,1 ] 
be a C 00 -mapping such that u( z) =1 for z e <p(0) and «(z) = 0 for z £ <p(V). Suppose 
that p In. Show that for each e > 0, there exists a p x n matrix A such that: (1) 
\\A - x || for all ze<p(V); (2) the function z i—► f(<p 1 (x)) -F • z is of rank n in 
<p(V); (3) the function zi-^f^-^z)) + u(t)(A • z) is of rank n in <p(N nV). (Use 
Problem 5 of Section 16.23.) Deduce that the function g : M -> R p defined by g(x) = f(z) 
for jc <£ V, g(x) = f(jc) + u(<p(x))(A • q>(x)) for jc e W, is of class C 00 , is of rank n at each 
point ofNuU, and is such that ||g(x) — f(*)|| e for all * e M. 

(b) Let M be a differential manifold of dimension «, let f: M R p be a C°°-mapping, 
and let N be a compact subset of M such that f is of rank n at each point of N. Let 8 
be a continuous real-valued function on M, everywhere >0. If p 2«, show that 
there exists an immersion g: M -> R p which agrees with f on N and is such that 
\\g(x)-f(x)\\ 8(jc) for all x e M. (There exists an open set T==> N in which f is of 

rank n. Consider a denumerable locally finite open covering (W k ) of M such that the 
W fc are domains of definition of charts and are contained in either T or M — N. Con¬ 
struct g by induction, using (a).) 

13. (a) With the same notation as in Problem 12(a), suppose that f is an immersion, and 
that the restriction of f to an open set S is injective. Put v(x) = n(cp(x )), and.suppose that 
p^2« + l. Show that, for each £>0, there exists a vector asR p such that: (1) 
||a|| ^ e; (2) the function x:h->f(jc) + v(x)a is an immersion of M in R p ; (3) therela tion 
gC*) = g(y) implies v(x) = v(y) and f(x*) = f(y). (To show that the third condition can 
be satisfied, consider the open set D in M x M consisting of pairs (a% y) such that 
v(x) # v(y), and the image of the mapping (x, y) i—► — (f(*) — f (y))l(v(x) — r(y)) of D 
into R p .) 

(b) Let M be a pure differential manifold of dimension n, let f: M -* R p be an im¬ 
mersion, let S be an open subset of M such that f | S is injective, let N be a closed subset 
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of M contained in S, and let § be a continuous real-valued function on M, everywhere 
>0. If p 2n -j-1, show that there exists an embedding g : M -* R p which agrees with 
f on N and is such that ||g(jc) — f(x)\\ <| S(x) for all * e M. (Consider a denumerable 
locally finite open covering (W k ) of M, where the W * are domains of definition of charts, 
the restrictions f | W* are injective, and each W k is contained either in S or in M — N. 
Construct g by induction on k , using (a).) 

(c) Deduce from Problems 12(b) and 13(b) a new proof of Whitney’s embedding 
theorem. (Problem 2; first define a proper mapping of class C 00 of M into R 2n + 1 .) 

14. (a) Let M be a manifold of dimension n. Show that there exist 2 n + 1 real-valued 

functions fj of class C 00 on M (1 rg 2n -f 1) such that every C“-function on M is of 
the form F(/i,... ,/ 2n+1 ), where F is a C 00 -function on R 2n+1 . (Use Whitney’s em¬ 
bedding theorem.) Show that the «?(M)-module «f p (M) of C 00 differential p-forms on 

M is generated by the p-forms df Jt A * * * A df Jp (1 <y '2 < * * * <j P ^ 2n + l).(Same 

method.) 

( b ) Let M, N be two differential manifolds. Show that, for each p, the 
<f(M x N)-module <f p (M x N) of C°° p-forms on M x N is the direct sum of the 
(p+ l)<f(M x N)-modules $ r , P -r, where «f r> p „ r is the«f(M x N)-module generated by 
the p-forms of the type ‘pr^a) A*pr 2 (j 8 ), where a e «f r (M) and j 8 e <^ p _ r (N) (0 r 5^p). 

15. Show that there exists an immersion of the Klein bottle (16.14.10) into R 3 , the image 
of which is the set of points (£ 1 , £ 2 , £ 3 ), where 

£ l — (a + cos sin t — sin \u sin 2 1) cos w, 

£ 2 = (a -f cos %u sin t — sin %u sin 2 1) sin w, 

£ 3 = sin hi sin t + cos sin It 

(0 <; t ^ 2 tt, 0 <; u g 2 tt). 

16. Define a real-analytic mapping f: R n+1 R 2n+1 as follows: Jf x = (£°, ..., f"), then 

z = f(x) = (£°,..., £ 2n ) is given by the formulas 

s~ 0 

The restriction f 0 of f to S„ factorizes into 

S„ -> P„(R) R 2n+1 , 

where tt is the canonical mapping. Show that h : 7r(x)i--)-p('7T(x))/||p(7r(x))|| is an em¬ 
bedding of P„(R) into S 2 „. Define similarly an embedding of P„(C) in S^-i and of 
P„(H) in S 8n _ 3 (replace £ s £ r ~ s by £ s £ r ~ s ). ( James embedding.) 

17. (a) Let M, N be pure differential manifolds of dimensions n, p, respectively; let 
/: M N be a C°°-mapping, and Z a submanifold of N of dimension p — q. Let A be 
a closed subset of M such that/is transversal over Z at all points of A n f~ l (Z) (Sec¬ 
tion 16.8, Problem 9). Let iff be a chart of N, with domain T, such that ifj( T) = HxI, 
where H is an open set in R P_ A I an open set in RA and ifj (T nZ) = H (16.8.3). Also 
let 9 be a chart of M with domain W C / - 1 (T), let U and V be relatively compact 
open sets such that 0 c VandV c W, and let u be a C^-mapping of R" into [0, l]such 
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that u(z) = 1 for all z e <p(U) and w(z) = 0 for all z $ <p(V ). Show that for each e > 0 
there exists a vector b e R* such that: (1) ||b|| ;g e; (2) the function 

x\-+\fj(f(x)) + w( 9 ?(x))b 

takes its values in ijj( T) for * e V ; (3) the mapping g = g^: M -> N defined by g(x) = 
^" x (^(f(x)) + u(cp(x))b) for x g W, g(x)=f(x) for * e M — V is transversal over Z at 
the points of g~ l (Z) r\ 0; (4) the mapping g is transversal over Z at the points of 
g~ l (Z) n A. (To satisfy (3), use Sard’s theorem (16.23.1) for the mapping 

zh->pr 2 (i/j(f(<p~ l (z)))) 

of <p(V) into R q . To satisfy (4), it is sufficient that it should be satisfied at th e points 
of g~ l (z) n K, where K=An(V — U). For this, consider the mapping 

(x, b) h-» (^ b W, D(pr 2 ° i/j ° gt 0 <p~ l )(<p(x))) 

of K x R« into N X R qn ] observe that it is continuous and transforms K x {0} into a 
subset of the open set ((N — A) x R qn ) u (Ax M g ) of N x R qn , in the notation of 
Section 16.23, Problem 4.) 

(b) Let M, N be differential manifolds of dimensions m , n respectively, let/: M ->N 
be a C^-mapping, let Z be a submanifold of N of dimension p — q, and let A be a 
closed subset of M such that / is transversal over Z at all points of An f~ l {Z). 
Finally let d be a distance defining the topology of N, and let S be a continuous func¬ 
tion on M, everywhere >0. Show that there exists a C°°-mapping g : M ->N which is 
transversal over Z, coincides with / on A, and is such that d(f(x), g(x)) <: <$00 for all 
x g M (Thom's transversality theorem). (There exists an open neighborhood S of A 
such that /is transversal over Z at the points of/ _1 (Z) n S. Consider a denumerable 
locally finite open covering (T k ) k ^ 0 of N, where T 0 = N — Z and the T* (k 1) are 
domains of definition of charts ip k of N, such that ^(T fc ) =- H* x I fc , where H fc is open 
in R p ~ q and I fc is open in R fl , and ifj k (T k n Z) = H*. Then take a locally finite open 
covering (W fc ) of M, for which the W k are domains of definition of charts of M, and 
which refines the covering formed by the intersections of the open sets/” l (T k ) with 
M — A and S. Construct g by induction on k , using (a).) 


26. DIFFERENTIABLE HOMOTOPIES AND ISOTOPIES 

(16.26.1) The notion of homotopy, defined in (9.6) for paths, extends to 
arbitrary continuous mappings. Given two continuous mappings /, g of a 
topological space X into a topological space Y, a homotopy of / into g is a 
continuous mapping cp of X x [a, /}] (where a < j5 in R) into Y such that 
cp(x, a) = f(x) and <p(x, /?) = g(x) for all JceX. The mapping g is said to be 
homotopic to/if there exists a homotopy of/into g. Just as in (9.6) it is im¬ 
mediately shown that if g is homotopic to/ then/is homotopic to g ; and that 
if h is homotopic to g , and g is homotopic to / then h is homotopic to/; in 
other words, the relation “/is homotopic to g ” is an equivalence relation on 
the set of continuous mappings of X into Y. 
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(16.26.2) Now suppose that X and Y are differential manifolds and that / 
and g are mappings of class C7 (where p is an integer ^ 1, or + oo) of X into 
Y. Then a C p -homotopy (or a homotopy of class C p ) of/into g is a mapping 
cp of class C p of X x J into Y, where J is a nonempty open interval in R, such 
that for two points a < p in J we have <p(x, a) =/(x) and (p(x, p) = g(x) for 
all xeX. The mapping g is said to be C p -homotopic to / if there exists a (7- 
homotopy of / into g. 

(16.26.3) Let X, Y be differential manifolds . Then the relation “/ is (7- 
homotopic to g ” is an equivalence relation on the set of C p -mappings ofX into Y. 

It is immediate that the relation is reflexive and symmetric. To show that 
it is transitive, consider three mappings/, g , h of class C7 from X to Y, a (7- 
homotopy cp of/into g, and a C7-homotopy ip of g into h. By a linear change 
of variable we may assume that (p and \j/ are both defined on the same space 
X x J, where J is an open interval in R, and that there exist a < /? in J such 
that (p{x 9 a) = f(x), <p(x, p) = g(x\ \p{x, a) = g(x\ ij/(x, p) = h(x), for all x e X. 
There exists a C^-mapping X : R [a, p] such that X(t) = a for t < J, A(t) = p 
for f > f (16.4.2). The functions of class (7, 

(x, 0 <p(x, A(f)) and (x, f) (-► ^(x, X(t - 1)) 

defined on X x R agree on X x ]$, f [. We may therefore define a C7-homo- 
topy 6 of f into h by putting 0(x, t) = <p(x, X(t)) for t g 1 and 0(x, t) = 
\j/(x , A(t — 1)) for t ^ 1. 

(16.26.4) Let X, Y be two differential manifolds , K a compact subset ofX , 

/:K->Y fl continuous mapping. If d is a distance defining the topology of 

Y, tAe/i there exists s > 0 such that every continuous mapping g : K Y .safw- 
fying d(f(x) y g(x)) ^ £ /or c//xeK w homotopic to f Moreover , if the restric¬ 
tions of f and g to K are of class C7, then f and g are C p -homotopic. 

Let V be a relatively compact open neighborhood of/(K) in Y. By (16.25.1) 
we may assume that V is embedded in some R". Let T be an open neighbor¬ 
hood of V in R” with the properties of (16.25.4). If d' is the Euclidean distance 
on R", there exists a number rj > 0 such that all the points zeR" for which 
d'(z,f(K)) ^ r\ belong to T (3.17.11). Next, there exists £>0 such that 
d(y,f(x)) ^ e for y e Y and x e K implies that d'(y,f(x)) g rj (this is easily 
proved by contradiction, using the compactness of K) and hence ye T. Now 
let g : K -> Y be a continuous mapping such that d(f(x) 9 g(x)) ^ s for all 
x e K. For x e K and t e [0, 1] we have 

d\f(x\ tf(x) + (1 - t)g(x)) <; d'(f(x), g(x)) g t\ 
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and therefore the point tf(x ) + (1 - t)g{x) belongs to T. If we put 
<p(x, t) = n(tf(x) 4- (1 - t)g(x)) e Y, 

then it is clear that cp is a homotopy of g into /. For by virtue of (3.17.11) 
applied to (p~\ T), there exists a > 0 such that tf(x) 4 - (1 — t)g(x) belongs to 
T for — a<Kl+a and all xeK. Moreover, if f\ K and g | K are of class 
C p , then the restriction of cp to K x ] — a, 1 + a[ is of class C p , from which 
the second assertion follows. 

Remark 

(16.26.4.1) The above proof shows that if f(x 0 ) =g(x 0 ) for some x 0 eK, 
then the homotopy cp constructed above is such that cp(x 0 , t ) = f(x 0 ) for all 
te[ 0 ,1]. 

(16.26.5) Let X, Y be differential manifolds , K a compact subset ofX, and 
f a continuous mapping of K into Y. Then there exists a relatively compact open 
neighborhood Uo/K in X and a C 00 -mapping g of U into Y such that g | K is 
homotopic to f 

Let d be a distance defining the topology of Y, and let s > 0 be a real 
number for which (16.26.4) holds. By virtue of (16.25.5) there exists a rela¬ 
tively compact open neighborhood U of K in X and a C°°-mapping g of 
U into Y such that d(f(x ), g(x)) g e for all x eK. The result now follows from 
(16.26.4). 

(16.26.6) Let X, Y be differential manifolds , K a compact subset o/X, and f g 
homotopic continuous mappings of K into Y. If f\ K and g | K are of class C p , 
then they are C p -homotopic. 

By hypothesis, there exists a compact interval I = [a, /?] in R and a con¬ 
tinuous mapping cp : K x I -+ Y such that <p(x, a) = f(x) and <p(x, /?) = g(x) 
for all x e K. Choose e > 0 for which (16.26.4) holds for X, Y,/, and K; for 
X, Y ,g, and K; and for X x R, Y, cp , and Kxl. Then there exists an open 
neighborhood U (resp. J) of K in X (resp. of I in R) and a C°°-mapping 
\j/ : U x J -► Y such that d(cp(x , t ), t)) e for all (x, t) e K x I. If we put 

f(x) = \jj(x , a) and g x {x) = \j/{x, /?) for xeU, then ^ is a C°°-homotopy of 
f x into g x . However, we have d(ffx) 1 ,f{x)) ^ e and d(g(x\ g x (x)) g e; hence 
by (16.26.4) it follows that/|K and f | K are C p -homotopic, and that g x |K 
and ^f|K are C p -homotopic. Hence, by (16.26.3), /|K and g\K are C p - 
homotopic. 
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(16.26.7) If/, g are two diffeomorphisms of a differential manifold X onto a 
differential manifold Y, a C°°-homotopy cp of f into g, defined on X x J, 
where J is an open interval in R, is said to be a C^-isotopy (or an isotopy of 
class C°°) if for each t e J the mapping x\->cp(x, t) is a dijfeomorphism of X 
onto Y. The same argument as in (16.26.3) shows that the relation “there 
exists a C°°-isotopy of/into g ” is an equivalence relation on the set of diffeo¬ 
morphisms of X onto Y. 

(16.26.8) Let X be a differential manifold , U a connected open subset ofX, 
and a , b two points of U. Then there exists a C 00 -isotopy cp of the identity map 
l x into a diffeomorphism h of X onto X, such that h{a) = b and such that 
cp(x , t) = x for all t and all x $ U. 

(I) We consider first the following particular case: X = R", U is the open 

/ " \ 1/2 

ball ||x|| < ffn (relative to the Euclidean norm ||x|| = ( ]T J ), a = 0 and 

||b|| < 1. Let (e I ) 1 ^ I ^„ be the canonical basis of R”, and suppose first that 
b = , with 0 < jS < 1. We shall use the following lemma: 

(16.26.8.1) Let E be a real Banach space , /: E -> E a bounded and p times 
continuously differentiable mapping. Then for each ze E there exists a unique 
solution t\->F(t,z) of the differential equation dx/dt =f(x), defined on the 
whole of R and such that F(0, z) = z. Furthermore , for all s^te R we have 
F(.y, F(t, z)) = F(s + t, z), and for each t e R, the mapping zi—>F(t, z) is a 
homeomorphism of E onto E which together with its inverse is p times con¬ 
tinuously differentiable. 

The first assertion is proved as in (10.6.1), by remarking that because of 
the mean-value theorem every solution v of the differential equation in a 
relatively compact open interval J of R is bounded in J, which allows us to 
apply (10.5.5) because f{v(t)) is bounded in J. Every integral of the differential 
equation which takes the same value as t\->F(t, z) at a point of R must be 
identical with this function, by (10.5.2). Now, for each seR, the function 
t*-+F(t + s , z) is a solution of the equation which takes the value F(^, z) when 
t = 0; hence F(f, Ffy, z)) = F (t + s , z). In particular, F(t, F( — f, z)) = z for all 
t e R and z e E; also by (10.7.4) we know that ( t, z)i-*F(L z) is p times con¬ 
tinuously differentiable, hence the proof of the lemma is complete. 

To apply this lemma, consider a C°°-mapping g : R-> [0, 1] such that 
g(f) = 0 for | | £ 1, g(0 > 0 for | {| < 1 and g( 0) = 1 (16.4.1.4). We apply 
the lemma to the system of differential equations 
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.. 8 . 2 ) 


(de 

dt 

d£_ 

dt 


= g<£ l )9 {£ 2 )' * * g(Z n ), 


= 0 (2 ^ g n). 


e we obtain a mapping (x, t)b~» F(x, t) of class C 00 , from R” x R to R n , 
that F(x, 0) = x, and such that x i-» F(x, t) is a diffeomorphism of R” 
1 t e R. If | c^'l ^ 1 for some index j, then F(x, t) = x for all t, since the 
hand side of the first equation (16.26.8.2) is then zero. It remains to 
that F(0, t) = b for a suitable choice of t ; but if we put F(0, t) = 
0,..., 0), then u is strictly increasing on R, and the inverse function is 

q g{ 0~ x dC, defined for — 1 < £ < 1, and which tends to + oo as £ -► 1 by 
n of the fact that all the derivatives of g vanish at the point 1. 
remains to consider the case where b is arbitrary (subject to ||b|| < 1). 
\ exists a rotation r of R” transforming b into a point of the form , 
m place of F we consider the function (x, f)i->r _ 1 (F(r(x), t)). 


[) Now consider the general case. For any two points p, q of U, let 
7 ) denote the relation obtained by replacing a, b by p, q in the statement 
$.26.8). It follows immediately from (16.26.3) that R is an equivalence 
Dn on U. Moreover, each equivalence class of R is open in U: for each 
, there exists a chart (V, 1 p, n ) of U such that \jj{p) = 0 and such that 
contains the closed ball with center 0 and radius -Jn in R"; let W c V 
2 inverse image under i// of the open ball with center 0 and radius 1. If 
an isotopy defined on V x J and such that cp 0 (x, t) = x for x e V — W, 
tend it to an isotopy cp defined on X x J by putting cp(x, t) = x for all 
— V. Then part (I) of the proof shows that the relation R(p, q ) is true 

1 q e W, which proves our assertion. The equivalence classes of R are 

ore both open and closed in U; since U is connected, it follows that there 
y one equivalence class. Q.E.D. 

>.9) Let X be a connected differential manifold , x 0 , x { , ..., x p distinct 
' ofX, and U a neighborhood of x 0 . Then there exists a diffeomorphism h 
onto X such that h(x 0 ) = x 0 and such that h(x ,) e U for 1 rg i S P- 
insider a chart (V, 1 {/, n ) of X at x 0 such that VcU, and such that 
contains the open ball with center il/(x 0 ) and radius 1. Let V k (1 S k Sp) 

2 inverse image under 1 jj of the open ball with center «A(x 0 ) and radius 
o that V k ci V* +1 . By induction on k it is enough to show that there 
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exists a diffeomorphism h k+1 of X onto X which fixes the points of V k and 
maps x k+1 into V* +1 . The only case to be considered is that in which 

x k + l $ Vjc + l • 

Let W be the connected component of x k+1 in X — V k , which is open and 
closed in X - \ (3.19.5). We have W n V* +1 # 0 , otherwise the closure of 
W in X would be equal to its closure in X — V fc , and therefore W would be 
both open and closed in X, which is absurd. The result now follows from 
(16.26.8) applied to the connected open set W in X. 

(16.26.10) Let X be a connected differential manifold of dimension ^1, and 
let a , b be two points ofX . Then there exists an injective Of*-mapping f: R -► X 
such that /(R) contains both a and b. (In geometrical terms, a and b can be 
joined in X by a simple C°°-arc.) 

By means of a diffeomorphism of X onto itself, we may assume that b lies 
in an open neighborhood U of a such that there exists a chart (U, (p, n) of X 
for which <p(U) = R rt ((16.26.9) and (16.3.4)). We have then only to take a 
parametric representation t\-*g(t) of the line joining cp(a) to (p(b), and then 
take/= <p -1 o g. 


PROBLEMS 


1. Let X, Y be two pure differential manifolds. Show that there exists a neighborhood V 
of the diagonal in Y x Y with the following property: If/, g : X -*• Y are mappings of 
class C p (p an integer >0, or + oo) such that (/(x), g(x)) e V for all x e X, then f g 
are CMiomotopic. (Embed Y in R m (Section 16.25, Problem 2) and use (16.25.4).) 
Deduce that, for each continuous /: XY, there exists a C 00 -mapping g:X-+ Y 
homotopic to /, and that if two C p -mappings f,g:X-+Y are homotopic, then they 
are CMiomotopic. 


2. Two topological spaces X, Y are said to have the same homotopy type if there exist 
continuous mappings/:X-*Y and g : Y->X such that go f is homotopic to l x and 
fog homotopic to 1 Y • In that case / (resp. g) is said to be a homotopy equivalence. If 
X and Y have the same homotopy type, then for two continuous mappings u : Z->X 
(resp. v : X -*Z), where Z is a topological space, to be homo topic it is necessary and 
sufficient that /° u and/° v (resp. u° g and v o g) should be homotopic. If Y is a dif¬ 
ferential manifold and X is a closed submanifold of Y, show that there exists an open 
neighborhood U of X in Y such that X and U have the same homotopy type. (Embed 
Y in some R m and use (16.25.4).) 
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3. (a) Let X be a metrizable topological space, A a closed subset of X, U a neighborhood 
of A,/a continuous mapping of U x [0, 1] into a topological space Y. Suppose that 
there exists a continuous mapping g : X -> Y extending the mapping xi—»/(*, 0). Show 
that there exists a continuous mapping h:Xx [0, 1] -> Y such that h{x, t ) = g(x) for 
x e X — U and all t e [0,1], and such that h(x, t) = /(x, t) for x e A. (Use the Tietze- 
Urysohn theorem.) 

(b) Deduce from (a) that if Y is a differential manifold and if / is a continuous 
mapping of A x [0, 1 ] into Y, such that there exists a continuous extension to X of the 
mapping xh-*/(x, 0) of A into Y, then / can be extended to a continuous mapping of 
X x [0,1] into Y. (Embed Y in some R m and use the Tietze-Urysohn theorem and 
(16.25.4).) In particular, the mapping x\-*f(x, 1) extends to a continuous mapping of 
X into Y. Consider the case A = 0. 

(c) Suppose that X is a differential manifold, A a closed submanifold of X, and Y a 
topological space. Let /: A x [0,1]-*Y be a continuous mapping such that the 
mapping xh ->/(x, 0) admits a continuous extension to X. Then /can be extended to a 
continuous mapping of X x [0, 1] into Y. (Embed X in some R m , then use (a) and 
(16.25.4).) Consider the case A — 0. 


4. Let A = (X, B, tt) be a C°-fibration (Section 16.25, Problem 9), where B is of the form 
A x [a, b], with [a, b] <= R. Suppose that there exists ce\a,b[ such that the fibrations 
induced by A on A x [a, c ] and A x [c, b] are trivializable. Show that A is trivializable. 
(Observe that an A-isomorphism of a trivial bundle A x F over A can be extended to 
an (A x I)-isomorphism of (A x I) x F, for any interval IcR.) Consider the an¬ 
alogous theorems for principal bundles and vector bundles. 


5. Let A = (X, B, tt) be a C°-fibration, where B is of the form A x [0,1]. Show that there 
exists an open covering (U«) of A such that A is trivializable over each open set 
U« x [0, 1]. (Use Problem 4.) Consider the analogous theorems for principal bundles 
and vector bundles. 


6. Let B be a separable, metrizable, locally compact space, A a closed subset of B, and 
A = (X, B x [0,1 ], tt) a C°-fibration. Suppose either that the fibers of X are differential 
manifolds or that B is a differential manifold and A a closed submanifold of B. Show 
that every continuous section of X over the closed set (A x [0,1]) u (B x {0}) extends 
to a continuous section ofX over B x [0,1]. (Use Problems 3 and 5 above, and Section 
16.25, Problem 9.) Consider the case A = 0. 

7. (a) Let B be a separable, metrizable, locally compact space and let Ei, E 2 be two 
C°-vector bundles over B x [0,1]. Show that if the bundles induced by Ei and E 2 over 
B x {0} are isomorphic, then Ei and E 2 are isomorphic. (Apply Problem 6, with 
A = 0, to the fiber bundle Isom(Ej, E 2 ), which is an open subset of the vector bundle 
Hom(Ei, E 2 ) over B x [0,1 ], and the fibers of which consist of the vector space iso¬ 
morphisms between the corresponding fibers of Ei and E 2 .) 

(b) Deduce from (a) that if E is a C°-vector bundle over B x [0, 1 ] and if E 0 is the 
vector bundle induced by E over B x {0}, and p : ([b , 0 1 —►(£, 0) the projection onto 
B x {0}, then E is isomorphic to p*(E 0 ). In particular, if Ei is the vector bundle in¬ 
duced by E over B x {1}, and if B x {0} and B x {1} are identified canonically with B, 
then E 0 and E x are isomorphic vector bundles over B. 
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(c) Let /, g be homotopic continuous mappings of B into a separable, metrizable, 
locally compact space B'. If E' is a C°-vector bundle over B', show that /*(E') and 
g*( E') are B-isomorphic. In particular, if B is contractible (16.27.7), then every C°- 
vector bundle over B is trivializable. 

8. Let E be a real C°-vector bundle of rank k over a separable, metrizable, locally 
compact space B. Let tt : E -> B be the projection. Let u f v be two Gaussian mappings 
of E into R m (Section 16.19, Problem 8), and suppose that there exists a Gaussian 
mapping w of E x [0,1] (regarded as a vector bundle over B x [0,1]) into R m such that 
w(x , 0) = u(x ) and w(x , 1) = v(x). If j\ g are the continuous mappings of B into G m , fc 
corresponding to u and v , respectively (Joe. cit.), show that /and g are homotopic. 

9. Let g + and q~ be the two injective linear mappings of R" into R 2 ” defined by # + (e, ) = 
« 2 <, q "(e0 = e 2i _ x (1 <; i ^ n ). 

(a) Show that each of q + , q ~ is homotopic to the injective linear mapping q : R n R 2w 

defined by q(e t ) = e* (1 ^ ri). 

(b) Consider the Gaussian mappings q + ° pr 2 and q~ °pr 2 of U„,* into R 2n ; to 

them correspond canonically (Section 16.19, Problem 8) continuous mappings / + , 
f~ of G n , * into Deduce from (a) and from Problem 8 that / + ,/~ are each 

homotopic to the canonical injection j : G„, k G 2n , * (Section 16.19, Problem 2(a)). 

(c) Let E be a real C°-vector bundle of rank k, with base B and projection tt, and let 
u , v be two Gaussian mappings of E into R" (where n ^ k). Then q + ° u and q~ ° u are 
Gaussian mappings of E into R 2rt . Show that the mapping 

(x, t)\-^w(x, t) = (1 — t)q + (u(x)) + tq~(v(x)) 
is a Gaussian mapping of E x [0, 1] into R 2 ". 

(d) Let f g be two continuous mappings of B into G„, k . Show that if the C°-vector 
bundles /*(U„, k ) and g*( U„, *) are B-isomorphic, then the mappings j°f and j ° g of 
B into G 2n , jc are homotopic. (Consider a vector bundle E of rank k over B and the 
Gaussian mappings u, v : E -+R n corresponding to/, g (Section 16.19, Problem 8); use 
successively (c). Problem 8, then (b).) 

10. Show that there exists e > 0 such that, for each a e R" with ijajj <J e (||a|| being the 

Euclidean norm) and each endomorphism S of R" with jj/ — £11 ^ e (the norm here 
being the norm on End(R”) induced by the Euclidean norm (5.7.1)), there exists a 
C°°-mapping F:R n xR->R”, satisfying the following conditions: (1) for each 
/e[0,1], the mapping xh^F(x,/) is a diffeomorphism of R" onto R n such that 
F(x, t) = x whenever ||x|| > 2; (2) F(x, 0) = x for all x e R"; (3)F (x, 1) = a + S • x 
whenever ||x|| < 1. (Take F(x, t) = x + ^(||xji 2 )(a + S • x — x), where h is a C®- 
mapping of R into [0,1] which is equal to 1 for |£| 1 and zero for \£\ >4. To 

show that condition (1) is satisfied for all small e, use Section 16.12, Problem 1.) 

11. With the hypotheses of (16.26.8), let (u J ) 1 be a basis of T fl (X) and (v^j a basis 
of T*(X). If X is orientable, suppose that these two bases are direct. Show that the 
isotopy cp may be constructed so that h(a) — b and also T a (h) • u y = Vj for 1 <lj ^ n. 
(Follow the second part of the proof of (16.26.8), but work in the frame bundle 
R(X) (20.1.1), and use Problem 10.) 
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12. Let/i, ...,/„ be real-valued C°°-functions defined on a neighborhood of 0 in R", such 
that the Jacobian matrix of F 0 = (fj)i&j£n at 0 is the identity matrix. Show that there 
exists a real number e > 0 and a C°°-mapping F : R" x R R n satisfying the following 
conditions: (1) for each t e [0, 1], the mapping xi—>F(x, t) is a diffeomorphism of R" 
onto R” such that F(x, t) = x for ||x|| 2e ; (2) F(x, 0) = x for all x e R"; (3) F(x, 1) = 
(/i(x),... ,/ n (x)) for ||xf| ^ €. (Take F(x, t) = x + ^(6“ 2 ||x|| 2 )(F 0 (x) — x), where h is 
chosen as in Problem 10; then use again Problem 1 of Section 16.12.) 

13. Let X be a connected differential manifold, U an open neighborhood of a point 

a eX, and / a C 00 -mapping of U into X such that T a (/) is a bijection of T a (X) onto 
T /(a) (X). If X is orientable, assume also that T„(/) preserves the orientation. Show 
that there exists a C 00 -mapping F : X x R-*X satisfying the following conditions: 
(1) /) is a diffeomorphism of X onto itself, for all t e [0, 1]; (2) F(x , 0) = x 

for all xeX; (3) F(x, 1) = f(x) for all * in some neighborhood VcU of a. (Using 
Problem 11, reduce to the case where f(a) = a and T a (/) is the identity mapping. Then 
use Problem 12.) 

14. Let f g be two diflfeomorphisms of the open ball B={xeR": ||x|| < 1 + a} (where 
||x|| is the Euclidean norm) onto open subsets of a connected differential manifold X. 
If X is orientable, assume also that/and g are orientation-preserving. Show that there 
exists a diffeomorphism F of X onto itself such that F(/(x)) = #(x) for ||x||<l. 
(Using Problem 13, show that there exists e > 0 and a diffeomorphism H of X onto 
itself such that H(/(x)) == #(x) for ||x|| < e. Then remark that there exists a C°° real¬ 
valued function h on B and diflfeomorphisms G A , G 2 of X onto itself such that 
Gi(/(x)) —f(h(x)x) and G 2 (#(x)) = g(h(x)x) for all x e B, and such that | /z(x)| ;g e for 
||x|| < 1, and Gi(y) = y (resp. G 2 (y) = y) for y not in the image of/(resp. g).) 


15. Let Xj, X 2 be two connected differential manifolds of the same dimension n and let 
Ui (resp. u 2 ) be a diffeomorphism of the open ball B : ||x|| < 2 in R” onto an open sub¬ 
set of Xi (resp. X 2 ). If B' is the closed ball ||x|| rg J in R", let Ui (resp. U 2 ) be the open 
set in Xi (resp. X 2 ) which is the complement of Wi(B') (resp. « 2 (B')). Let U 12 — 
w x (B — B'), U 21 — m 2 (B — B'). Let X be the topological space obtained by patching to¬ 
gether Ui and U 2 along U| 2 and U 2 i by means of the homeomorphism/* 21 : U J2 -► U 2J 
defined by 


h 21 (x) = u 2 


UlKx) 

ll«r 1 (*)ll 2 ‘ 


Identify Uj and U 2 (endowed with their structures of differential manifolds) canonic¬ 
ally with their images in X. Show that the structures of differential manifolds induced 
by Ui and U 2 on Ui n U 2 are the same, and hence are induced by a structure of a 
connected differential manifold on X. The space X, endowed with this structure of 
differential manifold, is called the connected sum of Xi and X 2 relative to u x and u 2 . 

Using Problem 14, show that up to diffeomorphism X is independent of the choice 
of u x and u 2 , provided that each of the manifolds X x , X 2 is either nonorientable, or 
orientable but admitting an orientation-reversing diffeomorphism onto itself. By abuse 
of notation we write X = Xi # X 2 . If X 3 is another connected differential manifold 
of dimension n with the same properties, show that (with the same abuse of notation) 
(Xi # X 2 ) # X 3 = X a # (X 2 # X 3 ). Show also that X 1 #S„ = X 1 . 
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27. THE FUNDAMENTAL GROUP OF A CONNECTED MANIFOLD 

The definitions in (9.6) of the notions of path , loop , opposite paths, and 
juxtaposition of paths apply without any alteration when the open subset of 
C is replaced by an arbitrary topological space X. An unending path in X is 
by definition a continuous mapping of an open interval J c: R into X. If X is 
a differential manifold, an unending path in X is said to be of class C (r ^ 1 
or r = oo) if it is a C r -mapping of an open interval J c R into X. A path in X 
is said to be of class C r if it is the restriction to a compact interval of an un¬ 
ending path of class C r . 

Let X be a connected differential manifold. Given two points a, b in X, 
we denote by Q a> b the set of paths defined on I = [0, 1] with values in X, with 
origin a and end-point b. This set Q a> b is not empty (16.26.10). We define an 
equivalence relation R ajb on Q a b by considering two paths y 1 ,y 2 e Q aib as 
equivalent if there exists a homotopy (p : I x [a, p] -> X of y x into y 2 such that 
<p(0, 0 = a and <p( 1, £) = b for all £ 6 [a, /?] (for brevity, we say that cp leaves 
a and b fixed). 

We have the following lemma: 

(16.27.1) Let p be any continuous mapping of l into I such that p( 0) = 0 and 
p(l) = 1. Then for each path y e the paths y and y o p are equivalent for 
R-a, b • 


This follows from considering the homotopy (p : I x I X defined by 
cp(t, 0 ~y((l-0 t + £p(f))- 


Let E a> & denote the set of equivalence classes for the relation R a b . Given 
three points a,b,ce X, we shall define a mapping E a> b x E bt c -> E a> c , which 
we shall denote by (u, v)^ u • v (or simply uv ). Consider two paths y x e O a> b , 
y 2 eQ bc . From these we construct a path y e Q a c by putting 


(16.27.1.1) 


vi = for 0 = r = 2, 

^ ^ \y 2 (2t — 1) for 


We write y = y x y 2 (this is a juxtaposition of paths equivalent to y x and y 2 , 
chosen in a particular way). Let y [, y 2 be paths equivalent, respectively, to 
y x , y 2 . Then y[y 2 is equivalent to y x y 2 . For we may suppose that the homo- 
topies <p x of y x into y' x and q> 2 of y 2 into y 2 are defined on the same set 
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I x [a, /?], and then we construct a homotopy cp of y x y 2 into y f x y 2 by defining 


(Pit, 0 = 


<Pi(2t, 0 

- 1 , 0 


for OStSh 
for \ S t S 1; 


the function cp so defined is continuous, because <p x (l, £) = <p 2 (0, 0 = b for all 
£ e [a, /?]. Consequently the class of y x y 2 in E ab depends only on the classes 
u of y x and v of y 2 , and this class we denote by u • v. 


For each a eX we shall denote by the class in E fl> a of the constant path 
t v-»a. Also, given a, b eX and a path y e Q a b , the class of the opposite path 
y° in E ba depends only on the class of y in E a>6 . For if y' is equivalent to y 
under a homotopy (p , then y'° is equivalent to y° under the homotopy 

(*, 0^9(1 ~t 9 & 

If u is the class of y, we denote by w _1 the class of y°. Clearly (w" 1 )" 1 = u. 


(16.27.2) (i) Let a, b, c, d be four points ofX . If u e E fl> b , v e E fe> c , w e E c d , 
then ( uv)w = w(yw) (and therefore we write this product as uvw, without 
brackets). 

(ii) If a, b e X, then e a u = u and ue b = w, for all ueE ab . 

(iii) If a, b e X, then uu~ l = e a and u"~ 1 u = e b , /or all ueE a b . 

(i) Let y x eu,y 2 ev,y 3 ew; put y = (y x y 2 )y3 > / = 7i(y 2 7 a)- 
Then we have 

f yi(4r) for 

7(0 = 7i( 4* - 1) for i g t S i, 

[y 3 (2r - 1) for i £ ^ 1, 

and 

j/,(2*) for 

7'(0 = 7 2 (4t-2) for 

(j 3 (4t — 3) for J S t ^ 1. 

Now consider the function p : I 1 defined by 

(21 for 0 £ t S h 

p(t) = 1 1 4- i for i Si, 

U(f + 1) for iStS 1. 

Clearly p is continuous; p(0) = 0, p(l) = 1, and we have 

y (t) = y'(p(t)) 

for all t e I. Hence the result (16.27.1). 
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(ii) We shall prove that ue b = w; the proof that e a u = u is similar. If 
7 e u, a path in the class ue b is defined by 


y'(t) = 


7 ( 2 f) for 0 ^ t g 

b for \<t< 1 . 


Define a homotopy <p: I x I -> X of 7 ' into 7 as follows: 


<P(t, 0'' 




for + 

for i(l + £)gt^l. 


(iii) We shall prove that uu 1 = e a ; the proof of the other relation is 
similar. Let 7 e u, then 7 ' = 77 0 is defined by 


y'(0 = 


for 0 ^ t ^ 


(7(2-20 for 

Define a homotopy (p : I x I -* X of the constant path th^a into 7 ' as follows: 

<p(t £) = l y(2t ° f ° r 

[y(2i-2tO for *gt£l. 

From (16.27.2) we deduce: 

(16.27.3) (i) For each aeX, the mapping (u, v) >—► uv defines a group structure 

on E fl , a . 

(ii) If a, b e X and f e E a b , then the mapping u ► fuf ~ 1 is an isomorphism 
of the group E bf b onto the group E a> *. 


Remarks 


(16.27.3.1) (i) With the notation of (16.27.3(h)), if yew and a efi then the 
loops y and y' = (ay)a° are homotopic (as loops): for by definition, y f is given 
by the equations 

(a(4 1) for 0 ^ t ^ 

f(t) = | y(4 1 - 1 ) for i ^ t g i 
(a (2 — 2 1) for 1 , 

and we define a loop homotopy cp of y' onto y by 

fa(<J 4- 4(1 — £)t) for O^t^i and 0 ^ ^ 1, 

(pit, () = r(4t - 1 ) for i^t^i and 0 ^ ^ 1 , 

U(£ 4-2(1 -0(1 -0) for iStS 1 and 0^£gl. 

(ii) It follows from (16.27.2) that for each u 0 e E a b , the mapping 
Vt-+u 0 v (resp. w ^ wu 0 ) of E b> c into E a> c (resp. of E Cj a into E c> b ) is bijective. 
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. 4 ) For each pair (a, b) of points ofX, the set E a> b is at most denumer - 


5 shall first prove the following lemma, which generalizes (7.4.4): 

4.1) Let E be a metrizable compact space , F a separable metrizable 
d (resp. d') a distance defining the topology of E (resp. F). For any two 
igsfg: E-*F, put 

P(f, 9 ) = sup d'(f(t\g{t)). 

te E 

► is a distance on the set ^ F (E) of continuous mappings of E into F, with 
t to which ^V(E) is a separable metric space . 

e fact that p is a distance follows immediately from the fact that 
i is finite whenever / and g are continuous (3.17.10). For each pair m, n of 
:s >0, let G mn be the set of functions /e ^ F (E) such that the relation 
) ^ 1/m implies that d'(f(x ), f(x')) ^ !/«• Since each /e# F (E) is 
mly continuous (3.16.15), it follows that for each fixed n > 0, ^ F (E) is 
ion of the G mn for m > 0. Let {a u ..., a p(m) } be a finite subset of E such 
te open balls with centers a { and radius 1/m cover E. Also let ( b r ) r ^ 0 be a 
lerable dense sequence in F. For each mapping cp : { 1,2,..., p{m)} N, 
be the set of f e G mn such that d'(f(a k ), b ^ (Jk) ) ^ l In for 1 ^ k ^ p(m). 
the definition of the b r , G mn is the union of the H^, for all cp e N p(m) . 
mn be the set of <p e N p(m) such that ^ 0, and for each cp e C wn 
5 an element g^e H^,; finally, let L mn denote the denumerable set of g 9 
- C mn .Let f e G wn and let (p e C mn be such that/eH r Then it follows 
liately from the definitions that d'(f(x), g^x)) g 4 jn for all x e E; in 
words, p(f gf) S 4/n. Hence the union of the L mn is dense in ^V(E): for 
nteger n > 0 and each /e # F (E) there exists m such that /e G mn , and 
ve just seen that the distance from / to L mn is ^ 4/n. 

5 now apply this lemma to the set Q a>6 , endowed with the distance 
2 ) = sup d(y x {t ), y 2 (t)), where disa distance defining the topology of X. 

tel 

dws that there is a sequence (y n ) which is dense in Cl a>b . On the other 
it follows from (16.26.4.1) that, for each yeQ afbi there exists e >0 
hat the relation p(y , y') S £ implies that the paths y, y' are equivalent; 
ice there exists a y n such that p(y, y n ) g e , it follows that E a b is the set of 
dence classes of the y„; hence it is at most denumerable. 

.5) The group E fl> „ is called the fundamental group of the manifold X 
point a and is denoted by nfX, a). Up to isomorphism it is independent 
point a, and we shall use the notation n 1 (X) to denote any one of the 
s 7r 1 (X, a), and refer to ^(X) as the fundamental group ofX. 
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A connected differential manifold X is said to be simply connected if 
%(X, a) is the group of one element for some a e X (and hence for all a e X); 
or, equivalently, if every loop with origin a is homotopic to the constant loop 
tb-*a under a loop homotopy leaving the point a fixed. 

(16.27.6) Let Y be another connected differential manifold, /: X -> Y a 

continuous mapping. For each pair of points a, b in X and each path 
y e Cl a b ,f° y is a path belonging to Q f(a)t f(b) . If y, y' e Q a b are equivalent 
paths, under a homotopy <p, then it is clear that /° y and /° y' are equivalent 
under the homotopy/° (p. Hence, as y runs through a class u e E at b , the paths 
foy all belong to the same class /*(w) e E f(ahf(b) . Moreover, it is easily 
verified that if u e E a>b and then f*(uv) =/*(w)/*(y). In particular, 

the restriction of /* to tc^X, a) is a homomorphism of this group into the 
group 7 q(Y,/(tf)). Finally, if Z is a third manifold and g : Y -> Z a continuous 
mapping, we have (g °/)* =#* °/*. 

Examples 

(16.27.7) A manifold X is said to be contractible if there exists a point a e X 
and a homotopy <p of the identity mapping l x onto the constant mapping 
xh-*a which leaves a fixed: in other words, <p is a continuous mapping of 
X x I into X such that <p(a , ^) = a for all f e I and cp(x , 0) = x, <p(x, 1) = a 
for all x e X. 

For each loop y e Q a> a , the mapping (t, f) h-* <p(y(0, 0 is then a homotopy 
of y onto the constant loop tv-+a which leaves a fixed. Consequently a con¬ 
tractible manifold is simply-connected ’ For example, R" is contractible, because 
the mapping cp(x, f) = £x satisfies the above conditions for a == 0. 

(16.27.8) For n*z 2, f/ze sphere S„ simply-connected. 

Let y : I S n be a loop with origin a. If y(I) ^ S n , then y is homotopic in 
S n to the constant loop. For if b $ y(I), then S n — {b} is homeomorphic to 
R n (16.8.10), and therefore y is homotopic to the constant loop already in 
S n - {b}. Hence we have to show that there exists a loop y' with origin a which 
is loop-homotopic to y and is such that y'(I) # S n . Let d be the distance on S n 
induced by the Euclidean distance on R n+1 , and let £ e]0, 1[ be a number 
satisfying the condition of (16.26.4) for the mapping y. Then there exists a 
mapping y x : I S„ which is the restriction of a C°°-mapping defined on a 
neighborhood of I, such that d(r(t), y t (0) S for t e I (16.25.5). Let b = y t (0), 
c = yx(l), so that b and c belong to the open neighborhood V of a in S n con¬ 
sisting of the points x such that d(x, a) < which is homeomorphic to an 
open ball in R n (16.2.3). Let <5 e]0, be such that the relation \ t — t'\ <S 
(for t, f e I) implies that d(y(t f ), y(t)) < (3.16.5). Then there exist continuous 
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mappings y 0 : [0, 8] V and y 2 : [1 — 8, 1] -> V such that y 0 (0) = a, y 0 (8) = b , 
y 2 (l — 8) — c, y 2 (l) = a • Now define y' on I as follows: 


f?o(t) 



b 2 (0 


for 0 g t <; <5, 
for <5 ^ f g 1 - <5, 
for l-5^fgl. 


Since | t — t' | <5 implies that d(y t (t) 9 yi(^)) < it follows immediately that 
d(y(t), y'(0) g e for all t e I. Hence, by (16.26.4), y and y' are equivalent in 
a . On the other hand, by virtue of the hypothesis n't 2 and Sard’s theorem, 
y x (I) is nowhere dense in S„ (16.23.2); by construction, this implies that 
y'(I) t* S n , and the proof is complete. 


We shall prove later (Chapter XXIV) that for n t 1 the sphere S n is 
not contractible (cf. Section 16.30, Problem 9(b)). 

(16.27.9) On the other hand, the circle U = S t is not simply-connected. 
More precisely, n x (S x ) is isomorphic to Z. In fact, we have already defined in 
Chapter IX and the Appendix to Chapter IX the index j{ 0; y) of a loop y in S t 
and shown that it depends only on the class u of y in n^Si, a ), where a is the 
origin of y. Moreover, we have shown that if this index is denoted by i(u), 
then i is a homomorphism of 7ii(S,, a) onto Z (9.8.4). Finally, this homomor¬ 
phism is injective , for if j(0; y) = 0 the proof of (Ap.2.8) shows that y is homo¬ 
topic to a constant loop. 


(16.27.10) Let X, Y be two connected differential manifolds , aeX and 
be Y. Then the group n^X x Y, (a, b )) is isomorphic to the direct product 
71! (X, a) x 7i ^(Y, b). In particular , the product of two simply-connected manifolds 
is simply-connected. 


We define a canonical bijection /: Q a x Q b b ->Q (a b) (a b) as follows: 
if aeQ fl(fl and then /(a, p) is the loop t i-*(a(t), p(t)). The inverse 

bijection f ~ 1 takes a loop y e (fl> b) to the pair (p^ ° y, pr 2 ° y). Clearly 
we have /(oqo^, Pip 2 ) =/( a i» /?i )/( a 2 > Pi)- Finally, if a, a! are two loops 
belonging to a , which are equivalent under a homotopy cp : I x I X, and 
if /?, /?' are two loops belonging to Q b>b , which are equivalent under a homo¬ 
topy \j/ : I x I -> Y, then the loops /(a, p) and /(a', (S') are equivalent under 
the homotopy (cp, i/0 :1 x I -» X x Y. Conversely, if /(a, p) and /(a', p') are 
equivalent under a homotopy 0:IxI~>XxY, then a and oc' are equivalent 
under pr t o 0 , and p and ft' are equivalent under pr 2 ° 6. Hence we have a 
bijection /of E a fl xE M onto E (a> b)> (a> b) which assigns to each pair of classes 
(w, v) the class of /(a, f$) for a e u and p e v ; and / is a group isomorphism. 
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PROBLEMS 

1. A topological space X is said to be arcwise-connected if, for each pair of points a, 
X, there exists a path in X with origin a and endpoint b. A subset A of X is said t 
arcwise-connected if the subspace A is arcwise-connected. 

(a) An arcwise-connected space is connected. In R 2 the graph A of the function 
sin(l lx), defined on ]0, +oo[, is arcwise-connected, but its closure A is connected 
not arcwise-connected. 

(b) Show that propositions (3.19.3), (3.19.4), and (3.19.7) remain valid when “ 
nected” is replaced by “arcwise-connected” throughout. 

(c) The union C'(x) of all the arcwise-connected subsets of X which contain the j: 
x e X is an arcwise-connected set, called the arcwise-connected component of x in ] 
is a closed subset of X. 

(d) A topological space X is said to be locally arcwise-connected if each point of X 
a fundamental system of arcwise-connected neighborhoods. Show that this conditi< 
equivalent to the following: the arcwise-connected components of each open subs 
of X are open in X. The arcwise-connected components of U are then equal to 
connected components of U (in the sense of (3.19)). 


2. If X is any topological space, the sets b can be defined as in (16.27) whenever a 
b belong to the same arcwise-connected component of X. If X is separable and me 
able, then so is Q a , b with respect to the topology defined in (16.27.4.1). Two paths 
y 2 e Cl at b are equivalent with respect to the relation R fl , b if and only if they belor 
the same arcwise-connected component of Q a ,b- The group 77! (X, a) is defined i 
(16.27.5). 

(a) Generalize the result of (16.27.10), and show that the canonical bijection 

a X Q>b, b —*■ ^(fl, b ), (a, b ) 


is a homeomorphism. 

(b) Show that the mapping (yi, y 2 )i—► y defined in (16.27.1.1) is a contim 

mapping of „ x Cl b ,c into Q . a , c . 

(c) For each yefi fl , fl and each £ e [0,1], let i/r(y, f) denote the loop y' e fl del 
by 


/(*)- 



for Og/^Kl+a 
for i(l+£)^r^l. 


If e a is the constant loop equal to a , show that 0 is a homotopy of the mapping yi~ 
of Q 0w a into , into the identity mapping of Q a , a • 

(d) Let /, g be homotopic mappings of X into Y, and let aeX. Show that there e 
an isomorphism u of rri(Y,f(a)) onto ^(Y, g(a)) such that g* = u ° /*. Deduce tl 
X, Y are arcwise-connected and of the same homotopy type (Section 16.26, Prol 
2), then 7rfX) and 77!(Y) are isomorphic. 
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3. Deduce from (16.27.10) that the Hopf fibration of S 3 over S 2 (16.14.10) is not trivializ- 
able. 

4. Let X be a simply-connected, arcwise-connected space. If a , b are any two points of X, 
show that the set E fl , b consists of a single element. (If y, y' e Q a , b , show that y f is 
equivalent (with respect to R fl , b ) to (yy°)y'.) 

5. Let X be a locally compact metrizable space, and let A, B be closed subsets of X such 
that X=AuB. Suppose that A, B are each arcwise-connected and simply-connected; 
suppose also that AnBis arcwise-connected and that, for each xeAnB, there exists 
a fundamental system of open neighborhoods V of x for each of which Vn B is arcwise- 
connected and simply-connected, and VnAnB arcwise-connected. Show that X is 
arcwise-connected and simply-connected. (Let y : I-*X be a loop with origin a e A, 
and suppose that y(I) meets B. Then the inverse image under y of y(I) n (X — A) is the 
union of a (finite or infinite) sequence of pairwise disjoint open intervals I m in I. For 
each integer n , cover y(I) by a finite number of open subsets U«, „ of X, of diameter 
^ 1/n, such that U«, „ n B is arcwise-connected and simply-connected, and U«, „ n A n B 
arcwise-connected. Then consider the finite set of intervals I k such that y(I k ) is con¬ 
tained in U«, „ but not in n +i ; finally, use Problem 4.) Hence give another proof of 
the fact that S„ is simply connected for n 2. 


28. COVERING SPACES AND THE FUNDAMENTAL GROUP 

(16.28.1) Let (X, B,p) be a covering of a differential manifold B (16.12.4), 
/ a continuous mapping of a connected topological space Z into B, and g x , 
g 2 :Z-*X two continuous liftings (16.12.1) off If there exists aeZ such that 
9i(a) = 92 (a), then g^gz- 


The set of points z e Z such that g x (z) = g 2 (z ) is nonempty and closed in 
Z (12.3.5); hence it is enough to show that it is also open in Z. Now, if z 0 e Z 
is such that g x (z Q ) = g 2 (z 0 ) = *0 > there exists an open neighborhood U of x 0 
such that p\ U is a homeomorphism of U onto the open set /?(U) c B. Since 
g Xi g 2 are continuous, there exists a neighborhood V of z 0 in Z such that 
g x (V) <= U and g 2 (Y) <= U. However, for all z e V, we have p(g x (z)) = /(z) = 
p(g 2 (z)); sincep|U is injective, it follows that g x (z) = g 2 (z) for all z e V. This 
completes the proof. 

(16.28.2) Let (X, B, p) be a covering of a differential manifold B. 

(i) Fpr each path /?: I -+ B with origin be B, andfor each point a e p~ 1 (b) ) 
there exists a unique path y : I -» X with origin a such that p = p ° y (called the 
lifting of j8, with origin a). 
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(ii) Let p : I -► B, P' : I B be two paths with origins b , b’, respectively , 
and lety : I -* X be the lifting of ft with origin a. If (p : I x I B is a homotopy 
of ft into P', then there exists a unique homotopy $ of y into a path y ': I X 
such that cp = p ° ip. (\p is called the lifting of cp such that \p( 0, 0) = a.) 

(i) The uniqueness of y follows from (16.28.1). To prove the existence of 
y, let E denote the set of s e I for which there exists a continuous mapping 
Js : [0> s]-*X such that y s (0) = a and p(y s (t)) = P(t) for 0 <*t<>s. This set E 
does not consist only of 0, because there exists a neighborhood U 0 of a such 
that p|U 0 is a homeomorphism of U 0 onto the open set p(U 0 ) of B; if 

> 0 is such that p(t) e p(U 0 ) for 0^t^s 0 , put y so (t) = q 0 (P(t)) for 
0 St where q 0 : p( U 0 ) -* U 0 is the inverse of the homeomorphism 
p |U 0 ; then p(y So (t)) = P(t) for 0 StSs 0 , so that ^eE. By virtue of 
(16.28.1), if s < s' in E, the restriction of y s > to [0, s] is equal to y s . Consider 
now the least upper bound 2 of E in [0, 1]; there exists a continuous mapping 
y' of [0, X[ into X such that y'(0) = a and p(y'(t)) = p(t) for 0 S t < X. Let Y be 
a connected open neighborhood of p(X) in B over which the covering space 
X is trivializable; then p~ x (V) is a (finite or infinite) union of pairwise 
disjoint connected open sets U n such that p | U M is a homeomorphism onto V 
for each n. Choose t 0 < X and sufficiently close to X so that p([t 0 , X]) is 
contained in V, and let n be such that y'(t 0 ) e U„. Since y'([t 0 , X[) is con¬ 
nected and contained in p -1 (V), it must be contained in U n ; consequently, if 
q n : Y -> U n is the inverse of the homeomorphism p | U„, then y'(0 = 0) 

for t 0 S t < A. This shows first of all that / can be extended by continuity to 
the point 2, by defining f(X) = q n (P(X)). Second it shows that 2=1, otherwise 
there would exist s 1 such that 2 < s x < 1 and such that p([X, ^]) c V; we can 
then extend y' to y Sl by putting y Sl (t ) = q n (p(t )) for 2 g t S and we shall 
have s x e E, contrary to the definition of 2. This completes the proof of (i). 

(ii) For each tel, there exists a unique lifting of the path £t~+(p(t, 0 
with origin y(t). Let £i-»i j/ t (£) denote this lifting. Then we have to prove that 
the mapping ip : ( t , £)i->^ t (£) is continuous on I x I. Let d be a distance 
defining the topology of B. Since <p (I x I) is compact, the same argument as 
in (9.6.3) shows that there exists a number p > 0 such that, for each 
b e cp (I x I), the ball B (b; p) is connected and the covering space X is triv¬ 
ializable over B(Z>; p). Next, there exists e>0 such that the relations 
1 1 - t' I ^ £, I £ - C I ^ 8 imply that | <p(t, <*) - <p(f, £') | < ip. Let (t ; ) 0s igr 
be an increasing sequence in I such that t 0 = 0, t r = 1, and | t i+1 — t t \ S e for 
0g/^r-l. We shall prove by induction on i that \p is continuous on 
I x [0, f £+1 ]. For this, it is enough to prove that \j/ is continuous on Q 0 - = 
[tj, t j+l ] x [t i9 t i+1 ] for each j = 0, 1,..., r - 1. Put b u = <p(t j9 tf Then 
p~ 1 (B(b iJ ; p)) is the union of a sequence of pairwise disjoint connected open 
sets (UJ such that p | U n is a homeomorphism of U n onto B(Z> l7 ; p) for each n . 
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Since by hypothesis 1 1 —► \//(t, tj is continuous, the image under this mapping of 
[; tj , t j+ i], being connected and contained in p~ 1 (B(b ij ; p)) by virtue of the 
choice of e, is contained in some U„; then, for tj St S (/+ 1 » since e U„ 
and \l/ t ([t i9 t i+ 1 ]) is contained in p~ 1 (B{b ij ; p)) (again by the choice of e), it 
follows that ifr/lti, t i+ i]) cz U n , so that finally ^(Q y ) <z U rt ; but then, if 
q n : p) -> U rt is the inverse of the homeomorphism p |U„, we have 

\j/(t , 0 = q n (<p(t, 0) i n Qij? an( l the proof is complete. 

(16.28.3) Let (X, B, p ) be a covering of a differential manifold B, let be B, 
and let X b = p~ 1 (b) be the (discrete) fiber of X over b. 

We shall define a right action of the fundamental group 7^(6, b) on the 
fiber X b : (a, u) i-» a * w, as follows: Let yew be a loop in B with origin 6. Then 
it follows from (16.28.2) that there exists a unique path y a in X with origin w, 
such that p o y fl = y. Further, if y' is another loop in B with origin b , belonging 
to the class w, then it is homotopic to y by a homotopy <p : I x I -> B which 
leaves b fixed. Now this homotopy has a unique lifting, by virtue of (16.28.2), 
to a homotopy if/ : I x I -► X of y a into y' a , leaving a fixed, and such that 
p o \j/ = cp. In particular, for each £ e I, we have p(^( 1, £)) = <p(l, £) = b; in 
other words, £ , £) is a continuous mapping of I into X b ; but since X b is a 

discrete space, this mapping is constant (3.19.7), so that y a (l) = y^(l). The 
point y fl (l) e X b therefore depends only on the class w e 7^(6, b ), and it is this 
point that is denoted by a ■ w. 

We have thus defined an operation of 7q(B, b) on X b ; for we have 

(16.28.3.1) j a ',\ = “ , l OT all " eXi ” 

( w • (wy) = {a • u) * v for aeX b , u, v e 7q(B, b) 

directly from the definitions. 

(16.28.4) Let Xbe a connected differential manifold , (Y, X, p) a covering o/X, 
a a point o/X, and Y a = p~ x (a ) the fiber over a . 

(i) Y is connected if and only if a) acts transitively on Y a . If this 
condition is satisfied , then for each point ceY a the homomorphism p* : 
7^(Y, c) -> tc 1 (X, w) ii' injective and its image is the stabilizer S c of c (for the 
action of tt^X, a) on X a ) (12.10). 

(ii) If Y is connected and if p* is surjective {hence bijective ), then p is a 
diffeomorphism , so that the covering Y is trivializable. In particular , every 
connected covering of a simply-connected manifold is trivializable . 

(iii) In order that Y should be connected and simply-connected , it is necessary 
and sufficient that the group ti^X, a) should act transitively and freely on Y a 
(which is therefore homeomorphic to 7c 1 (X, a)). 



212 XVI DIFFERENTIAL MANIFOLDS 


(i) If Y is connected, then for any two points c l9 c 2 e Y a there exists a 
path y in Y with origin c x and endpoint c 2 . The path p o y is a loop with 
origin a in X, and y is its unique lifting with origin c x (16.28.2); hence c 2 = 
c x - u , where u is the class of p ° y, and so ^(X, a ) acts transitively on the 
fiber Y fl . Conversely, if the action is transitive, then any two points c x , c 2 e Y fl 
can be joined by a path in Y, by definition (16.28.3). Next, if b is any point of 
Y, there exists a path in X joining p(b) to a, and the lifting of this path with 
origin b (16.28.2) has its end point in Y fl . Hence every point of Y can be 
joined to a given point c e Y a by a path and therefore Y is connected (3.19.3). 

Now let y be a loop in Y with origin c, whose image p o y is homotopic 
to the constant loop with origin a . Then, by (16.28.3), the loop y, being the 
lifting of p o y 9 is homotopic to the constant loop with origin c. This shows 
that the homomorphism p* : n x (Y, c) -* 7q(X, a) is injective . Its image 
consists of the classes u of loops with origin a in X whose lifting with origin c 
is a loop with origin c, i.e., the u e 7c 1 (X, a ) such that c • u = c. 

(ii) The hypothesis implies that c • u = c for all ue nfX, a ), and since 
7q(X, a) acts transitively on Y fl , we have Y fl = {c}. Since X is connected, all 
the fibers are isomorphic to Y a , hence consist of a single point; in other 
words, p is bijective, and is therefore a diffeomorphism (because it is a local 
diflfeomorphism). The hypothesis that p * is surjective is clearly satisfied when 
X is simply connected, because then 7 q(X, a) is the group of one element. 

(iii) If 7 Cj:(Y, c) = {<?}, the stabilizer S c consists only of the identity ele¬ 
ment, by (i), and since ^(X, a) acts transitively on Y fl , the stabilizer of each 
point of Y fl consists only of the identity element, so that n^X, a) acts freely. 
The converse is an immediate consequence of (i). 

Example 

(16.28.5) From (16.14.10) we know that S„ is a two-sheeted covering space 
of the projective space P„(R). Since S„ is connected and simply-connected for 

2 (16.27.5) it follows that 7i 1 (P n (R)) = Z/2Z for n ^ 2. (For n = 1, 
however, Pi(R) is diffieomorphic to S x (16.11.12) and its fundamental group is 
therefore isomorphic to Z (16.27.9).) 

(16.28.6) Let Xbe a connected differential manifold , (Y, X, p) a covering ofX. 
Then for each connected component Z of Y, (Z, X,p\Z) is a covering ofX. In 
particular , each covering of a connected and simply-connected manifold is 
trivializable . 

Let jc e p(Z) and let U be a connected open neighborhood of x in X such 
that Y is trivializable over U; in other words, p~ l (U) is the union of a 



(finite or infinite) sequence of pairwise disjoint open sets U„ such that the 
restriction p n : U„ -> U of p is a homeomorphism for each «. At least one of 
the U„ intersects Z, and since U is connected and Z is a connected component 
of Y, it follows that the U n which intersect Z are contained in Z. This shows 
already that x e /?(Z); hence p(Z) is both open and closed in X and is therefore 
equal to X. Moreover, Z n /^(U) is the union of a subsequence of the U„, 
which proves that Z is a covering space of X. The last assertion of (16.28.6) 
follows from the first and from (16.28.4). 

We remark that if Y is an n-sheeted covering of X, then Y has at most 
n connected components, by virtue of (16.28.6). 

Example 

(16.28.7) Let' X be a nonorientahle connected differential manifold. Then 
7q(X) ^ {e}. For by (16.21.16) there exists an orientable two-sheeted covering 
Y of X. If X were simply-connected then Y would have two connected com¬ 
ponents Y 1? Y 2 , and each of the projections Y L ->X, Y 2 ~»X would be a 
diffeomorphism; but this is absurd, because Y x is orientable and X is not. 

(16.28.8) (Monodromy principle) Let (Y, X,p) be a covering of a differen¬ 
tial manifold X, and let f: X' -+ X be a C 00 -mapping of a connected , simply- 
connected , differential manifold X' into X. Let a' e X' and let b g p~ 1 (f(a')). 
Then there exists a unique C°° -mapping g :X' -+ Y such that g(a ') = b and 
p o g =/(the mapping g is said to be a lifting off). 

Consider the inverse image Y' under / of the covering Y of X, which is a 
covering of X' (16.12.8). Let p r : Y' -> X' and /': Y' -* Y be the canonical 
projections, and let b' be the point of Y' such that f'(b') = b, p f (b') = a f . The 
connected component Y f 0 of Y' containing b' is a connected covering of 
X' (16.28.6); hence p’\Y' 0 is a diffeomorphism of Y' 0 onto X' (16.28.4). If 
q f : X' -» Yq is the inverse diffeomorphism, then the mapping g =/' oq f has 
the required properties, because 


P °9 — ip of) ° = if °P') 0 f =f 

and g(a') = f'(b') = b. The uniqueness of g follows from (16.28.1). 

Example 

(16.28.9) Let U be a simply-connected open set in C" and let / be a holo- 
morphic function on U which does not vanish on U. Then the monodromy 
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principle can be applied by considering/as a mapping of U into X = C 
and by taking Y to be the Riemann surface of the logarithmic fui 
(16.12.4.2). It follows (16.8.11) that there exists a holomorphic fund 
on U such that / = e 9 (and g is unique up to a constant integer multi 
2ni). 


PROBLEMS 


1. Generalize the definitions and results of (16.28.1) to (16.28.4) by replacing co^ 
of differential manifolds by C°-coverings (Section 16.25, Problem 8) of arcwi: 
nected topological spaces. 

2. Let X be an arcwise-connected space, (Y, X, p) a C°-covering of X and G the 
of X-automorphisms of this covering (16.12.1). 

(a) Show that G (considered as a discrete group) acts freely on Y. (Use (16.; 

(b) If Y is arcwise-connected and G acts transitively on one fiber of Y, then 
transitively on all fibers of Y. (Join two points of Y by a path.) 

(c) A C°-covering (Y, X, p) is said to be a Galois covering of X if Y is arcwi: 
nected and G acts transitively on each fiber (which implies that G acts simply 
tively on each fiber, by virtue of (a)). Then (Y, X,/7) is a principal bundle w 
discrete group G as structure group. 

Let a e X and b ep~ 1 (a ). For each a e 7 r x (X, a\ there exists a unique e 
such that g a (b) = b • o. Show that the mapping <p b : o \-+g a is a surjective 
morphism of 77!(X, a) onto the group G° opposite to G, and that its kernel 
(normal) subgroup of 77 ^ (X, a) which is the image of 7 Ti(Y, b) under the homomo 
p t : in other words, we have an exact sequence 

1 -*-771 (Y, b) 7ij(X, a) G° 1. 

3. Let G be a discrete group acting continuously and freely on a locally compact 
able space Y; let C be the set of points ( 7 , z) e Y x Y such that z = s * y fo 
(unique) seG. Put s = cp(y, z) for (y, z) e C. Show that the following conditi< 
equivalent: 

(a) G acts properly on Y (Section 12 . 10 , Problem 1); 

(b) for each ye Y there exists a neighborhood V of y in Y such that s • V n 
for all s ^ e in G; 

(c) C is a closed subset of Y x Y and 9 : C -> G is continuous. 

4. Let Y be an arcwise-connected space, and G a discrete group acting continuou 
freely on Y, and satisfying condition (b) of Problem 3. If p : Y Y/G is the ca 
mapping, show that (Y, Y /G,p) is a Galois C°-covering whose group of au 
phisms is canonically isomorphic to G. 

5. Let (Y, X, p) be a Galois C°-covering of X (Problem 2) and let G be the opposi 
group of automorphisms. For each discrete space F on which G acts on the 1 
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fiber bundle Y x G F with fiber-type F associated with Y (16.14.7) is a C°-covering of 
X. For Y x G F to be connected it is necessary and sufficient that G should act transi¬ 
tively on F, so that if T is the stabilizer of a point of F, then F can be identified with 
G/T; and then Yx G F can be identified with Y/T, and Y is a Galois C°-covering of 
Yx G F, whose automorphism group is isomorphic to the opposite of T. 


6. Let X be an arcwise-connected, locally arcwise-connected topological space. 

(a) Show that every arcwise-connected component of a C°-covering (Y, X, p) of X 
is a C°-covering of X. (Consider an arcwise-connected open neighborhood of a point 
of X, over which Y is trivializable.) 

(b) Let a e X, and let U be an arcwise-connected open neighborhood of a in X, such 
that the canonical image of 77! (U, a) in ^(X, a) consists only of the identity element. 
Show that every C°-covering of X is trivializable over U. (If (Y, X, p) is a C°-covering, 
consider a connected component of p -1 (U) and show that 77i(U, a) acts trivially on 
the fiber over a of this covering of U.) 

7. Let X be an arcwise-connected space, (Y, X, p) a connected C°-covering of X. Let 
X' be an arcwise-connected, locally arcwise-connected space and /: X' -> X a continu¬ 
ous mapping. Let a'eX', a—f'(a '), bep~ i (a). Show that /admits a continuous 
lifting g : X' -> Y such that g(a') — b if and only if the image of the homomorphism 
/* : 77! (X', a') -^77i(X, a) is contained in the image of the homomorphism 

P* : 6) -^tt^X, a). 

(With the notation of the proof of (16.28.8), apply (16.28.4(ii)) to Y'o .) 

8. (a) Let X be an arcwise-connected, locally arcwise-connected space, and let (Y, X, p), 
(Y', X, p') be two C°-coverings of X. If Y is arcwise-connected, show that for every 
X-morphism g : Y' -> Y, (Y', Y, g) is a covering. (If U is an arcwise-connected open 
subset of X such that Y and Y' are trivializable over U, let V be a connected component 
of p _1 (U), and consider p _1 (V).) 

(b) Suppose in addition that Y' is arcwise connected. Let aeX.be p~ l (a), b' ep'~ l (a). 
Show that there exists an X-morphism g: Y'->Y such that g(b') = b if and only if the 
image under pi of n^Y', b') in 77i(X, a) is contained in the image under p* of 7r 1 (Y / , b) 
in 77!(X, a); the X-morphism g is then unique. (Use Problem 7.) 

(c) Deduce that, for each a e 77 X (X, a) and b e p ~ 1 (a), there exists an X-automorphism 
of Y mapping b to b • <j if and only if a belongs to the normalizer in 77! (X, a) of the 
stabilizer of b (for the action of 77 XX, a) on the fiber over a). 

(d) Deduce from (c) that an arcwise-connected covering (Y, X, p) of X is Galois 
(Problem 2) is and only if, for some point b ep~ l (a), the image under p* of 7 Ti(Y, b) 
is a normal subgroup of 77j(X, a). 

9. In R 3 , let T be the union of the following sets: the segment with endpoints (0, —1, 1) 
and (0, 2, 1), the segment with endpoints (0, 2, 1) and (1,2, 0), the segment with end¬ 
points (1, 2, 0) and (1,0, 0), and the set of points (x, sin(7 t / x ). 0) for 0 < * <j 77. Let X 
be the projection of T on R 2 (identified with the plane z = 0), and let Y be the union 
of the sets T -f- ne 3 with ne Z. Show that X is arcwise-connected, that Y is a connected 
C°-covering of X whose arcwise-connected components are the sets T -f ne 3 , which are 
not C°-coverings of X; and that Y is not trivializable, although X is simply-connected. 



216 XVI DIFFERENTIAL MANIFOLDS 


10. Let B be a separable, metrizable, locally compact space, B' a topological space, and 
(X, B', 7 t) a C°-fibration whose fibers are differential manifolds. Let fg be two con¬ 
tinuous mappings of B into B' and let cp : B x I B' be a homotopy of/into g. Sup¬ 
pose that there exists a continuous lifting h : B X of /. Show that there then exists 
a continuous lifting «/r: B x I -► X of the homotopy <p. Moreover if, for some b 0 e B, 
cpibo , £) is independent of £ e I, then ip can be chosen so that ifj(b 0 , £) e X is indepen¬ 
dent of £ (homotopy lifting theorem : apply Section 16.26, Problem 6 and consider the 
inverse image cp*(X)). 


29. THE UNIVERSAL COVERING OF A DIFFERENTIAL MANIFOLD 

(16.29.1) Let X be a connected differential manifold. Then there exists a 
connected , simply-connected covering (Z, X,p) ofX . If(Y, X, n) is a connected 
covering ofX,ba point of Y, a — n(b ), and c a point of p~ 1 (a ), then there 
exists a unique X-morphism f:Z-+Y (16.12.1) such that f(c) = b , and (Z, Y,/) 
/s a covering of Y. In particular , z/Z' w u connected , simply-connected covering 
ofX , then there exists an X-isomorphism of Z Z'. 

We shall prove the second assertion first (the third will then follow imme¬ 
diately, by reason of (16.28.4)). The existence and uniqueness of the X- 
morphism / follow from the monodromy principle (16.28.8) applied to 
p: Z-*X and the covering Y. To show that (Z, Y,/) is a covering, let us 
first show that/is surjective. Let y e Y; because Y is connected, there exists a 
path : I Y from 6 to y. The path n o ft : I X from a to rc(y) then lifts to a 
path y : I Z from c to a point z e p~ l (n(y)) (16.28.2). It is clear that fo y is a 
path with origin b which lifts n o /?, hence is equal to ft, and therefore/(z) = y. 
Now consider a connected open neighborhood U of n(y) such that 7 r _1 (U) is 
the union of a sequence of pairwise disjoint open sets V„, the restriction % n 
of 7i to each V„ being a diffeomorphism of V„ onto U, and such that /T/U) is 
the union of a sequence of pairwise disjoint open sets W m , the restriction 
p m of p to each W m being a diffeomorphism of W w onto U. Suppose that 
y e V„ 0 ; if a point z' e W m is such that /(z) e V„ 0 , then /(WJ c V no because 
W m is connected; but the definition of/then shows that the restriction of/to 
W w can be written as 7T" 1 o p m , and is therefore a diffeomorphism of W m onto 
V no • This proves that (Z, Y, /) is a covering of Y. 

We shall now establish the existence of the covering (Z, X,p) with the 
properties stated, by the method of construction of (16.13.3). Consider 
a covering (U a ) of X formed of open sets homeomorphic to open balls in 
R n , and therefore simply-connected . For each index a, fix a point a a e U a ; for 
each x e U a , we shall denote by c a (x) the element of E fla x which is the class 
of all paths from a a to x which are contained in U a (by hypothesis, all these 
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paths are equivalent in x ). Let a 0 be one of the indices, and write a = a ao 
to simplify the notation. For each xeU a , the mapping uv->u * c a {x) is a 
bijection of Eonto E ax ; we shall denote this bijection by/^x). Given two 
indices a, and x e U a n , we put 

ffiaix) = (.//>(*))“ 1 °/.W : uh^ucaixXcpix)) -1 , 

which is a bijection of E Ut fla onto E at ttf} . The mapping xh-+ f pa (x) is constant on 
each connected component V of U a n U^; for if x, y are two points of V, 
there exists a path a e Cl x y contained in V, and if s is the class of this path in 
E xy , we have c a (y) = c a (x)s and c p {y) = c p (x)s , whence the assertion follows. 
Finally, the above definitions show that for any three indices a, /?, y , we have 

(16.29.1.1) f y JLx)=f yfi (x)of fia (x) for all xeU a nU^nU r 

Since the sets E fl> fla are denumerable, they may be considered as discrete 
differential manifolds. Apply the method of (16.13.3) to these manifolds, by 
defining mappings 

: (U, n U,) x E a> „ - (U a n U,) x E a , 

by the formula ^ a (x, u) = (x,f Pa (x)(u)). Since x f Pa (x) is locally constant, 
the mapping (x, u)h-+f Pa (x)(u) is of class C°°, and for each xe U a n we 
have seen that f Pa (x) is a bijection of E fl flac onto E a ap ; finally, it follows from 
(16.29.1.1) that the \f/ Pa satisfy the patching condition (16.13.1.1). We have 
therefore defined a covering (Z, X,/?) of X, and it remains to show that Z is 
connected and simply-connected. We shall apply (16.28.4) by showing that 
on the fiber p~'(a) = E fl>fl = 7Cj(X, tf), the fundamental group n 1 (X 9 a) acts by 
right multiplication (for the group structure of a)); this will complete the 
proof. 

Consider a path X : [0, 1] X with origin 2(0) — a. For each £ e [0, 1], let 
2,^ be the path [0, £] -> X obtained by restricting X to [0, £], and let be the 
class of 2 ? in E a A(?) . Let p be the lifting of X to Z with origin b , the canonical 
image in p^O-J^) of the point ( a , e a ) e U ao x E fl fl (16.28.2). We shall show 
that, for all £ e [0, 1] and all a such that X(£) e U a , the point p(£) is the canoni¬ 
cal image (16.13.3) in p^O-JJ of the point 

Notice first that if this is true for one index a such that 2(£) e U a , then it is 
true for all other indices such that 2(£) e . This follows from the definition 
of the transition diflfeomorphisms given earlier. Let A c [0, 1] be the set of 
points £ for which the property in question holds; clearly 0 e A, and it will 
suffice to show that A is both open and closed in [0, 1] (3.19.1). Let then 
£ g A; then there is a neighborhood V of £ in [0, 1] such that 2(V) c U a for 
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some index a; hence p(V) is contained in an open set W a cZ such that 
P | W a : W a -> U a is a diffeomorphism. Let rj be a point of A n V. We have to 
show that 

umr 1 ^') =UKn)Y\u n ) 

for all 6 V. Now if we suppose for example that > * 7 , then the relation 
Kin, £']) <= U a implies that c^Kn)Y l c*(K£)) is the class in E x(n)tMn of the 
path 1 1 restricted to [; r \, £']; but, by definition, is also the class of 

this path, and the assertion is proved. 

Suppose now that A is a loop with origin a. If u is its class in E a>fl = 
Tt\ (X, a ), then the point p(l) is the image in p~ l { U ao ) of (a,f X0 (aY l {u)); but 
c ao (*z) = by definition, hence p(l) is the image of (< a , w), and since u — e a -u, 
this completes the proof. 

The connected and simply-connected covering (Z, X, p ), defined up to 
X-isomorphism, is called the universal covering of X. 

(16.29.2) We remark that (Z, X, p) is a principal bundle with structure group 

7 ij(X, d) acting on the left: if q> a : U a x E at fla -» Z is the mapping defined in the 
above construction, then for v e ^(X, a ) and (x, «)eU a x we have 

y • (pfx, u) = <p a (x, y * «). 

(16.29.3) It is clear that if X is a real-analytic manifold (resp. a complex 
manifold), then the construction of (16.29.1) defines the universal covering 
space Z as a real-analytic manifold (resp. a complex manifold), p being an 
analytic (resp. holomorphic) mapping. 

Example 

(16.29.4) The Riemann surface Y of the logarithmic function (16.8.11) is a 
universal covering of C* — C — {0}. For since C* is isomorphic to U x R* 
(16.8.10), its fundamental group is isomorphic to Z (16.27.10), and it acts 
simply transitively on the fiber of the point z= 1, as we have seen in (16.12.4). 


PROBLEMS 

1. (a) Let X be an arcwise-connected, locally arcwise-connected topological space. Show 

that there exists a simply-connected arcwise-connected C°-covering space Y of X if and 
only if there exists a covering of X by arcwise-connected open sets U« such that the 
canonical homomorphism 7r 1 (U flt , a a ) 7r 1 (X, a a ) is trivial, for some a a e U«. (To show 

that the condition is necessary, consider a simply-connected C°-covering (Z, X, p) of X, 
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choose the XJ a such that Z is trivializable over U a , and consider the connected com¬ 
ponents ofTo show that the condition is sufficient, follow the existence proof 
in (16.29.1).) 

(b) If X satisfies the conditions of (a), show that every C°-covering space of a C°- 
covering space of X is a C°-covering space of X (reduce to connected covering spaces). 

(c) Suppose that X satisfies the conditions of (a), and let Y be the simply-connected 
covering space of X. Then Y is a Galois C°-covering space (Section 16.28, Problem 2) 
whose automorphism group G is isomorphic to the opposite of ^(X). Every connected 
C°-covering space of X is of the form Yx c F (Section 16.28, Problem 2). 

(d) Show that there exists a canonical one-one correspondence between the sub¬ 
groups of 7 r x (X) and the isomorphism classes of connected C°-coverings of X. A sub¬ 
group T of 7 r x (X) corresponds to a connected Galois C°-covering of X if and only if T 
is normal in 77 i(X), and the automorphism group of the covering is then isomorphic to 
the opposite of 77 !(X)/r (“Galois theory of coverings 1 ’). 


2. Let X be the union of the two circles | z — 1 1 2 — 1, | z -- 21 2 = 4 in C. Show that X 
admits a universal C°-covering space, and describe it explicitly. 

Let Y be the compact subspace of C which is the union of the circles | z — (l In) \ 2 ~ 

1 In 2 for all n 2 ; 1. Show that Y does not admit a universal C°-covering space (although 
Y is arcwise-connected and locally arcwise-connected). Describe the nontrivializable 
connected C°-coverings of Y. 

3. Let K be a Galois extension of degree n of the field C(X) of rational functions in one 
indeterminate with coefficients in C. There exists an element 0eK which generates K 
and is a root of an irreducible polynomial of degree n in Y: 

F(X, Y) = Y" + a x (X)Y "' 1 + • • • + a n (X\ 

where the Oj are polynomials in C[X]. Let A(X) be the discriminant of F (regarded as a 
polynomial in Y). 

(a) Let Zi ,..., z N be the zeros of A in C, and let U be the complement in C of the set 
{z x ,..., z N }. Let Z be the set of points (x, >>) e C 2 such that F(x, >>) = 0. Show that 
R = prr^U) nZisa connected n-sheeted covering of U. (Use Section 16.12, Problem 
2(f). To show that R is connected, consider a connected component of R and the 
elementary symmetric functions of the second projections of the points where this 
component meets prr’Cx) for * e U; then use the fact that F is irreducible.) 

(b) Let F be the Galois group of K over C(X). For each aeTwe have 

aid) h.jOQW, 

J=*0 

where the b atJ are rational functions in X. For each .* g U other than the poles of the 
b„ t j (a e F, 0 <Zj ^ n — 1) and each yeC such that (x, y ) e R, put 

u a {x,y)-= Yjba.jWy 1 . 

Show that the mappings u a extend by continuity to the whole of R (9.15.2) and that u„ 
is an automorphism of the covering R of U. The mapping a\~*u a is an isomorphism of 
F onto the group of automorphisms of R, and R is a Galois covering. 
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(c) Generalize the results of (a) by replacing K by an arbitrary finite algebraic exten¬ 
sion of C(X). (Embed L in a Galois extension K of C(X), use (b) above and Galois 
theory.) 

4. With the notation of Problem 3 (but not assuming K to be Galois over C(X)), suppose 
that BF/dX and dF/dY do not simultaneously vanish at any point of Z. Then there exists 
a unique structure of a complex manifold on Z which induces the complex-analytic 
structure of U. 

If F(X, Y) — Y 2 — X 2 + X 3 , show that F is irreducible over C(X) but that there 
exists no structure of differential manifold on Z compatible with the topology of Z as a 
subspace of C 2 . 

5. Let X be a metrizable, arcwise-connected, locally arcwise-connected space, Y a metriz- 
able space, p : Y-^X a continuous mapping. Suppose that for each x e X the subspace 
p~ l (x) of Y is discrete. 

(a) Suppose that, for each aeX, each path ft : I->X with origin a (where I = [0,1]) 
and each point b ep~ l (a ), there exists a unique path y : I -> Y with origin b such that 
ft = p ° y (cf. (16.28.2)). Show that for each aeX and each b <=p~ l (a), there exists 

8 > 0 with the following property: for each loop ft : I -> X with origin a , contained in 
the ball B(a; 8), the unique path y : I -► Y with origin b which lifts ft is a loop. (Argue 
by contradiction, and show that if the result is false there exist two sequences (A„), (p, n ) 
in [0, 1] such that A n < fi n < A n+JL and A„ -* 1, /x„ -* 1, and a loop ft : I -► X with origin 
a having the following properties: The restriction ft„ of ft to [A„, /x n ] is a loop with origin 
a and of diameter < 1 jn, and its lifting y„: [A„, yu n ] -> Y with origin b is not a loop. Then 
define ft on [ju,„, A„ +1 ] so that up to equivalence the restriction of ft to [/x n , A n+1 ] is the 
opposite of the loop ft n , and lift this loop to a path in Y with origin y n (/x w ) and endpoint 
b.) 

(b) Deduce from (a) that, under the same hypotheses, every continuous mapping 

9 :1 x 1 X such that <p(0, 0) = a lifts uniquely to a continuous mapping ^:lxI-^Y 
such that if/( 0,0) = b. (First lift the path tv- Mp(0, t) to a path y : /h-»y(f) such that 
y( 0 ) *= b; then lift each path sh+cpis, t) to a path with origin y(/); we have to prove 
that the function if ;: 1 x I -> Y so defined is continuous at each point (so, ^o)- By virtue 
of (a), there exists a > 0 such that, for each loop in I x I with origin (^ , t 0 ) (where 

e [ 0 , 1 ]) and diameter :ga, the image under cp of this loop lifts to a loop with origin 
ip(si , t 0 ) in Y. Prove that if/ is continuous at each point ( s , ? 0 ) such that 


%kot ^ s ^ §(k + l)a 


by induction on k , arguing by contradiction.) 

(c) Suppose that X, Y, p satisfy the hypotheses of (a) and also that X admits a simply- 
connected arcwise-connected C°-covering space (Problem 1). Show that (Y, X,p) is a 
covering of X. (Using the result of (b), show that for each of the open sets U a defined in 
Problem 1 (a), and for each point of /? _ 1 (U a ), there exists a unique continuous section 
of/^HU*) passing through this point.) 


6 . Let X be a simply-connected, arcwise-connected topological space, and let Y be an 
arcwise-connected, locally arcwise-connected space which admits a simply-connected, 
arcwise-connected C°-covering Y (Problem 1). Suppose that there exists a surjective 
continuous mapping/: X-> Y such that for each ye Y the fiber f~ l (y ) is connected. 
Show that Y is simply-connected. (Lift / to a continuous mapping of X into ¥.) 
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30. COVERING SPACES OF A LIE GROUP 

(16.30.1) Let G be a connected Lie group and Jet m : (x, y) i—► xy be the 
C°°-mapping of G x G into G which defines its group structure. Let 
(Z, G,p) be a universal covering (16.29.1) of the manifold underlying G, and 
let e be a point of p~ l (e ). We shall show that there exists on Z a unique Lie 
group structure such that e is the identity element and p : Z -> G a group 
homomorphism. The space Z x Z is connected (3.20.16) and simply-connected 
(16.27.10). Consider the composite mapping 

_ __ D X n _ tn _ 

Z X Z-4G X G—►G; 

by virtue of the monodromy principle (16.28.8) this C°°-mapping lifts 
uniquely to a C°°-mapping m : Z x Z Z such that m(e, e) = e. We have 
to show that m defines on Z a group structure, which by construction 
will be the unique group structure for which p is a homomorphism. First 
of all, the multiplication fh on Z is associative, for the two mappings 
( x , y, z) y), z) and ( x , y, z) i—► m(x, m{y , z)) of Z x Z x Z into 

Z are both liftings of the same mapping (x, y, z)\-^p(x)p(y)p(z) and are equal 
at the point ( e , e, c); hence they coincide because Z x Z x Z is simply- 
connected (16.27.10). Secondly, e is a neutral element for m, because the 
mappings xt-*m(x, e), xi ~^m(e, x) and the identity mapping of Z are three 
liftings of the same mapping xi— >p(x) which take the same value at the point 
e, and therefore coincide for the same reason as before. Finally, to prove 
the existence of inverses, consider the C°°-mapping xf -+{p(x))~ l of Z into G, 
which lifts to a C°°-mapping i : Z Z such that i(e ) = e. The three mappings 
xi— >m(x, i(x)), xh->/n(i(x ), x), and xi—>e are liftings of the constant mapping 
xne which take the same value at the point e, and therefore once again they 
coincide. 

The manifold Z, endowed with the Lie group structure just defined, is 
called the universal covering group of G and is denoted by G. From now on we 
shall write xy in place of m(x, y) (x, y e G). 

(16.30.2) Let x, y e G, and let 1 1 —► y(t) be a path in G, defined on the interval 
I = [0, 1], with origin e and endpoint y. Then th->xy(t) is a path in G from x 
to xy and is the unique lifting with origin x of the path t h-► p(x)p(y(t)) in G. In 
particular, suppose that x and y belong to the kernel p~ 1 (e) of the homomor¬ 
phism p. Then the remark above shows that xy is equal to x * u y , where u y 
is the class in tt^G, e) of all the loops with origin e which lift to a path from 
e to y (16.28.2). If z is another point of p~ x (e) we have xyz = x-u y2 ~ 
x • (u y u z ) by (16.28.2.1); hence u yz = u y u z . This proves that y\~>u y is an 
isomorphism of the discrete group ^(G, e) onto the discrete subgroup p~ l (e) of 
G. Furthermore: 
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(16.30.2.1) The subgroup p 1 (e) of G is contained in the center of G. 

For p~ l (e) is a normal subgroup of G, and the assertion therefore is a 
particular case of the following general lemma: 

(16.30.2.2) In a connected topological group H, every discrete normal sub¬ 
group D is contained in the center of H. 

For each deD, the mapping x\-*xdx~ 1 of H into D is continuous and 
therefore constant (3.19.7); hence its value is ede~ l = d. Consequently 
xd = dx for all jeeH. 

From (16.30.2.1) it follows that the fundamental group n t (G) of a Lie 
group G is commutative . 

It follows also that G is isomorphic to G/p - 1 (e) (16.10.8). Conversely, 
if L is a connected, simply-connected Lie group, and N is a discrete normal 
subgroup of L (hence contained in the center of L), then L is a universal 
covering group of L/N (16.14.2). 

(16.30.3) Let G be a simply-connected Lie group , G' a connected Lie group , 
G' the universal covering group of G', and p : G' -> G' the canonical projection. 
Then for each Lie group homomorphism f: G-> G', there exists a unique Lie 
group homomorphism g : G -> G' such that f = p ° g. 

The existence and uniqueness of a C 00 -mapping g : G -> G' such that 
/ = P °g and g(e) = e! (where e, e' are the identity elements of G and G', 
respectively) follows from the monodromy principle (16.28.8). To show that g 
is a homomorphism, consider the two mappings (x, y)\~*g(x)g(y) and 
(x, y) y ~*g( x y) of G x G into G\ Since 

p(g(x)g(y)) =f(x)f(y) =f(*y) = p(g(xy)), 

both these mappings are liftings of (x, y)^f(xy) and take the same value at 
the point (e, e); hence they are equal (16.28.1). 

(16.30.4) Consider now an arbitrary connected covering space (Z t , G, pf 
of a connected Lie group G, and let e x be a point of the fiber p\ x {e). We shall 
show that there exists a unique structure of Lie group on Z x for which e t is the 
identity element and is a homomorphism. Let q be the unique G-morphism 
of G onto Z x such that q(e) — e t (16.29.1), which makes (G, Z l9 q) a covering 
of Z x . We shall show that the multiplication m t on Z x is defined as follows: 
if = q{x) and y t = q(y), then ^i(x l5 y t ) = q(xy). To show that m l is well- 
defined we must show that if q(x) = q(x')> then q(xy) = q(x'y) and q(yx) = 
q(yx'). For this, consider the two mappings zv-*q(xz) and z\-+q(x'z); they are 
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liftings to Z x of the same mapping of G into G, because p x (q(xz )) = p(xz) = 
p(x)p(z) and p x (q(x'z)) = p(x f z ) = p(x')p(z ), and p(x) — p(x') because q(x) = 
q(x'); also, for z = e we have q(xe) = q(x'e), and therefore q(xy) = q(x'y) for 
all y e G by virtue of (16.28.8). The proof that q(yx) = q(yx') is similar. It 
follows that m x is well-defined and therefore defines a group structure on Z x 
such that q is a homomorphism. Furthermore, because q is a local diffeomor- 
phism, it follows immediately that m x is of class C 00 , and that the inverse 
mapping x x ^x x x is also of class C 00 . 

It is clear that p x : Z x -> G is a homomorphism for the group structure 
just defined on Z x , and this group structure is the unique Lie group structure 
with this property, for which e x is the identity element. For if x x , y x e Z x and 
if a, ft are paths in Z Xi defined on [0, 1], with origin e x and endpoints, res¬ 
pectively, x x and y x , then the hypothesis that p x is a homomorphism implies 
that the path t\-+a(t)/}(t) is a lifting to Z x of the path t\-~yp x (oc(t))p x (p(t)) in G, 
and this lifting has origin e l9 and hence is uniquely determined (16.28.1). 

Since q is surjective, the kernel p x x (e) is equal to q(p~ 1 (e)). Hence, bearing 
in mind (16.14.2), we see that we obtain (up to isomorphism) all the coverings 
(G 1? G,p x ), where G x is a connected Lie group and p x a homomorphism, by 
taking the quotient group G/D, where D is a subgroup of p~ 1 (e) i and p x l (e) 
is isomorphic to p~ 1 (e)/D (and hence isomorphic to a quotient of tt^G)). 

(16.30.5) Let G be a connected Lie group and H a Lie subgroup of G such 
that G/H is simply-connected. Then H is connected and ^(G) is isomorphic 
to a quotient of ^(H). 

Let H 0 be the identity component of H, so that H/H 0 is discrete (12.11.2). 
It follows from (16.14.9) that G/H 0 is then a covering space of G/H; since it is 
connected (3.19.7) and G/H is simply-connected, it follows that G/H 0 is 
canonically diflfeomorphic to G/H (16.28.4), hence H = H 0 and H is connected. 

Consider now the universal covering (G, G, p) of G, and the covering 
H = ^(H) induced by G (16.12.8). Since G = Q/p~ l (e) and H = fl/p" 1 ^) 
it follows, by (16.14.9) applied to the groups G^Hd j that G/H is 
diffeomorphic to G/H; consequently G/H is simply-connected, and since G 
is connected, it follows from the first part of the proof that H is connected; 
but then it follows from (16.30.4) that n x (G, e) = p~ 1 (e) is isomorphic to a 
quotient of ^(H). 

Examples 


(16.30.6) By (16.11.5) and (16.27.8), the spaces SO (n + l)/SO(«) are simply- 
connected for n*z 2; SU(n 4* l)/SU(n) for n ^ 1; and U (n + 1, H)/U(«, H) 
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for n^O. Since SU(1) = U(0, H) = {e}, it follows from (16.30.5) that the Lie 
groups SU (n) and U (n, H) are simply-connected for all n ^ 0. Since each 
matrix X e U(«, C) can be written uniquely in the form 

det(Z) 

1 

0 

where Y e SU (n), the manifold U(«, C) is diffeomorphic to the product 
S x x SU(«), hence TqfUfo C)) = Z for n ^ 1 ((16.27.9) and (16.27.10)). 

As to the groups SO(«), observe that the mapping p which associates 
to each quaternion z of norm 1 the rotation u z : xv-*zxz~ l in R 3 (identified 
with the space of pure quaternions) is a surjective homomorphism of the Lie 
group U(l, H) (the multiplicative group of quaternions of norm 1) onto 
SO(3), with kernel {-1, +1}. Hence ((16.9.9 (iv)) and (16.14.2)) U(1,H) 
is a two-sheeted covering of the group SO(3). Since U(l, H) is simply-connec¬ 
ted, we have 7i 1 (SO(3)) = Z/2Z. From the remarks above and from (16.30.5), 
it follows that 7c 1 (SO(n)) for n > 3 is either Z/2Z or trivial. (We shall see 
later (Chapter XXI) that it is in fact equal to Z/2Z; cf. Problem 10.) Recall 
finally that SO(2) is isomorphic to the multiplicative group U = U(l, C) of 
complex members of absolute value 1, and therefore ^(80(2)) == Z (16.27.9). 

(16.30.7) Let G, G' be two Lie groups such that G is connected and simply- 
connected. Then every local homomorphism (resp. C 00 local homomorphism) 
h from G to G' which is defined on a connected open neighborhood U of e has a 
unique extension to a homomorphism of topological groups (resp. of Lie groups) 
of G into G'. 

Let V be a symmetric connected open neighborhood of e such that 
V 2 c U. Then every xeG can be written as a product x x x 2 * * • x n with 
x t - e Y (1 ^ i ^ n) (12.8). If E is a homomorphism of G into G' which extends 
/z, then we have E(x) = h(x 1 )h(x 2 ) * * * h(x n ), so that E is unique. To prove the 
existence of E , we observe first that if we can establish the existence of a 
homomorphism of abstract groups which extends h , then this homomorphism 
will automatically be continuous (12.8.4) (resp. of class C 00 (16.9.7)). We shall 
first prove the following lemma: 

(16.30.7.1) If x l9 ..., x n e V are such that x x x 2 • • • x n = e, then 




h(x x )h{x 2 ) * • • h(x n ) = e'. 
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Put y 0 = e , yj = yj-iXj for 1 Sj S n , so that = e . Since j; y 6 for 
1 ^ j S n, there exists a path 



from yj_ t to y s . The path y : I = [0, 1] -+ G, obtained by juxtaposing the y j9 
is therefore a loop with origin e. By hypothesis there exists a homotopy 
<p:IxI-»Gofy into the constant loop I -> {e}, leaving the point e fixed. 
Let d be a left-invariant distance defining the topology of G (12.9.1) and let 
8 > 0 be a number such that the relation d{e , z) ^ £ implies z e V; next let 
<5 > 0 be sufficiently small that the relations 1 1 — f | g <5 and | f — £' | g 5 
imply that J(<p(t, £), O) ^ e (3.16.5). We can always reduce to the case 
where l/n <; <5. For put tj = j/n , so that y(^) = (0 gy <; ri), and let *i,..., t' m 

be points of the interval [tj- u tj\ such that 1 1[ — tj^ x | g <5, | tj - t' m | g <5, and 
14+i — 41 = <5 for 1 ^ k rg m — 1. If we put z fc = y(^), then z k eyj V for 
1 Sk and z k+i e z k V. Hence, by induction on k , we conclude that 

'ziMzi ^2) ‘"' Hzk-\zk) = h(yj *z*) 
by virtue of the hypothesis on h, and consequently 

*0'7 lz l) ft ( Z r 1 Z2) KZm-lZmMZm'yj+l) = KyJ^j+l) = &(*,•+1)- 

Hence the product h(x 1 )h(x 2 ) • * * / 2 OO is not changed by replacing the 
sequence x j5 by x,,x,, >7‘ z i’ z 7 ‘ z 2 , • • •, z 7\yj+i > x J+2 ,...,x n , 

which proves our assertion. 

This being so, put <p(tj , t k ) = ^, so that = yj and = £ for all j. It 
is enough to prove that 

Hyokyik)h(yik l y2k) *■* Hy n ~i,kynk) ~ h(y 0 \ +l y l k +i) h(yn-i,k+iy n> k+i) 
for all k. This will follow by induction on j from the relation 

(*y) h(joX +1 y uk+i ) ■■■ KyjJ l>k+i y hk+1 ) 

= Hyok'yik) ■ ■ ■ KyjJ uk y jk )h(yJ k 1 y jtk+1 ) 
since y nk = e. Now, to prove (*j) by induction, it suffices to prove that 

KyJ, U\yj+ 1, *+1) = (KyJk'yj, k+ i ))~ 1 h(yjk l yj+ i,k)HyJ+\,k y,+i,*+1); 

but we have yj_l + 1 y J+1 , k+1 e V and yj k ' y jA+1 e V; hence yj k y j+x ,* +1 e U, 
which shows that h(yj k l yj, k+1 )h(yj t l +1 y j+ltk+1 ) = h{y jk x y j+Uk ^i)- Simi¬ 
larly h(yJ k 1 y j+uk )h(yy^ hk y J+ltk+1 ) = hiyj,, 1 y J+uk+l ). This completes the 
proof of (16.30.7.1). 
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Now each x e G can be expressed in at least one way as a product 
x 1 x 2 ■■■ x„, with Xj e V for each j. If also x = x\x' 2 ■ ■ • x' m with ^eV for each 
k, then the relation x x ■■■x„x' m ~ 1 ■■■x' 1 ~ l = e implies, by (16.30.7.1), that 
h(x 1 )h(x 2 ) ■ ■ ■ h(x„) = h(x\)h{x 2 ) ■ ■ ■ h(x' m ). We may therefore define h(x) 
to be h(x x )h(x 2 ) • • • h(x„), since this product depends only on x. If y = 
y t y p is another element of G, with y t e V for 1 ^ i ^p, then we have 
xy = Xj • • • x n y x ■ ■ ■ y p , so that 

h{xy) = h(x t ) ■ ■ ■ h{x^h(y 2 ) • • • h(y p ) = h(x)Ry) 

and therefore h is a homomorphism. It remains to show that E(x) = h(x) for 
x e U. To do this, join x to e by a path a : I -> U, then take a sequence of 
points e = z 0 ,z t , z„^ lt z„ = x in a(l) such that zr_\z t 6 V for 1 ^i^n. 
Since z t e U for all i, we have h(z 1 )h(z~ 1 l z 2 ) • ■ • h(zf_\ z t ) = h(z t ) by induction 
on i, and hence h(x) = h(x) as required. 


PROBLEMS 


1. Let X be a topological space on which is defined a law of composition (*, y) i-» * * y, 
which is a continuous mapping of X x X into X. If yi : I X, y 2 :1 X (where 
I = [ 0 , 1 ]) are two paths, let y x * y 2 denote the path t^y^t) * y 2 (t). 

(a) Show that if yi is homotopic to y L (resp. y 2 homotopic to y 2 ) under a homotopy 
which keeps fixed the endpoints of the paths, then yi * y 2 (resp. y x * yD is homotopic 
to yi * y 2 by a homotopy which keeps fixed the endpoints of the paths. 

(b) For each a eX and each path y in X, let a * y (resp. y * a) denote the path 
tv->a * y(t) (resp. tv-* y(t) * a). Let e , a , b be three elements of X such that e * e = e, 
y x e fl , y 2 e b . Show that y x * y 2 is homotopic to each of (y x * e)(a * y 2 ) 
and (e * y 2 )(y x * b). (Use (16.27.1).) 

(c) Suppose in addition that the two mappings x\-+x * e and x\—>e * x of X into 
itself are homotopic to l x (16.26.1). Deduce from (b) that the group rr x (X, e) is com¬ 
mutative. Consider the case in which X is a topological group. 

2. With the same hypotheses on X as in Problem 1(c), let (Y, X,p) be an arcwise-con- 
nected covering of X, and let e' e p~ 1 (e). 

(a) Let yi, y 2 be two paths in X with origin e and the same endpoint. Suppose that 
these paths lift to two paths y \, yi in Y with origin e' and the same endpoint. Show 
that, for each path a in X with origin e , the paths y x * ot and y 2 * a (resp. oc* y x and 
a * y 2 ) lift to two paths in Y' with origin e' and the same endpoint. (Argue as in 
Section 16.27, Problem 4.) 

(b) Suppose in addition that X is locally arcwise-connected. Show that there exists 
a unique continuous law of composition (x' y')v-*x' * / on Y such that p(x' * y') = 
p(x') * p(y') and e* * e' = e'. In particular, if the law of composition on X makes X a 
topological group, then the law of composition on Y makes Y a topological group. 
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If we identify p~\e) with a quotient of 7 r/X, e) by means of the action of 7 r/X, e) 
on p~ l {e) y then p~ x (e) becomes a subgroup of Y contained in the center of Y. Further¬ 
more, Y is then a Galois covering space of X, whose automorphism group G may be 
identified with the opposite of the kernel of the homomorphism p : Y -* X. If X satisfies 
the condition of Section 16.29, Problem 1, we may take Y to be the universal covering 
of X, and p~ 1 (e) is then isomorphic to e). 


3. Let I be the interval [0, 1] of R, let X be a separable metrizable topological space, and 
let a be a point of X. For each n 0, let ^(X, a) denote the subspace of ^xCl") 
(16.27.4.1) consisting of the continuous mappings of I" into X which are equal to a 
on the frontier C n ~i of I" in R n . (For n — 0, we define 1° = {0}, and then ^ 0 (X, a) is 
canonically identified with X.) We have ^i(X, a) = a in the notation of (16.27). 

(a) For n 1, let a n denote the constant mapping I" -»{a}. For each /e ^(X, a\ let 
/e^ 2, 1 (^ zl n _ 1 (X, a ), a n - x )be the mapping defined by/(/)(x 2 , • •., x n ) = /(/, x 2i -..,x n ) 
for (r, x 2 ,. • •, x n ) e I”. Show that /h-*/ is a homeomorphism of the space ^„(X, a) onto 
^i(^_i(X, a), <z„_i). Let7r„(X, a) denote the fundamental group 771 (^^(X, a ), ^„_i), 
which corresponds canonically to the set of arcwise-connected components of ^„(X, a). 
For n — 1, the identification of ^o(X, a) with X identifies 7r x (X, a) with the funda¬ 
mental group of X, which justifies the notation. The group rr n (X, a) is called the nth 
homotopy group of X at the point a. 

(b) Show that the elements of 7 r„(X, a) may be identified with the homotopy classes 
of continuous mappings of S„ into X which map e x to a (for homotopies leaving the 
point e x fixed). 

(c) Show that if n 2, the group 7r„(X, a) is commutative. (Use Problem 1 above and 
Section 16.27, Problem 2(c).) 

(d) Let y : I -> X be a path in X from a to 6, and let fe ^„(X, a). Show that there 
exists a continuous mapping g : I" x I -> X such that, if we put f t {x x ,..., x n ) = 
g{xi ,..., x „, /), then f 0 = / and /, e ^(X, y{t)) for all / el. (Use Section 16.26, 
Problem 3(c).) Moreover, the class of fi in 7r n (X, b) depends only on the class of /in 
7 r n (X, a) and the class of y in Q a , b (same method). Deduce that 7 r„(X, a) and 7 r n (X, b) 
are isomorphic groups. When X is arcwise-connected, we denote by 7r n (X) any of the 
groups 7 r„(X, a). 

Show that 7 r„(X) = {0} if X is contractible. Show also that if X and Y have the 
same homotopy type (Section 16.26, Problem 2) and are arcwise-connected, then 
7 r„(X) and 7r n (Y) are isomorphic. 


4. With the notation and hypotheses of Problem 3, let A be a closed subset of X con¬ 
taining the point a . Let K„_! be the complement in C„-i of the set of points 
(*!,..., *„_!, 0) such that \xj\ <1 for 1 <^j n — 1. Let J2„ (X, A, a) denote the set 
of continuous mappings/: I” -> X such that/(C rt _!) <= A and/(K„_i) = { a }, considered 
as a subspace of ^x(I")- 

(a) Suppose that n ^ 2. For each fe ^„(X, A, a ), let fe ^iC2„-i(X, A, a ), a n „ x ) be 
the mapping defined by f(t){x % , ..., x„) =/(/, x 2 ,..., x n ). Show that/h->/is a homeo¬ 
morphism of the space &„(X, A, a) onto the space A, a), a n ~i). Let 

7 T n (X, A, a) denote the fundamental group A, a ), a „- x ); it is called the nth 

homotopy group ofX modulo A at the point a. We have 7r„(X, {< 2 }, a ) = 7 r n (X, a). 
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(b) Show that for n ^ 3, the group 7 r n (X, A, a) is isomorphic to 
7 r 2 (^ n - 2 (X, A, a\a n „ 2 ) 


and hence is commutative . 

(c) Let 77 ! (X, A, a) denote the set of arcwise-connected components of the space 
M x (X, A, a) (consisting of the paths in X with both origin and endpoint in A). Define 
a canonical bijection of 77 „(X, A, a) onto 77 i(^ n _i(X, a), & n -x (A, a ), <a n _i). (Remark 
that ^„(X, A, a) is canonically homeomorphic to ^ 1(^-1 (X, a), ^ z ’ n _ 1 (A, a ), <z„_i.) 

5. (a) Let X, Y be two separable metrizable spaces, A (resp. B) a closed subset of 
X (resp. Y), a (resp. b) a point of A (resp. B). For each continuous mapping/: X-> Y 
such that /(A) <= B and/(a) = b, define canonically a mapping 

/*:t r„(X, A, a) ->7r n (Y, B, 6 ). 

If n 2, or if n = 1 and A — {«}, B = {/>}, the mapping /* is a group homomorphism. 

(b) Deduce from (a) that if /: X -*■ X is the identity mapping and j : A X the 
canonical injection, then there exist corresponding canonical mappings 

4 *. 7 r„(X, a) -> 7 x n (X, A, a) for all w > 1 , 7 * : 7 r„(A, < 2 ) 77 „(X, a) for all n ^ 0 

(where 7 r 0 (X, a) denotes the set of arcwise-connected components of X). Define also 
a canonical mapping of -0 n (X, A, a) into ^ n _i(A, a) (for n^> 1 ) by restricting 
/e ^„(X, A, <z) to I "" 1 (the set of points (jci ,..., x n ) e I" with x n = 0). Show that 
this mapping induces canonically a mapping d : 77 „(X, A, a) -+ 7 t m _i(A, d), which is a 
homomorphism for w i> 2 . 

(c) Show that the mappings defined in (b) form an exact sequence 

77 0 (X, a ) «- 77o(A, a) 77 !(X, A, a) 77 !(X, tf) 4- 77 i(A, tf) 

J* O ** J* 

<- 4 — 77 „(X, a) <— 77 n (A, tf) 77 n + i(X, A, d) 4 - ' * * 

l* J * 0 J* 

(the homotopy exact sequence): For the first three mappings, this means that the image 
of d in 7 t 0 (A, a) is the inverse image under 7 * of the arcwise-connected component of 
a in X, and that the image of 4 in 77 j(X, A, a) is the inverse image under d of the arc¬ 
wise-connected component of a in A. (Using Problem 4(c), reduce to proving exactness 
for the first four mappings.) 

6 . Let B be a separable, metrizable, locally compact space, and (X, B, p) a Calibration 
whose fibers are differential manifolds. 

(a) Let b e B. Since p(X b ) = {/>}, we have a mapping p* : 7 r„(X, X b , a) -► 7 r n (B, b) for 
a eX b (Problem 5(a)). Show that p* is a bijection. (Use the homotopy lifting theorem; 
cf. Section 16.28, Problem 10.) 

(b) Deduce from (a) and from Problem 5(c) the homotopy exact sequence of fiber 
bundles 


0 ■«- 77 o(B, b) 77 0 (X, a) 7To(X b , d) TT^B, &)«-••• 

77 n (B, b) 77 n (X, a)*-7T n (X b , ^)-e~77 n + i(B, b) - - 


7. Let X be a connected differential manifold, (Y, X, p) a connected covering of X. Show 
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that for n ^ 2, the groups i r„(X) and tt„(Y) are isomorphic. (Use the exact homotopy 
sequence.) In particular, 7 r„(Sx) = {0} for n ^ 2. 

8 . Let G be a connected Lie group, H a connected closed Lie subgroup of G. Show that 
ttxCG/H) is commutative. (Use the exact homotopy sequence.) 

9. (a) Let be a continuous mapping, where m<n , such that /(e 1 ) = e 1 . 

Show that/is homotopic to a C^-mapping g : S m -»-S„ such that ^(e x ) = e x , under a 
homotopy leaving e x fixed. (Argue as in (16.27.8).) Deduce that 7r m (S n ) = {0} for 
m<n. 

(b) Identify S n _ x with the intersection of S n and the hyperplane £ n+1 = 0, and suppose 
that n^>2. Show that every continuous mapping /: S„-^S„ such that /(e 1 ) = e 1 is 
homotopic to a C°°-mapping g : S„->S„ such that g(e t ) = e x and such that g(S n ^ x ) 
contains neither of the points ±e a+l9 under a homotopy leaving e A fixed. (Same 
method.) Deduce that (for n2> 2) the group 7T n (S n ) is isomorphic to 7r„„ 1 (S n _i) and 
hence to Z. (Observe that if D + (resp. D_) is the hemisphere of S„ defined by £ tt+1 ^ 0 
(resp. £ n+1 ^ 0), then 7r„(D+, S„_i, e x ) (resp. 7r„(D_ , S„_i, e x )) is canonically iso¬ 
morphic to 7r„_ 1 (S n -i, ej), by means of the homotopy exact sequence.) 

(c) If #i^2, show that the group 7 r„(S 3 ) is canonically isomorphic to 7 r M (S 2 ). (Use 
Problem 7 and the Hopf fibration of S 3 (16.14.10).) In particular, 77 3 (S 2 ) is isomorphic 
to Z. 

(d) If 2 ^ n and k <n — p , show that the &th homotopy group 77 *(S n , p ) of the 

Stiefel manifold S„, p is zero. (Use the fibration of S„, p defined in (16.14.10), and (a) 
above.) 

10. Show that, for n 4, is isomorphic to 7 r 1 (SO(« — 1)) (and hence isomorphic 

to Z/2Z). (Apply the exact homotopy sequence to the principal bundle SO(«) with 
structure group SO (n — 1), and use Problem 9(a).) 

11. (a) Let G be a simply-connected Lie group, H a connected Lie subgroup of G. Show 
that the homogeneous space G/H is simply-connected (cf. Section 16.29, Problem 6 ). 
(b) Let G be a connected Lie group, G its universal covering group, p : G G the 
canonical projection. For each connected Lie subgroup H of G, let A —p~ 1 ( H) and 
let fi 0 be the identity component of fl. Then there exists a unique C°°-mapping/of 
G/fi 0 onto G/H such that the diagram 


G/fio — - > G/H 

is commutative, where the vertical arrows are the canonical mappings. Show that 
(G/fio, G/H,/) is a universal covering of the manifold G/H, and that ^(G/H) is 
isomorphic to fi/fi 0 . 



CHAPTER XVII 


DIFFERENTIAL CALCULUS ON A DIFFERENTIAL 
MANIFOLD: I. DISTRIBUTIONS AND DIFFERENTIAL 
OPERATORS 


The previous chapter has provided us with the necessary algebraic and 
topological foundations for analysis on differential manifolds, which is our 
goal. The task now is to generalize to the context of differential manifolds the 
classical notions of differential calculus: derivatives, partial derivatives, dif¬ 
ferential equations, and partial differential equations. This is neither obvious 
nor simple, since we no longer have at our disposal the underlying vector 
space structure which served to define the notion of the derivative of a map¬ 
ping of an open subset Q of R n into R m . If we bear in mind the definition of 
differential manifolds by means of charts, we can of course seek by these 
means to bring everything back to the classical definitions; but it is essential 
to verify that in this way we obtain notions which are intrinsic to the differen¬ 
tial manifold, that is to say, which do not depend on the choice of charts. 
Now, once we have acquired the notion of the tangent vector space at a point 
to a manifold (16.5), the only “infinitesimal” notion which intuitively appears 
to be intrinsic is that of the tangent linear mapping (16.5.3) and, for real¬ 
valued functions on a manifold, the notion of the differential (16.5.7) which is 
essentially a particular case of the previous notion. A generalization of the 
notion of a “partial derivative” appears to be more problematical, because 
in R" this notion is tied to the choice of a particular basis of this vector space. 
However, if we observe that, for a mapping/of QcR" into R m , the partial 
derivative V>jf{x) (1 ^j<,ri) is just the value D f(x) • e,. of the total derivative 
D/(x) at the particular vector e^., we are naturally led to define the “derivative 
of a real-valued function/in the direction of a tangent vector h x at the point 
x” to be the value 6 hx •/ = < df(x ), h x > of the differential df(x) = d x f at the 
point x, for the vector h x .f From here we pass to the generalization of the 

t Some authors define tangent vectors at a point by identifying them with these opera¬ 
tors. We have preferred to give a more “ geometrical ” definition, which remains close to 
intuition and distinguishes carefully this intuitive aspect from the operator aspect. 


230 



DISTRIBUTIONS AND DIFFERENTIAL OPERATORS 231 


partial derivative, not any more at a point, but as a function of the point, by 
taking for each point x a tangent vector h x depending on x, that is to say a 
vector field X on the manifold (16.15.4); the function xh~>(6 x ’f)(x) = 6 X(x) •/ 
is then the generalization of the notion of a first-order partial derivative. 

The difficulties appear to be much more serious when it comes to the 
generalization of higher-order partial derivatives, where our “geometrical” 
intuition leads us badly astray. We arrive in fact at the right definition by an 
unexpected detour: a linear combination /h+ £ c a D a f(x) of partial deriv- 

{oe| 

atives of order ^mata point xeQcR" can be characterized as a linear form 
on the vector space of m times continuously differentiable functions on D, 
having the following two properties: (i) it takes the same value for two func¬ 
tions which are equal in some neighborhood of x (in other words, it is a 
“local” operator); (ii) it is continuous for a topology in which two functions 
are “close” to each other if all their partial derivatives of order are close 
to each other in the sense of the topology of uniform convergence on compact 
sets (defined in (12.14.6)). It is clear that we cannot define partial derivatives 
(for a function onQcR") in this way without running a vicious circle; but 
it is perfectly possible to transport this definition to a differential manifold M 
by means of a chart: for it can be verified that, although the partial derivatives 
of the local expression (16.3) of a function defined in a neighborhood of a 
point xeM depend on the choice of chart, nevertheless the notion of an “m 
times continuously differentiable function” and the topology envisaged above 
do not depend on the particular chart chosen (17.2). 

The notion at which we arrive in this way is that of a point-distribution , 
which is a particular case of the notions of distribution and current on a dif¬ 
ferential manifold. These notions, which embrace simultaneously the two 
basic concepts of infinitesimal calculus—derivative at a point, and integral— 
have become fundamental in contemporary analysis, and we therefore begin 
this chapter with an elementary account of them (Sections 17.3-17.12). In 
this account we have emphasized the “operator” aspect of distributions, much 
more than the “generalized function” aspect which some authors put in the 
foreground. The latter aspect in fact acquires a meaning only when one has 
available a privileged measure (17.5.3) on the manifold under consideration, 
and to give it the leading place obscures the fundamental role played by dis¬ 
tributions in the theory of linear functional equations (Chapter XXIII). For 
distributions on a Lie group, the group structure is reflected by the opera¬ 
tion of convolution of distributions (17.11), which generalizes convolution of 
measures (14.5). The fundamental importance of this operation will appear 
clearly only when we come to Fourier analysis (Chapter XXII), but already 
in this chapter its utilization for the regularization of distributions renders it 
very valuable. Furthermore, convolution of point-distributions lies at the 
base of the infinitesimal study of Lie groups (Chapter XIX). 
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Just as the notion of a vector field generalizes that of first-order partial 
differentiation, so the notion which generalizes partial differentiation of arbi¬ 
trary order is that of a field of point-distributions (which transforms real¬ 
valued functions into real-valued functions). However, this notion is not 
general enough for all applications, because it is necessary to be able to “dif¬ 
ferentiate” not only real-valued functions but also vector-valued functions, 
and more generally (in conformity with the very nature of differential mani¬ 
folds) functions which, at each point x of a manifold M, take their values in a 
vector space depending on x —in other words, sections of a vector bundle E 
over M. Guided by the notion of a point-distribution, we arrive thus at the 
general notion of a differential operator on a vector bundle E, which transforms 
(differentiable) sections of E into sections of another vector bundle F (which 
may or may not be the same as E) over M (17.13). It is this notion which will 
enable us to define intrinsically the concept of a linear partial differential equa¬ 
tion on a manifold (Chapter XXIII). The rest of the chapter is devoted to the 
study of certain first-order differential operators which are essential for the 
following chapters. 

The fundamental property of symmetry of the (total) second derivative 
(8.12.2) is reflected, in analysis on manifolds, by the existence of two first- 
order differential operators which depend only on the structure of the dif¬ 
ferential manifold: exterior differentiation of differential forms (17.15), which 
transforms a p-form into a (p + l)-form; and the Lie derivative Zh-»0 x • Z 
which, for a given vector field X 9 transforms a tensor field Z of type (r, y) into 
a tensor field of the same type (17.14). It should be emphasized that the value 
of the Lie derivative d x * Z at a point x depends not only on the value X{x) of 
the vector field X at the point x , but also on its values in a neighborhood of x. 
It is not possible to define intrinsically, for a tensor field Z which is not a 
scalar function, the notion of “derivative at a point x in the direction of a 
tangent vector h*,” at any rate in terms of the manifold structure alone. The 
reason for this is that the manifold structure provides no intrinsic way of 
comparing tangent vectors at two distinct points, strange though this may 
appear to our “intuition.” In order to be able to make such comparisons, it is 
necessary to endow the manifold with an additional structure defined by what 
is called a linear connection .f This notion is introduced in Section 17.16 for an 
arbitrary vector bundle; its relation with an analogous notion for principal 
bundles will be brought out in Chapter XX, where we shall also study in 
detail the most important type of linear connection, the Levi-Civita connec¬ 
tion on a Riemannian manifold. In this chapter we shall only show how the 

t It appears intuitively obvious that we should be able to compare tangent vectors at 
different points, precisely because we think always of a manifold as embedded in some R", 
which carries a canonical linear connection so “ natural” that we take it for granted. 
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presence of a linear connection allows us to define the notions of covariant 
derivative of a tensor field at a point x in the direction of a tangent vector h* 
(which generalizes the notion of the derivative of a scalar function at x in the 
direction of h*) (17.17), and of covariant exterior differential of a differential 
form with values in a vector bundle (17.19), which generalizes the notion of the 
exterior differential of a scalar-valued differential form, and leads (17.20) to 
the notions of curvature and torsion of a linear connection. 


1. THE SPACES ^W(U) (U OPEN IN R") 

Recall (9.1) that, for each “multi-index” v = (v x , v 2 ,..., v„) e N” we put 

n 

| v| = £ Vj (the total degree of v) and v! = ! v 2 ! *** v„!. If v = (vj) and v' = 

7 = 1 

(vj) are multi-indices, we put v + v' = (v,- + vj), and the relation v S v' means 
that Vj ^ vj for all j; in which case we define v' — v to be the multi-index 
(vj — v y ). For each vector x = ( Xj ) g C", put x v = x\ l x v 2 2 • • * x v „ n e C. Finally let 
D v denote the partial differentiation operator D* 1 D 2 2 • • • (D° being the 

identity mapping). 

Let U be an open subset of R”. For each integer r > 0, we denote by ) (U) 
or <^ (r) (U) the complex vector space of all C r -mappings of U into C. The inter¬ 
section $ C (U) or <^(U) of the decreasing sequence of spaces <^ (r) (U) is therefore 
the space of all C°°-mappings of U into €. 

We shall show that (U) (resp. <^ (r) (U)) can be endowed with the structure 
of a Hausdorff locally convex topological vector space, defined by a sequence 
of seminorms (hence metrizable (12.14.5)), and having the following property: 

(*) A sequence (f k ) of functions belonging to <f(U) (resp. <£? (r) (U)) converges 
to 0 if and only if for each compact subset Ko/U and each multi-index v 
(resp. each multi-index v such that | v | ^ r), the sequence of restrictions of the 
T> y f k to K converges uniformly to 0. 

It follows immediately from (3.13.14), applied to the identity mapping, 
that if such a topology exists it is unique. As to its existence, an increasing 
sequence (K m ) of compact subsets of U will be said to be fundamental if U is 
the union of the K m , and each K m is contained in the interior of K w+1 . Such 
sequences exist (3.18.3). For such a sequence (K m ), for each pair of integers 
s ^ 0 and m> 0 and each function /e <^ (r) (U), where r ^ s, put 


(17.1.1) 


PsM) = sup | D v /(x) |. 
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It is clear that for s S r each of the p s m is a seminorm (12.14) on <^ (r) (U) 
and that p s ,m^Pr,m- The topology on i(U) (resp. ^ (r) (U)) defined by the 
seminorms p Si m for m> 0 and s ^ 0 (resp. 0 ^ s S r) is Hausdorff, for if 
Po, m(/) = 0 for all m, then / vanishes on each K m and hence on U. This topol¬ 
ogy satisfies the condition (*) (because each compact KcU is contained in 
some K w , by virtue of the Borel-Lebesgue axiom), and hence it is independent 
of the fundamental sequence (K m ) chosen. We remark also that the topology 
on r) (U) is defined already by the seminorms p r m (m > 0). 

A subset H of <^(U) will be said to be bounded if each of the seminorms 
p Si m is bounded in H. This property depends only on the topology of <f(U) 
(12.14.12). 

(17.1.2) (i) The spaces <^ (r) (U) and $ (U) are separable Frechet spaces. More 
precisely , there exists a sequence of functions in <f(U), with compact supports 
contained in U, which is dense in each of the spaces (r) (U) and S’QJ). 

(ii) Every bounded subset in i{ U) is relatively compact in <f(U). 

(i) Let ( f p ) be a Cauchy sequence in <^(U) (resp. <? (r) (U)). It follows from 
the definition of the seminorms p Si m that for each multi-index v (resp. each 
multi-index v such that | v | ^ r) there exists a continuous mapping/ (v) : U C 
such that the sequence (D v / p ) converges uniformly to / (v) on each K m (7.2.1). 
Putting /=/ (0) , it follows from (8.6.3) that / is indefinitely differentiable 
(resp. of class C r ) and that/ (v) = D v /for all v (resp. for | v | g r). Consequently 
/ is the limit of the sequence (/ p ) in <f(U) (resp. <^ (r) (U)), and therefore <f(U) 
(resp. <^ (r) (U)) is complete. 

To prove the second assertion we remark that by virtue of (12.14.6.2) there 
exists a sequence ( u q ) of continuous functions with compact support which 
form a dense set in <f (0) (U) = ^ C (U). Let X be Lebesgue measure on R rt , and 
consider the function g of class C°° defined in (16.4.1.4), with support I rt . 

For each k> 0, put g k (x) — k n g(kx), so that J g k (x) dX(x) = 1. The sequence 

(g k ) is said to be a regularizing sequence. 

Since the support of g k is k~H n , for fixed q the support of each of the 
functions v kq =g k * u q is compact and contained in U for all sufficiently large 
k ((3.18.2) and (14.5.4)). Let us show that the functions v kq with support 
contained in U form a dense set in <^(U) (resp. in each ^ (, °(U)). Since v kq (x) = 

J 9k(* — y)u q (y ) dX(y), it follows from (13.8.6) that v kq is of class C 00 and that, 
for each multi-index v, 


V v v kq (x) 


1 


D v g k (x - y)u q {y) dl(y). 


(17.1.2.1) 
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Fix a real number e > 0 and two integers m and r. We shall show that for each 
f e ${ U) it is possible to find a v kq such that \D v (f —v kq )(x)\ ge for all 
x e K m and all v such that | v | Sr; this will prove the assertion above. Let F 
be a C 00 -function which is equal to/on K w + 1 and has support contained in 
K w+2 (16.4.3). By (13.8.6) the function^ = F * g k is of class C 00 , and we have 


(17.1.2.2) 


D %(x) = 


Jdv^-jOFOO^) 

f D v F(x - y)g k (y) dX(y). 


It follows therefore from (14.11.1) that for sufficiently large k we have 
I D v (/* — /)(x)| Si £ for all x e K m and |v| gr. On the other hand, if k is 
sufficiently large, then for all x e K w we have, by (3.18.2) and (14.5.4) 


I <>(*)! = 



D v g k (x - j>)(FOO - u q (y)) dk{y) 


S N x (DVfc) sup | F(j/) - u q {y) |. 

y e K m + i 


Now, for a fixed and suitably large k, we can by hypothesis find a large q so 
that the right-hand side of this inequality is S?£ for | v| Sr. This completes 
the proof of (i) for <f(U); the proof for <^ (r) (U) is similar. 

(ii) If a sequence ( f k ) is bounded in <?(U), then each of the sequences 
(Dif k ) (1 Si Sn) is uniformly bounded in each K m , hence it follows from 
(7.5.1) and the mean value theorem that ( f k ) is equicontinuous. By definition 
of the bounded sequences in <?(U), it follows that for each multi-index v the 
sequence (D v / fc ) is equicontinuous. By applying Ascoli’s theorem (7.5.7) and 
the diagonal procedure (cf. 12.5.9) we can therefore find a subsequence (f kq ) 
such that each of the sequences (D v f kq ) converges uniformly on each of the K m . 
In other words, the sequence (f kq ) converges in <^(TJ), and this proves (ii). 

(17.1.3) For each multi-index v, the linear mapping f i—> D v /of <^(U) into <f(U) 
is continuous. 


For P s ,m(E> v f) S P s +\v\,m(f)? from which the assertion follows (12.14.11). 

(17.1.4) For each function ge <^(U) (resp. g e <^ (r) (U)), the linear mapping 
of U) (resp. ^^(U)) into itself is continuous. 

For each pair of integers s,m (resp. s S r and m), let a Sj m be the greatest of 
the least upper bounds of the | D v #| on K m for | v| Ss. By Leibniz’ formula 
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(8.13.2), there exists a number m independent of/and g such that p Si JJg) ^ 

HenCe the ^llit (12.14.11). 

(17.1.5) Let cp be a mapping of class C 00 (resp. C r ) of an open set VcR n into 
U. Then the linear mapping f f~>/ ° q> of U) into <f(V) (resp. of <f (r) (U) into 
^ r \V)) is continuous. 

Put cp~((p l9 cp 2 , ..., <p„), where the cpj are scalar-valued functions. Let 
(K4) be a fundamental sequence of compact subsets of V used to define semi¬ 
norms p' >m on<f(V) as in (17.1.1). For each pair of integers s , m, let a' Sjm be the 
greatest of the least upper bounds of the functions sup(l, | D v q>j |) on K' m for 
| v | ^s and 1 Finally let q be an integer such that cp(K' m ) By 

repeated application of the formula for the partial derivatives of a composite 
function (8.10.1) we obtain, for each /e <^(U) 

Ps, m(.f ° = ^s, m ^s, m Ps, 

where c' m is a constant independent of f and <p. This proves the proposition. 


2. SPACES OF C w - (resp. C7-) SECTIONS OF VECTOR BUNDLES 


Let X be a pure differential manifold of dimension n and let (E, X, it) be a 
complex vector bundle of rank N (16.15) over X. If U is an open subset of X, 
we recall (16.15) that the complex vector space of C°°-sections of E over U is 
denoted by T(U, E). Likewise we shall denote by r (r) (U, E) the vector space 
of C r -sections of E over U. We propose to generalise the results of (17.1) to 
these spaces: <^(U) is the space r(U, E) when X = R" and E = X x C is the 
trivial complex line bundle over X. Since in general we cannot attach a mean¬ 
ing to the notion of partial derivatives of a section of E, we shall reformulate 
the problem as follows: we have to show that the space T(U, E) 
(resp. r^U, E)) can be endowed with the structure of a Hausdorff locally 
convex topological space, defined by a sequence of seminorms and having the 
following property: 

(**) A sequence ( u k ) of sections q/T(U, E) (resp. r (r) (U, E)) converges to 0 
if and only if for each chart (V, (p, n) ofX over which E is trivializable , each 
diffeomorphism 

z\r+(<p(n(z)), v t (z) 9 ..., y N (z)) 

of 7u” 1 (V) onto (p(V) x C N , where the Vj are linear on each fiber 7 r -1 (x), each 
compact K c: <p(V) and each multi-index v (resp. such that | v | ^ r), the sequence 
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((DV^)! converges uniformly to 0 for lrg/^N, where w jk (t) = 

v/Uk((P~\6))for t e <p(V). 

Here again, by virtue of (3.13.14), the topology is necessarily unique. To 
establish existence, consider an at most denumerable family of charts 
(V a , (p a , n) of U such that the V a form a locally finite open covering of U, and 
such that E is trivializable over each V a (12.6.1). For each a, let 

Z I ► (<]0 a (7C(z)), y la (z), % a (z)) 

be a diffeomorphism of n~ 1 (Y a ) onto ^(YJ x C N , the v ja being linear on each 
fiber n~ 1 (x). Let (K ma ) mi;1 be a fundamental sequence of compact subsets of 
<p a (V a ), and let p' j/n>a be the corresponding seminorms (17.1.1) on <f(<p a (V a )) 
(resp. ^ (r) (^ a (V a ))). For each section u e T(U, E) (resp. u e r (r) (U, E)) we 
define 

N 

(17-2.1) Ps,m,z(“)= £P*,m,a(”/«° U «°<?> £ r 1 )> 

J= 1 

where u a is the restriction of u to V a . It is clear that the p s , m , a are seminorms, 
and that if Po,m,*( u ) = 0 for all m and all a, then u(x) = 0 in each V a and there¬ 
fore u = 0. To show that the topology defined by these seminorms satisfies 
the condition (**), we have to show that if (u k ) tends to 0 in the topology 
defined by the seminorms p St Wf a , then the D v w jk converge uniformly to 0 on K 
(in the notation of (**)). The compact set <p -1 (K) meets only a finite number of 
the open sets V a ; by applying the Borel-Lebesgue axiom to the union of these 
V a , it follows that there exists an integer m and indices a h (1 ^h^q) such that 
the cover q>~ x ( K). If w hjk is the restriction of w Jk to (p(V n V ah ), 

then clearly it is enough to show that the restrictions of the D v w hjk to 
K n converge uniformly to 0. Now, for each z e n Y ah ), 

we can write 

N 

Vj(z) = z C ljh(x(z))Vl Xh (z), 

1=1 

where the c ijh are C 00 -functions on Y n V a „.Let 
be the transition diffeomorphism. If we put 

U M k = v,« h ° ("* IYJ o (p- 1 , 

then we have 

N 

w hjk(t) = Y. c ijh(<p~ 1 ( t )) u hik( < Ph(t)), 
l= l 

and the assertion is now a consequence of (17.1.4) and (17.1.5), because each 
sequence (u klk ) k ^ 0 converges to 0 in the space £(<p ah (V a J) (resp. ^(^(VJ)). 
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(17.2.1.1) Equivalently, we may say that a sequence ( u k ) converges to 0 in 
r(U, E) if and only if, for each a, the sequence of restrictions u k | V a converges 
to 0 in r(V a , E); and r(V a , E) is isomorphic to (<^(<p a (V a ))) N , so that we are 
brought back to the spaces <f(U). 

(17.2.2) The spaces r(U, E) and r (r) (U, E) are separable Frechet spaces. 
More precisely , there exists a sequence of C™-sections of E over U, with compact 
support contained in U, which is dense in each of the spaces F (r) (U, E) and 
T(U, E). Every bounded subset o/T(U, E) is relatively compact in r(U, E). 

Let (i u k ) be a Cauchy sequence in r(U, E). By virtue of (17.1.2), there 
exists for each a a section f a e r(V a , E) which is the limit of the sequence 
(ti fc |V a ), and for any two indices a, /? the restrictions of f a and f p to V a n Y p 
coincide, so that the f a are restrictions of a section f e F(U, E). By the defini¬ 
tion of the topology of r(U, E), the sequence ( u k ) converges to f. In the same 
way we may show that r (r) (U, E) is complete. 

To prove the second assertion, we remark that it follows from (17.1.2) that 
for each a there exists in r(V a , E) a sequence ( u ka ) of sections with compact 
support contained in V a , which is dense in r(V a , E) and in each r (,,) (V a , E). 
If (g a ) is a C 00 -partition of unity subordinate to the covering (V a ), then the 
sections which are linear combinations of the g a u ka are dense in r(U, E) and in 
each r (r) (U, E). For each compact KcU meets only a finite number of sets 
Supp(# a ), say those with indices a h (1 g h ^ q); for each section u e F(U, E), 

the restriction of u to K therefore coincides with the restriction to K of 
q 

£ g ah u , and by virtue of (17.1.2) and (17.1.4), each section g ah u may be 

/i = i 

approximated arbitrarily closely by the g ah u k(th ; whence the assertion follows. 
Finally, if ( u k ) is a bounded sequence in r(U, E), then it follows from (17.1.2) 
that for each a there exists a convergent subsequence of the sequence ( u k | V a ) 
in r(V a , E). By applying the diagonal procedure, we obtain a convergent sub¬ 
sequence of the sequence ( u k ). 

Remark 

(17.2.2.1) The last part of the proof may be used, more generally, to show 
that a vector subspace H of T(U, E) is dense in r(U, E) provided that, for 
each veH, the sections g a v also belong to H; it is enough to verify that, for 
each a, the restrictions to V a of the sections belonging to H form a dense set 
in T(V a , E). 

(17.2.3) If F is another complex vector bundle over X, u 0 an element of 
T(U, E) and v 0 an element of r(U, F), then the linear mappings uhu®v 0 
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and v\-*u 0 (g)v of r(U, E) and r(U, F), respectively, into r(U, E®F) 

are continuous. Likewise, if w* e r(u, /\ E*), then the linear mappings 

u i-> i(u)w* and w*^i(u 0 )w* of r(U, E) and r(u, /\ E*), respectively, into 

r(u, /\ E*) are continuous. The same is true of the mappings snsAt 0 and 

tt —»$ 0 a t of r(u, /\ e) and r(u, f e) into r(u, /\ e). 

All these propositions follow from (17.1.4) by virtue of the definitions of 
(16.18), by reducing to the case where E is trivial , as we may assume by use 
of the general principle stated in (17.2.1.1). 


PROBLEMS 


1. Let M, N be two differential manifolds. For each integer r 1, let <^ (r) (M; N) denote 
the set of all C r -mappings of M into N. 

(a) Let /e <^ <r) (M; N). Then there exists a denumerable locally finite covering of M by 

compact sets K«, such that each K a (resp. each /(K*)) is contained in the domain of 
definition of a chart (U a , <p a , m a ) of M (resp. a chart (V a , tfj a , n a ) of N). For each 
e > 0 and each a, let W(/, K a , <p a , ifj a , e) denote the set of all C-mappings g : M -* N 
such that g( K«) c V a and ||D v (^r« o (/1 K a ) o <p~ »)(jc) - D v (^ ° (g | K a ) o cp~')(x)\\^e 
for all x e 93 a (K a ) and | v \ Show that there exists on <^ (r) (M; N) a unique topology 

y' r (called the coarse C r -topology) such that, for each /e <^ (r) (M; N), the finite inter¬ 
sections of the sets W(/, K a , ifr a , 1 /n) (where the K a , <p tt , ip a are fixed and n is vari¬ 
able) form a fundamental system of neighborhoods of / (cf. Section 12.3, Problem 3). 
Show that the topology so defined is independent of the choice (for each / 6 <^ (r> (M; N)) 
of the families (K a ), (<p a ), (i/O satisfying the stated conditions. 

(b) If N is a vector bundle over M, show that ^ induces on T (r) (M; N) the topology 
defined in (17.2). 

(c) If N is a submanifold of a differential manifold P, then (r) (M; N) is a subset of 
<£ (r) (M; P). Show that the topology induced on «f (r) (M; N) by the coarse C r -topology of 
<^ (r) (M; P) is the coarse C'-topology. 

(d) Let M, N, P be three differential manifolds. Show that the mapping (/, g)>—>g ° f 
of (r) (M; N) x <? (r) (N; P) into <^ (r) (M; P) is continuous with respect to the coarse 
C r -topologies on these three spaces. 


2. (a) With the notation of Problem 1, for each family ($ a ) of numbers S a > 0, let 
W(/, (8 a )) denote the intersection of the sets W(/, K a , <p a , ip a , 8 a ) for all a. Show that 
there exists on <^ (r) (M; N) a unique topology T" (called the fine C r -topology) such that, 
for each /e «f (r) (M; N), the sets W(/, (8 a )) (where the K a , op x , i jj a are fixed and the 8 a 
variable) form a fundamental system of neighborhoods of f Show that the topology so 
defined is independent of the choice (for each fe <^ (r) (M; N)) of the families (K a ), 
Op*), (*A«) satisfying the stated conditions. 
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(b) If N is a submanifold of a differential manifold P, then «f (r) (M; N) is a subset of 
<f (r> (M; P). Show that the topology induced on <^ (r) (M; N) by the fine C r -topology on 
<^ <r) (M; P) is the fine C r -topology. 

(c) Give an example of an element /6 «f (r) (M; N) for which there does not exist a 
denumerable fundamental system of neighborhoods of / for the fine C 1 -topology 
(take M = N = R). 

(d) Suppose that f 0 e <^ (r) (M; N) is a homeomorphism of M onto / 0 (M) and that/ 0 is 
of rank equal to dim x (M) at each point xeM. If P is another differential manifold, 
show that for each g 0 e £ (r) (N ; P) the mapping (f,g)\-*g°f of <^ (r) (M; N) x <? (r >(N; P) 
into <^ (r) (M; P) is continuous at the point (/ 0 , g 0 ) with respect to the fine C r -topologies. 

(e) With the notation of (d), give an example in which / 0 is of rank equal to dim x (M) 
at each point x of M and is injective, but is not a homeomorphism of M onto/o(M), and 
the mapping g\-*g°f 0 fails to be continuous at some point g 0 with respect to the fine 
CMopologies (cf. (16.8.5)). 

(f) Suppose that / 0 e (r) (M; N) is of rank equal to dim x (M) at each point xeM. Show 
that there exists a neighborhood V 0 of f 0 in «f (r) (M; N) for the fine C r -topology such 
that each # e V 0 is also of rank equal to dim^M) at each xeM. If moreover/ 0 is 
injective, show that there exists a neighborhood Vi = W(/ 0 , (S a )) of / 0 contained in V 0 
such that the restriction of each g e to each K a is injective (argue by contradiction). 
Give an example in which f 0 is injective and such that there exist noninjective mappings 
of M into N in each neighborhood of / 0 for the fine C r -topology (cf. (16.8.5)). If, how¬ 
ever, f 0 is a homeomorphism of M onto /o(M), then there exists a neighborhood V 2 
of f 0 contained in Vi (for the fine C r -topology) such that each g e V 2 is a homeomor¬ 
phism of M onto #(M). (Consider first a covering of M by compact sets L a such that 
L« <= K« for all a. If d is a distance defining the topology of N, show that 
^(/o(L«),/o(M — K a )) > 0, and deduce that for a suitable choice of the family (§«), the 
functions # e W(/ 0 , (S«)) <= \ 1 are injective. Put L(/ 0 ) = /o(M) — / 0 (M). By considering 
sequences (x„) in M with no cluster values, show that if g e V x and if the sequence g(x n ) 
converges, then its limit must belong to L(/ 0 ). Finally remark that the distance from 
/ 0 (K a ) to L(/o) is >0, and use this remark to construct a neighborhood V 2 <= W(/ 0 , (8;)) 
such that^(M) n L(/ 0 ) = 0 for all g e V 2 .) If moreover / 0 (M) is closed, then so is^(M) 
for each g e V 2 . Finally, if M and N are connected and if/o(M) = N, then ^(M) = N for 
all g e V 2 . 


3. (a) Let U be an open subset of R", A a compact subset of U, and V a neighborhood of 
A such that V^U. For each C r -function /on U and each e > 0, show that there exists a 
C r -mapping/i : U ~>R which coincides with /on U — V and is of class C 00 on a neigh¬ 
borhood of A, and such that | D v / x (jc) - D v /(x) | ^ e for all x e U and all v such that 
I v I ^ r. (Let g be a C r -function equal to/on a compact neighborhood of A contained in 
V, and zero outside this neighborhood; take a suitable regularization h of g and consider 
the function /i =/+ (h — g).) 

(b) Let M, N be two differential manifolds. Show that for each function/ 0 e <^ (r) (M; N) 
and each neighborhood W(/ 0 , (8 a )) of/ 0 in the fine C r -topology (Problem 2), there 
exist C°°-mappings of M into N in this neighborhood (proceed by induction as in 
(16.12.11), using (a) above). 


4. Show that in <^ (r) (M; N) the set of mappings which are transversal over a submanifold 
Z of N is a dense open set in the fine C r -topology (cf. Section 16.25, Problem 16). 
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3. CURRENTS AND DISTRIBUTIONS 

(17.3.1) Let X be a pure differential manifold of dimension «, and consider 

the complex vector bundles ( f\ T(X)*) (C) on X, whose global sections are the 
complex-valued differential p-forms on X (16.20.1), for 0 g p g n. For p = 0, 
these are by definition the complex-valued functions. For brevity we shall 

denote by <^ r) (X) (resp. & P (X)) the Frechet space T (r) (x, ( /\ T(X)*) (C) ) 

(resp. r(x, (A T ( X )*) (C) of complex differential p-forms of class C r (resp. 
C 00 ) on X. For each compact subset K of X we denote by ^ r) (X; K) (resp. 
@ P (X; K)) the vector subspace consisting of the complex differential p-forms 
of class C r (resp. C°°) with support contained in K; this is clearly a closed 
subspace of <^ r) (X) (resp. <f p (X)). We denote by ^ r) (X), (resp. 9 p QCj) the 
union of the subspaces i^ r) (X; K) (resp. ^ P (X; K)) as K runs through all the 
compact subsets of X, i.e., the space of all complex differential p-forms of 
class C r (resp. C 00 ) with compact support. When p = 0 we shall drop p from 
these notations. 

We can now proceed exactly as in the definition of a measure (13.1), except 
that the Banach spaces Jf(X; K) are now replaced by Frechet spaces. A 
p-current (or a complex p-current) (or a current of dimension p) on X is by 
definition a linear form T on ^ P (X) whose restriction to each Frechet space 
@ P (X; K) is continuous; in other words (3.13.14), in order to verify that a 
linear form T on @ P (X) is a p-current, it must be shown that for each sequence 
(co k ) of C 00 differential p-forms, with supports contained in the same compact 
set K, and which converges to 0 in <f p (X), the sequence (T(m fc )) tends to 0 in C. 
A 0-current on X is called a distribution. 

With the notation of (17.2.1), T is a p-current if and only if, for each 
compact subset K of X, there exist integers s, m and a finite number of indices 
oq, ..., a r , together with a constant a K ^0, such that, for each C 00 p-form a> 
with support contained in K, we have 

(17.3.1.1) |T(a>)| ^a K *supp s>m , ai (m). 

i 

(17.3.2) Suppose that a p-current T is such that, for each compact subset K 
of X, the restriction of T to @ P (X; K) is continuous with respect to the topology 
induced by that of £}\ ^ r) (X; K). In that case T is said to be a p-current of order 
^r. The order of a current is the smallest integer r with this property (when 
such integers exist). If there exists no integer r with this property, then T is 
said to be a current of infinite order. It is clear that if T is the restriction to 
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@ P (X) of a linear form T' on ^ r) (X) whose restriction to each ^ r) (X; 
continuous, then T is of order ^ r. Conversely, we shall show that if 1 
order ^r, then it is the restriction of such a linear form T', which morec 
unique . Let K be a compact subset of X and let K' be a compact neighbo: 
of K in X. Then there exists a C^-function h which is equal to 1 on a co] 
neighborhood of K and which is 0 on X — K' (16.4.2). For each p 
P e ^p\X; K), there exists a sequence oc k in @ P (X) which converges to l 
respect to the topology of <^ r) (X) (17.2.2). The sequence ( ha k ), which b< 
to @ P (X; K'), therefore also converges to p in ^ r) (X; K') by (17.1. 
other words, the closure of @ P (X; K') in <^ r) (X) contains } (X; K) : 
contained in ^(X; K'). The existence and uniqueness of T' now i 
immediately by applying (12.9.4). We shall often write T in place of T 


Examples of currents 

(17.3.3) Let x be a point of X, and let z x be a tangent p-vector at x (i. 

? 

element of /\ T x (X)). Then the mapping ah-><z x , a(x)> is a continuous 
form on <f£ 0) (X), hence is a p-current of order 0; it is called the Dirac p-c 
defined by z x , and is sometimes denoted by £ Zx . When p = 0, we obta 
scalar multiples of the Dirac measure (13.1.3). 

(17.3.4) It follows from (17.3.2) that distributions of order 0 on X an 
tinuous linear forms on each of the Banach spaces ^ 0) (X; K) = 

and are therefore precisely the (complex) measures on X. 

(17.3.5) Let T be a p-current and co a C°° differential q- form (i.e., an elc 

of <f € (X)), with For each (p — #)-form p e @ p - q (X; K), we 

co a p g @ P (X; K), and it follows therefore from (17.2.3) that the linear 
p i-»T (co a P) is a (p — ^-current, which is denoted by T a co. If T is of 
gr, then so is T a co, and in this case we can also define T a co when < 
differential q- form of class C r . When q = 0, so that co is a complex-^ 
function g , we write T • g or g • T in place of T a co; if T is a measure 
definition agrees with that of (13.1.5), because of the fact that the closi 
@(X; K') in # C (X) contains JT(X; K) for each compact neighborhoc 
of K. 

(17.3.6) Suppose that p > 0, and let Y be a C 00 vector field on X. Foi 
p-form a e @ P (X; K), we have i Y • at e £& p _ x (X; K) (16.18.4). For each (p 
current T, it therefore follows again from (17.2.3) that the linear 
ai-»T(zY • a) is a p-current, which is of order if T is of order ^r, and 1 
is denoted by % • T. 
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(17.3.7) If X, Y are two locally compact metrizable topological spaces, a 
continuous mapping u : X Y is said to be proper if for each compact subset 
K of Y, the inverse image w^K) is a compact subset of X. It then follows 
that if F is any closed subset of X, its image u( F) is closed in Y. To see this, 
let ( y n ) be a sequence of points in «(F) converging to a point ye Y. Then the 
set K consisting of the y n and y is compact, and therefore F n w" 1 (K) is 
compact; choose for each n a point x„eFn u~ 1 ( K) such that u(x n ) = y n , then 
the sequence (x n ) has a subsequence (.x Wfc ) converging to a point xeF. Since 
u is continuous, it follows that u(x) = y, that is to say y e u( F). 

Now let X, X' be differential manifolds and u : X -► X' a mapping of class 
C r , where r ^ 1. If a! is any p -form on X' of class C s (s ^ 0), then by the formula 
(16.20.9.3) the inverse image 'w(a') is defined and is a p -form on X of class 
£inf(r-i,s). moreover it is clear that Supp(*«(a')) is contained in w _1 (Supp(a')). 
If we suppose that the mapping u is proper , it follows that for each compact 
subset K of X' the mapping a'b->*w(a') is a linear mapping of ^ r_1) (X'; K) 
into ^ r_1) (X; w” 1 ^)). Furthermore, this mapping is continuous; this follows 
immediately from (17.2), the local expression of *w(a') (16.20.9.2), and (17.1.4). 
Hence, for each p-current T of order Sr — 1 on X, the linear form 
a'H*T( f w(a')) on ^ r_1) (X / ) is a p-current of order ^r — 1; it is denoted by 
w(T) and is called the image of T by u. If v is a proper mapping of class C r of 
X' into another differential manifold X", then v © u is proper of class C r , and 
we have (v ° w)(T) = y(«(T)) for each p-current T of order <* r - 1 on X. If u is a 
diffeomorphism, then w(T) is defined for every current T on X and has the 
same order as T. If T is a distribution on X, then w(T) is the distribution on X' 
such that u(T)(g) = T(g ° u) for each function g e ^ (r ~ 1) (X'). But this formula 
makes sense also for functions ^e^ (r) (X'); hence u( T) is defined also for 
distributions of order r. When u is a homeomorphism and T is a measure, we 
recover the definition of (13.1.6). 

If G is a Lie group which acts differentiably on X on the left (resp. on the 
right), the image of a current T under the diffeomorphism x\—*s - x (resp. 

• s ) will be denoted by y(^)T (resp. 8(.y -1 )T. When X = G, so that G is 
acting on itself by left translation (resp. right translation), and T is a measure, 
then y(s )T (resp. 8(^)T) coincides with the measure so denoted in (14.1.2). 

If X is a differential manifold, Y a closed submanifold of X, then the 
canonical immersion j : Y-+X is proper; hence, for each p-current T on Y, 
the image j( T) is defined and is a p-current on X. By considering the local 
expressions it is immediately verified that y(T) has the same order as T. For 
measures, this notion agrees with that defined in (13.1.7). 

(17.3.8) The set of all p-currents on X forms a vector space, which we denote 
by ^p(X). The subspace of currents of order r is denoted by ^ (r) (X). When 
p = 0 we suppress p from the notation, so that @'(X) denotes the space of 
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distributions on X, and & (r) (X) the subspace of distributions of order r. 
If a is a differential p-form and T a p-current, we shall often write <T, a) or 
<a, T> in place of T(a). For example, for a Dirac p-current (17.3.3), we have 

<*>= < z *> *(*)>• 

If T is a distribution, we write <T,/> or </, T) or even 


(17.3.8.1) 


fix) dT(x) 


in place of T(/), for a function/e @(X), whenever there is no risk of ambi¬ 
guity. 

4. LOCAL DEFINITION OF A CURRENT. SUPPORT OF A CURRENT 

(17.4.1) Let U be an open subset of a differential manifold X. For each 
compact subset K of U, it is clear that the mapping a i —> a | U is an isomorphism 
of ^ P (X; K) onto 0 p (U; K) (resp. of ^ r) (X; K) onto ^ r) (U; K)); the inverse 
isomorphism sends a differential p-form e @ P (U ; K) to the p-form /? u which 
is equal to /? in U and is zero in X — U. (By abuse of notation we shall often 
write a in place of a | U when a is a differential p-form on X with support 
contained in U.) 

For each p-current T on X, the mapping /? h-»T(/? u ) is therefore a p-current 
on U; it is said to be the p-current induced by T on U, or the restriction of 
T to U, and is denoted by T v . The order of Ty is at most equal to that of T, 
but it may be strictly less than that of T. It should be noted that a current on U 
is not necessarily the restriction of a current on X (Section 17.5, Problem 2), 
and that when it is the restriction of a current on X, the latter need not be 
unique. 

However, there is the following result, which generalizes (13.1.9): 

(17.4.2) Let (U A ) AeL be an open covering ofX. For each AeL let T A be a 
p-current on U A , such that for each pair of indices A, p the restrictions ofl x 
and T p to U A n are equal . Then there exists a unique p-current T on X 
whose restriction to U A is equal to T A for each A e L. 

We shall not write out the proof in full detail; it is based, step by step, on 
the proof of (13.1.9), with the obvious modifications. We begin by writing a 
p-form a e @ P (X) as ]T a*, where a f =h { a and Supp(/^) c U Ai for a suitable 

i 

X t ; for this it is sufficient to invoke (16.4.2) instead of (12.6.4). It follows that 
T is unique and necessarily given by T(a) = £ T Ai (a,), and the proof of the 

i 

fact that this formula does define a linear form on £^ P (X) (in other words, that 
the number T(a) does not depend on the particular decomposition of a chosen) 
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goes over without change. It remains to show that if a sequence (oc k ) tends to 0 
in @ P (X; K), then T(a*) -* 0. We may take the same finite sequence (A f ) for 
all the ot k , and each of the sequences (T Xi (hi oc k )) k ^ t then tends to zero by virtue 
of (17.1.4); this proves our assertion. 

(17.4.3) It follows in particular from (17.4.2) that if the restriction of a 
current T to each member of a family of open sets U A is zero, then the restric¬ 
tion of T to the union of the U A is also zero. Hence there is a largest open 
subset V of X such that the restriction of T to V is zero; the complement 
S = Q V is called the support of T, and is denoted by Supp(T). A point xeX 
belongs to the support of a p-current T if and only if, for each neighborhood 
V of x, there exists a p-form a e @ P (X) with support contained in Y and such 
that T(a) # 0. If T 1? T 2 are two p-currents, it is clear that 

SuppO^ + T 2 ) c Supp(T x ) u Supp(T 2 ), 
and that if co e £ q (X) is a #-form with q g p, then 

Supp(T a co) c: Supp(T) n Supp(co). 

If 7 r:X-+X' is a proper mapping of class C r , then for any current 
T on X of order gr - 1, we have Supp(7r(T)) <= 7r(Supp(T)). If n 
is a diffeomorphism of X onto X', then Supp(7i(T)) = 7i(Supp(T)). If Y is 
a closed submanifold of X, and j: Y -> X the canonical immersion, then 
Supp(j(T)) = Supp(T) for any current T on Y. When p = 0, we recover the 
definition of the support of a measure on X (13.19), by virtue of the fact that 
each space 2f(X; K) is contained in the closure of 3(X; K 7 ) in Jf(X; K'), 
whenever K' is a compact neighborhood of the compact set K. 

(17.4.4) Let X, X' be two pure differential manifolds of the same dimension 

n, and let n : X' -* X be a local diffeomorphism (16.5.6). Then for each current 
T on X there exists a unique current T' on X' with the following property: 
for each open subset U 7 of X' such that the restriction : U 7 -> 7i(U 7 ) is a 
diffeomorphism, we have = T n(ir) . For there exists an open covering 

(U 2 ) of X 7 such that each of the restrictions is a diffeomorphism; if 
7Cux is the inverse diffeomorphism, put T' x = (T^u^). For any two indices 

X, p, the mappings 7r u3l and agree by definition on UinUJ, hence % 
and agree on n( U 2 ) n 7r(U^). This implies that T' x and T^ have the same 
restriction to UinU', and the existence and uniqueness of T 7 therefore 
follows from (17.4.2). The current T 7 is called the inverse image of T by n, and 
is denoted by f 7i(T). 

For example, if X 7 is a universal covering of X (16.29), then it follows from 
the definitions that the fundamental group of X leaves invariant the inverse 
image on X 7 of every current on X. Conversely, every current T 7 on X 7 having 
this property is the inverse image of a current T on X. To see this, we take a 
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covering (U A ) of X by connected open sets over which X' is trivializable, and 
we define T v to be the image by the canonical projection n of the restriction 
ofT to any one of the connected components of rc^U^). 

More particularly, taking X' = R n and X = T", the inverse images on 
R" of currents on T" are precisely those which are invariant under the group 
Z" (acting on R" by translations); such currents are said to be periodic with 
Z n as group of periods. 

(17.4.5) Let A be the support of a p-current T. We shall show that it is 
possible to attach a meaning to T(a) for some p-forms a e <o p (X) which are not 
compactly supported: it is enough that A n Supp(a) should be compact (which 
will always be the case if A = Supp(T) is compact). For if h : X -► [0, 1] is a 
C°°-mapping which is equal to 1 on some compact neighborhood of 
A n Supp(a), and is compactly supported (16.4.2), then T(/za) is defined 
because ha has compact support. Furthermore, if h x is another function having 
the same properties as h, we have T^oe) = T(/za), because there exists an open 
neighborhood V of A n Supp(a) on which h(x) =h x (x), and the support of 
(h — h x )a is contained in Supp(a) n Q V, and therefore does not intersect A. 
We may therefore define T(a) to be T(ha) for any function h with the properties 
stated above. It is immediate that the set of p-forms a e (f p (X) such that 
A n Supp(a) is compact is a vector subspace of $ P (X), and that ai->T(a) is a 
linear form on this vector space. Next, consider a sequence (a„) of p-forms in 
$ P (X), such that (i) all the sets A n Supp(a„) are contained in a fixed compact 
set K; (ii) the sequence ( a n ) tends to 0 in $ P (X). Then T(a n )->0. For if we 
choose as above a function h which is equal to 1 on some compact neighbor¬ 
hood of K, then the sequence ( ha n ) tends to 0 in @ P (X; V) (17.1.4); since 
T(a„) = T(ha n ) for each n, our assertion follows immediately. 


5. CURRENTS ON AN ORIENTED MANIFOLD. DISTRIBUTIONS ON R n 


(17.5.1) Consider now an oriented pure differential manifold X of dimension 
n. We have defined in (16.24.2) the notion of an integrable differential /7-form 

o on X, and its integral, denoted by J v or J x o. Now consider a locally inte¬ 
grable differential (n — p)-form /?, where Oigp^/i; for each p-form 
a e & p \X; K), the /7-form /? a a is locally integrable and has support con¬ 
tained in K, hence is integrable. We shall show that the linear form a h-» J /? a a 

on ^ 0) (X) is a p-current (or order 0). The proof reduces immediately to the 
situation where X is an open set U in R n , and then we have 


I 


P Aa 


■E± 

H 


b H (x)a^ H (x) d^ 1 d£ 2 ■ ■ ■ d£ n . 
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where the b H (resp. the ^x_ H ) are the coefficients of p (resp. a) relative to the 
canonical basis of the ^(U)-module S^2 P (\J) (resp. <^ 0) (U)), and in the sum¬ 
mation I = {1, 2,...,«} and H runs through all subsets of n — p elements of I. 

Then we have to show that each of the linear mappings a v _ H i-* J ^hW^i-hW dx 

is continuous on each of the Banach spaces Jf(U; K), where K is any compact 
subset of U; and this follows from (13.13) because each of the functions b H is 
locally integrable. 

Let be the p-current so defined. If we denote by i n - Py loc (X) the vector 
space of locally integrable differential (n — p)-forms on X, then we have a 
linear mapping of ^_ P) | OC (X) into ^ (0) (X). From (13.14.4) it follows 

immediately that the kernel of this mapping is the subspace of negligible 
(n — p)-forms. Since the support of a Lebesgue measure on X is the whole of 
X, the restriction of the mapping f3\->T p to the space <f^ p (X) of continuous 
differential (n — p)- forms is injective , so that such a form may be identified 
with a p-current of order 0. Under this identification, the notions of support 
are the same for the continuous (n — p)-form P and the p-current with 
which we have identified it. For, by reducing as above to the case where X is 
an open subset U of R w , if x 0 e Supp(P), then there is an index H such that 
^h( x o) # 0; we can then choose a l __ H such that the integral 

6 H 0 )a,_ H (X) di 1 d £ 2 - • • dC 

is 7 ^ 0 , and such that SuppOa^n) is contained in an arbitrarily small neighbor¬ 
hood V of x 0 ; defining a l ^ w to be 0 for H' ^ H, we obtain a form a with 

support contained in V and such that J p a a # 0, which proves the assertion. 

In particular, for each locally integrable n-f orm v , the mappingis 

a measure T 0 on X, which is positive if and only if d(x) ^ 0 almost everywhere 
(relative to the orientation of X) (13.15.3). 

(17.5.1.1) Again, if /is any locally integrable complex function on X, then 
the mapping is an n-current T ; on X, of order 0. If U is any open 

subset of X, the /z-current T <pu on X, where is the characteristic function of 
U, is called an open n-chain element on X, and linear combinations of open 
«-chain elements are called open n-chains on X. By abuse of notation, we 

shall often write U in place of T vu , and £ Xj U,- in place of A/T . 

j j 

(17.5.2) We retain the notation and assumptions of (17.5.1). Let y be a 
continuous differential #-form, where q gp; then the (n — p + ^)-form pAy 
is locally integrable, and it follows immediately from the definitions that 


( 17 . 5 . 2 . 1 ) 


^ a y. 
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The left-hand side of this formula is meaningful if we suppose only that y 
is measurable and locally bounded, or, on the other hand, that /? is measurable 
and locally bounded and that y is locally integrable. Under these conditions 
we define the right-hand side of (17.5.2.1) by this formula, and then we have 

(17.5.2.2) T y a /? = (— l)« (n - p ) a y. 

Next, let n : X -*■ X' be an orientation-preserving diffeomorphism. Then 
the p-current n(Tp) is the linear form a'h-*J x /?A*7t(a') on By 

(16.24.5.1) we have 

r c c 

P A *7l(a') = X t 7l^ 1 (p)) A *71(00 = A a' 

JX JX JX' 

and therefore 

(17.5.2.3) tt( = 

If p is a locally integrable differential (m — p)-form on an oriented sub¬ 
manifold Y of X, of dimension m, then clearly we can form the image j(T fi ) of 
under the canonical immersion j: Y -> X, and j(Tf) is a p-current. How¬ 
ever, when m<n , this current is not in general expressible in the form T y for 
some locally integrable (n — p)-form y on X, even if J 8 is of class C 00 . For 
example, if p = 0, the support of the measure y(T/?) is the submanifold Y, 
which is negligible with respect to any Lebesgue measure on X, so that a 
measure of the form T y with support Y is necessarily zero, whereas j(T fi ) ¥* 0 
in general (cf. (17.10.7)). 

Finally, let n : X X' be a proper mapping of class C r with r ^ 1 (17.3.7), 
the manifold X' being not necessarily orientable. Then for each locally inte¬ 
grable complex-valued function/on X, ^(T^) is an ^-current of order 0 on X' 
(which therefore vanishes if dim X' < «), defined by the formula 


(17.5.2.4) 


<7r(T / ),a'>= /-M a') 


where a' is any continuous, compactly-supported differential n-form on X'. 
In particular, if we take / to be cp x , the constant function equal to 1 at all 
points of X, then tt(T VX ) is called the n-chain element without boundary on X 

(cf. (17.15.5)) defined by the proper mapping k, and we write | a' in place of 

J x *n(a')- When n — 1 , this is an integral along a particular type of “ unending 
path” (16.27). If X is a closed submanifold of X' and n is the canonical injec- 
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tion, we shall sometimes write X in place of rc(T Vx ), and J x a' in place of 

J x *7r(a'); but it must be borne in mind that this number depends not only on 

the manifold X but also on its orientation , and changes sign when the orienta¬ 
tion is reversed. 

(17.5.3) If we fix a C 00 differential w-form u 0 belonging to the orientation of 
X, then every differential /z-form on X can be written uniquely as fo Q , where/ 
is a complex-valued function on X. The form fv 0 is locally integrable if and 
only if /is locally integrable; in other words, the mapping f^fv 0 is a linear 
bijection of the space loc (X) of locally integrable complex-valued functions 
on X onto the space i n> loc (X). We shall write T f in place of T /0o and identify 
the function f with the corresponding distribution T f . 

(17.5.3.1) The choice of v 0 allows us to identify n- currents and distributions 
(i.e., O-currents), because g^gv 0 is an isomorphism of the Frechet space 
@(X; K) = ^ 0 (X; K) onto @ n (X; K), for each compact subset K of X; this 
follows immediately from (17.1.4). Hence every /z-current is uniquely expres¬ 
sible as #o 0 i—>T(/), where T is a distribution. We shall denote this /z-current 
by T| 0o when it is necessary to avoid ambiguity; in this notation, we have 
(T/), 0o = T /t?0 for all/e ^ loc (X). 

(17.5.3.2) In future we shall make these identifications only when X is an 
open subset U of R", endowed with the canonical orientation and the canonical 
«-form v 0 = dt; 1 a di \ 2 a • • * a d£ n restricted to U. Then no risk of confusion 
arises except as regards the image of a current under a diffeomorphism % of 
U onto an open subset U' of R”. If T is a distribution on U and 7i(T) its image 
onU', then the image ^(Tj^) is given by 

(17.5.3.3) ^(Tioo) = J(n: — 1 )(tt(T) | 0o ), 

where J(tt - 1 ) is the Jacobian of the inverse diffeomorphism n~ 1 , by virtue of 

(16.20.9.4) . In particular, for each function f e cSf l0C (U) we have 

(17.5.3.4) n<J f )=T r , 
where /' is the mapping x f h*/(7c~ 1 (x # ))J(^ _ 1 )(- x:/ )* 

(17.5.3.5) It is clear that the kernel of the linear mapping/h^T^ of j£? l0C (U) 
into @'(U) is formed by the negligible complex-valued functions on U (relative 
to Lebesgue measure). Passing to the quotient, it follows that the space 
Lioc(U) of classes of locally integrable functions on U (13.13.4) may be 
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canonically identified with a subspace of the space of distributions on II 
A fortiori , we may identify the spaces 1/(11), L 2 (U), and L°°(U) with subspaces 
of £^'(U). See (17.8) for questions relating to the topologies of these spaces. 

(17.5.4) Questions of a local nature concerning currents reduce to the case 
where the manifold X under consideration is an open subset U of R w , and it is 
this case that we shall be mainly concerned with in the remainder of this 
chapter. Each of the spaces <^ r) (U) (resp. i p { U)) is then an <^ (r) (U)-module 

(resp. an (f(U)-module) which is free of rank . Relative to the canonical 

basis for the p-forms: 

CH = dS il Adt i2 a — a dp 

(where H is the set of integers i x < i 2 < * * * < i p ), each p-current is of the form 

X /hCh /hX 

H H 

where the T h are distributions on U. Hence the study of currents on an open 
subset U of R" reduces to the study of distributions on U, and it is therefore 
the latter that we shall mainly consider. 

(17.5.5) The only concrete examples of distributions that we have given so 
far have been distributions of order 0 (i.e., measures). We shall now show that 
there exist on U c R" distributions of all orders. For this we observe that, for 
each compact KcU and each multi-index v, the mapping /h-► D v / is a 
continuous linear mapping of ^(U; K) into itself, by virtue of (17.1.3) and the 
fact that Supp(D v /) c= Supp(/). Consequently, if T e @'(U)i$ any distribution 
on U, the linear form /h-+T(D v /) on ^(U) is a distribution, which we denote 
by (— 1) ,V, D V T; the distribution D V T is called the derivative of multi-index v of 
the distribution T. For each function / e ^(U) we have 

(17.5.5.1) <D v T,/> = (—l) |v| <T, D v />, 
from which it follows that 

(17.5.5.2) D V (D V T) = D V+V 'T 
for any two multi-indices v, v'. 

We shall also write 3 V T jdxl' dx“ 2 2 • • • dx v n n in place of D V T. Clearly we have 


(17.5.5.3) 


Supp(D v T) <= Supp(T). 
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In the particular case of a distribution of the form T g , where g e <^ (r) (U) 
and | v | :g r (with r ^ 1), we have 


(17.5.5.4) 


D V T» = T D v 


(which justifies the factor (—l) ,v| introduced in the definition of D V T). By 
virtue of (17.5.5.2), it is enough to establish the formula (17.5.5.4) for | v | = 1. 
By definition, if f e £^(U), we have 


<T g , DJ> = ||• • • |^(x)D,./(x) cie-'-df 

= f • • • f d£ 1 • • • dr 1 dr 1 '' • f g(x)DJ(x) d? 

J Jr»"1 Jr 


(the integrals being extended to the whole of R n by extending the function 
gD if by zero outside Supp(/)); but because D*/is compactly supported, we 
obtain by integrating by parts (8.7.5) 

f g(x)DJ(x) d? = - f f(x)D t g(x) d?, 

Jr Jr 

from which it immediately follows that <T g , D £ /> = -<T D .^,/>. 

We remark also that for each function g e <^ (1) (U) and each distribution 
T e Qt'QJ) we have 


(17.5.5.5) D ig • T) = (D^) • T +g • D f T; 

this follows immediately from the definition (17.5.5.1) and the rule for dif¬ 
ferentiating a product. 

From the definition of the topology of $ (U) (resp. <^ (r) (U)) by seminorms 
(17.1.1), it follows that if T is a distribution of order ^q, then D V T is of order 
at most q + r, where r = sup v t . We shall see that it can be exactly of this 

1 £ i^n 

order. 


Examples 

(17.5.6) The derivatives of the Dirac measure e a at a point a = (a t ) e R" are 
given by 


(17.5.6.1) 


<D v e a , /> = ( — 1) |v| D v /(a) 
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for /e ®(R"). This distribution is of order exactly r = sup v ( . To see this, 
let j be an index such that Vj = r , and let / e ^(R") be a function of the form 

Ktu n • • •,U 

i*j 

where ue3){R n ) is equal to 1 throughout some neighborhood of a , and 
# e (f(R). Now replace g by a sequence of functions g k e <^(R) such that the 
functions D s g k are uniformly bounded on a compact neighborhood of a } for 
s < r, and such that D r g k (aj) tends to + oo as k -* oo. In other words, we may 
assume that n = 1 and, by translation, that cij = 0. If h 0 e ^(R) is the function 
defined in (16.4.1.4), such that h 0 { 0) # 0, then we may take 

C x (x — tY~ 1 

9k(x) = k I y—yyp h 0 (kt) dt 

(cf. (8.14.2)). We have then 

f* (x — tY~ s_1 

D s g k (x) = k\ V - l—- ho (kt)dt 

Jo (r - s~ 1)1 

for s < r\ these functions are uniformly bounded for \x\ ^ 1 by the number 

k J h 0 (kt) dt = J h 0 (u) du 

independent of k , whereas D r # fc (0) = kh 0 ( 0). 

This also enables us to give an example of a distribution of infinite order 

oo 

on R, namely the linear form /»-» £ D k /(£) on S(R). 

(17.5.7) The Heaviside function is by definition the characteristic function of 
the interval [0, + oo[ of R and is denoted by Y or Y v For /e ^(R) we have 

<DT Y ,/> = - r°°f'(x)Y(x) dx = - f7'(x) dx = /(0) 

J -00 Jo 

or, identifying Y and T y , 

(17.5.7.1) DY = « 0 , 

the Dirac measure at the origin. Here the order of T y is equal to that of its 
derivative. 


(17.5.8) The function g which is equal to log x for x > 0 and is zero for 
x ^ 0 is locally integrable on R (because in a neighborhood of 0 we have 
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| log x | < l/x M for 0 < j u< 1). We have 


<E>T„/> = 


f'(x ) log x dx 


for /e ^(R). If a > 0, we obtain, on integrating by parts, 


i 


f\x) log X dx = (/(a) — /(0)) log a + 


/(*)-/( 0 ) 


dx. 


Since / is continuously differentiable, we may write 

/W-/(0)=x/ 1 (x), 

where f x is continuous on R. Since a log a -*■ 0 as a 0, we obtain therefore 


(17.5.8.1) 


<DT „/> 


^ /(x)-/(0) ^ 
o * 


The restriction of DT^ to the open interval U = ]0, + oo[ coincides with J Dg 
and therefore may be identified with the function 1/x on U. It can be shown 
that the order of DT tf is 1 (Problem 2), whereas its restriction to U is of order 0. 


(17.5.9) Consider the function g(x) = x sin(l/x). Here the function D g, 
defined for x ^ 0, is not integrable on any neighborhood of the origin, but the 

limits of J_ * g'{x ) dx and JJ 0 g\x ) dx as a -» 0 exist, and are denoted by 

ll m g'(x) dx and J o °° g\x) dx (they are improper integrals). The same argu¬ 
ment as in (17.5.8) this time gives 


(17.5.9.1) <DT„/> = f° f(x)g'(x) dx + ["/(xM*) dx 

J — oo J0 


(improper integrals), but it can be shown that the distribution DT tf is again 
. of order 1 (Problem 4). 


(17.5.10) Let U be an open subset of R w , and let F e $(U) be a function 
satisfying the conditions of (16.24.11). With the notation used there, consider 
the (positive) measure on the oriented manifold E u defined by the positive 
(n — l)-form <r u (16.24.2), and let p u be the image of this measure under the 
canonical immersion E tt ->U (13.1.7). The elementary version of Stokes’ 
formula (16.24.11.1) can then be interpreted as giving the derivative of the 
characteristic function (p Ua b (identified with a distribution on U): 


(17.5.10.1) Dj<5p Ua , = — ((D X F) | E b ) • p b + ((D,F) | EJ • g a . 



254 XVII DISTRIBUTIONS AND DIFFERENTIAL OPERATORS 


(17.5.11) In future, whenever we identify a function /eJ£f loc (U) with the 
distribution Tj, we shall interpret the expressions /(1 ^ g «) as meaning 
the distributions D/I/ == dT f /dxj , except when /is continuously differentiable , 
in which case, as we have seen, the distribution D/I/ can be identified with 
the continuous function D jf Whenever we say that a function / e if l0C (U) has 
a derivative which “is a function” Djfe if loc (U), we shall mean that there 
exists a locally integrable function g such that D/I/ = T g , and we shall denote 
this function by D jf; but, unless the contrary is explicitly stated, we shall 
never attempt to define this function g in terms of differences f(x + h) — /(x). 
In any case, the function g is defined only to within a negligible function , and 
it is only when there exists a continuous function (necessarily unique) in the 
class of g that it is appropriate to choose this function as a privileged repre¬ 
sentative of the class. 

(17.5.12) Consider in particular the case n = 1, and let/be a locally integrable 
complex-valued function on R. For each compact interval [a, b] c= R, the 

integral b ^fdX (which by abuse of notation we shall write as j* fl /(0 dt 
(13.9.16)) has a meaning. Put 


(17.5.12.1) 


f 


F(x) = 




f(t)dt 


o 



if x 0, 
if x < 0. 


Then the function F is continuous on R, by the dominated convergence 
theorem (13.8.4) applied to the sequence of functions f<P[ X , Xk j (resp./<?[«*,*]), 
where (x k ) is a decreasing (resp. increasing) sequence with x as limit. We shall 
show that 


(17.5.12.2) DT F = T f 

(or DF = /, with the conventions described above). To prove this, we must 
show that, for all u e ^(R), 

(17.5.12.3) f F(t)u'(t) dt = - f + °°/(0u(0 dt. 

J — CO J — 00 

Since u has compact support, contained in some interval [< a , b\, the left-hand 
side of (17.5.12.3) does not change when F(/ is replaced by F(0 — F(a), and 
therefore is equal to 
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(17.5.12.4) 


'b 

u'(t) dt 

a 


f(s) ds. 

a 


However, since the function f®u' is locally integrable with respect to the 
Lebesgue measure X ® X on R 2 (13.21.16), the same is true of its product by 
the characteristic function of the closed set {(.$, t): s ^ /}. Applying the 
Lebesgue-Fubini theorem (13.21.7) to this product, we see that (17.5.12.4) is 
equal to 



u'(t) dt = 


% b 

f(s)u(s) ds, 

a 


and (17.5.12.3) now follows. We may therefore say that the distribution T F is 
a primitive of T f . Every other primitive is of the form T F+C , where c is a 
constant. For in order that a function v e ^(R) should have a primitive 

belonging to ^(R), it is necessary and sufficient that J*°° v(t)dt = 0; the 

functions satisfying this relation form a hyperplane H in the vector space ^(R) 
(A.4.15), and by definition (17.5.5) the distributions T such that DT = 0 are 
those which vanish on H; hence (A.4.15) for such a distribution T, there 

exists a constant c such that T(i?) = c J* ** v(t) dt for all v e ^(R), in other 
words T = T c . 


Remark 


(17.5.13) Suppose that, for two indices j, k between 1 and n , the continuous 
function /on U cz R" is such that the four derivatives Djf \ D k f D/D*/), and 
D*(D jf) (in the sense of (8.9)) exist and are continuous on U. Then we have 
D/D*/) = D*(D y /), because the relation D/D*T) = D*(D JT) is true for all 
distributions T, and in particular for T f ; the remarks of (17.5.11) therefore 
apply. 


(17.5.14) For each distribution T e @'(\J), there exists a largest open subset 
V of U such that the restriction of T to V is a function belonging to ^(V). The 
complement of V in TJ is called the singular support of T and is denoted by 
Supp sing(T). In examples (17.5.6)~(17.5.9), the singular support of the distri¬ 
butions considered consists of a single point. Clearly we have 


Supp sing(T) id Supp sing(D v T), Supp sing(T) zd Supp sing(# * T) 


for g g t(U). 



PROBLEMS 


1. Let K be a compact interval in R such that 0 e £, and let be the hyperplane in 
^(R; K) consisting of the functions which vanish at 0. 

(a) For each fe 2? let / be the function 1 1 —► Then the mapping f \->f is an 

isomorphism of the subspace onto ^(R; K). (Argue as in (16.8.9.1).) 

(b) Deduce from (a) that for each distribution T on R there exists a distribution S 
such that 1 R * S = T, where 1 R is the identity mapping r i—> r. If T is of order then S 
is of order <> + 1. 

2. Let (i be a positive measure on the open interval ]0, oo [ in R. Show that /x is the restric¬ 
tion of a distribution on R if and only if there exists an integer k ^ 0 and a constant 
c > 0 such that ft,([e, 1]) ^ c * e~ k for e e ]0, 1[, and that if this condition is satisfied 
there exists a distribution of order + 1 on R whose restriction to ]0, + oo [ is equal 
to [a. (To show that the condition is necessary, apply (17.3.1.1) and consider a function 
/^> 0 belonging to @ W (R) which is equal to 0 for t ^ Je and to 1 for t e [e, 1 ]. To show 
that the condition is sufficient, show that the measure with base /x and density t k+1 on 
]0, +oo[ is bounded, and apply the result of Problem 1.) If h is the least integer k 
satisfying the above condition, no distribution which extends /x is of order <h. 


3. Let KcRbea compact interval, not consisting of a single point. 

(a) Show that the mapping/i—*D/ is an isomorphism of ^(R; K) onto the subspace 

of ^(R; K) consisting of the functions / such that f fit) dt = 0. 

J - 00 

(b) Deduce from (a) that for each distribution T on R there exists a distribution S 
such that DS = T (i.e., a “ primitive ” of T). 

(c) For each positive measure ft on R, show that if 6 is the increasing function, 
continuous on the right, which corresponds to /x (and which is defined only up to a 
constant; cf. Section 13.18, Problem 6), then DT# = ft. 


4. Let/be a locally integrable function with respect to Lebesgue measure on ]0, a ], where 
a > 0. Suppose that the integral J^/(f) dt is convergent , i.e., that the limit of J fit) dt 
exists and is finite as e ->0. Show that, for each function g e ^(R), the integral 
J o f(t)g(t) dt converges, and that T : j^f(t)g{t) dt is a distribution of order ^1 on 

R. This distribution T is of order 0 if and only if /is integrable over ]0, a ]. (If (t„) is a 
decreasing sequence with limit 0, apply the formulas (13.20.1) and (13.20.3) on each of 
the intervals ]t n , t n - J.) If /is of class C 00 , then the singular support of T consists only 
of the point 0. 


5. If a distribution T e ^'(R) is such that all the derivatives D*T are measures, then 
T = T/ for some/e «?(R). (Remark that if D k+2 T is a measure, then D*T = T g , where 
g is a continuous function, by using Problem 3(c).) 
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6. Let 7 T : X —> X', 7r': X' X" be two proper mappings of class C 00 . Then for each 
current T on X we have tt'(tt(T)) = (tt' o 7r)(T). 

7. Let 7r: X X' be a proper mapping of class C 00 . If T is a /7-current on X and a' is a 
C 00 </-form on X', show that 7 t(T A MaO) = 7 t(T) A a'. 

8. (a) Let tt : X X' be a C "-mapping, and let T' be a /7-current on X' with the follow¬ 

ing property; if A' = Supp(T'), every point x e 7r _1 (A') has an open neighborhood 
V* in X such that tt ] V* is a diffeomorphism onto an open subset of X'. Let p x be the 
inverse of this diffeomorphism, and consider the /7-current /7 x (T^ (Vx )) on V* for each 
x e 7T~ l ( A'). Show that these /7-currents are the restrictions of a /7-current T on X with 
support contained in tt~ HA). This p -current T is called the inverse image of T' by tt and 
is denoted by r 7r(T). 

(b) If X, X' are oriented manifolds of dimension n and if ft' is a locally integrable 
differential (n — /7)-form on X', whose support A' satisfies the condition in (a), show 
that if we put ft = V^S'), then r 7r(T r ) coincides with T^ in a neighborhood of each 
point of tt~ 1 (A / ) at which tt preserves the orientation, and with —T* in a neighborhood 
of each point of tt~ 1 (A / ) at which tt reverses the orientation. 

(c) Take X = X' = R, and tt to be the mapping 1 1 —► t 2 — a 2 , where a > 0. Then the 
inverse image by tt of the Dirac measure e 0 is e a 4- e . The inverse image by tt of the 
Dirac 1-current £ E(0) (in the notation of (18.1)) is the 1-current (1/2 a)(e Eia) — e- E ^ a) ). 

9. Let X, Y be two oriented pure differential manifolds, of dimensions, respectively, n and 
m ; let tt : X -»■ Y be a submersion and a a C" differential (n — m 4- A:)-form on X 
(where k<,m) with compact support. Show that the image 7r(T«) of the (m — AO- 
current T« is equal to T«t>, where <x> is the integral of a along the fibers of tt (Section 
16.24, Problem 11). (Reduce to the case of (16.7.4).) 

For each /7-current S on Y (with p m), we define the inverse image of S by tt to be 
the (n — m + p) -current V(S) such that 

<MS), a > - <S, ab> 

for every compactly supported C 00 differential (n — m+ /7)-form a on X. If S = T^, 
where ft' is a differential (m — /7)-form on Y, then r 7r(T^0 = T p , where ft =*7 r(ft'). 

If y' is any C 00 differential </-form on Y, then x tt(S A y') = x tt(S) A t Tr(y'). 

In particular, for each point y g Y, t Tr(e y ) is the closed (n — m)-chain element 
endowed with the orientation induced by tt from the orientations of X and Y. 

10. Let G be a Lie group of dimension «, and let v 0 be a left-invariant C 00 differential 
w-form on G (19.16.4), so that the linear form /i—* J fv 0 is a Haar measure ft Q on G 
(16.24.2). 

(a) The image of ft 0 under the diagonal mapping x i-» (x, x) of G into G x G is called 
the (left) trace measure on G X G corresponding to v 0 , and is denoted by tr. For 

each function / e ct(G x G) we have therefore tr(/) == J/(x, x) dft 0 (x). 

(b) If G = R, show that the measure tr on R 2 is equal to D 2 T vu , where U is the set 
of points (£i, | 2 ) e R 2 such that S € 2 - 

(c) Let tt : G x G ->G be the mapping (x,y) 1 —which is a submersion. For 



258 XVII DISTRIBUTIONS AND DIFFERENTIAL OPERATORS 


each zeG, 7 t~ 1 {z) is the left coset (z, e)D, where D is the diagonal subgroup of G x G; 
so we may identify G with (G x G)/D and 77 with the canonical mapping 

G x G ->(G x G)/D. 

Let v = r pri(u 0 ) A'p^Cvo), which is the left-invariant 2/z-form on G X G corresponding 
to the Haar measure ® fio • For each differential 2«-form fv on G x G, where 

/e &(G x G), show that (fv)b = /b Uo 5 where /b is the function on G (identified with 

(G x G)/D) defined in Section 14.4, Problem 2, such that /b(z) =J f(zw,w) df3 0 (w). 

Deduce that, for each n-current T on G, we have < r 7r(T), /u> = <T,/bu 0 >. If the 
Dirac measure e e on G is identified with an / 2 -current, then t 7r(s e ) is identified with the 
measure tr defined in (a). 


6. REAL DISTRIBUTIONS. POSITIVE DISTRIBUTIONS 

(17.6.1) Let X be a differential manifold. For each p the vector bundle 

p 

f\ T(X)* may be identified with a subbundle of the real vector bundle 

( f\ T(X)*) (C) , which is the direct sum f\ T(X)* ® i f\ T(X)* (16.18.5). It 
follows that <^p(X) (resp. <^ r) (X)) is equal to ^ P , R (X) + z^ p , R (X) 
(resp. <^£ r (X) 4- f<^ R (X)), where <^ p>R (X) (resp. ^ R (X)) is the space of real 
differential p-forms of class C 00 (resp. C r ) on X. A p-current T on X is then 
said to be real if its restriction to <? P>R (X) is real-valued, and a real p-current 
is often identified with its restriction to ^ P , R (X). As in (13.2), for each current 
T the conjugate current T is defined; the real currents = ^(T 4- T) and 
J>T = (l/2z)(T — T) are called, respectively, the real and imaginary parts of T. 

(17.6.2) Every positive distribution T on a differential manifold X (i.e., every 
distribution T such that T(/) *> 0 for all f^Q in @(X)) is a positive measure 
on X. 

We may assume that X is an open subset U of R", by virtue of (13.1.9). 
Let K be a compact subset of U, and let h : U -» [0, 1] be a C 00 -mapping with 
compact support and equal to 1 on K. For each real-valued function 
/ e ^(U; K), we have 


-WfWhtzfS ll/P 

and therefore — ||/|| T (h) <* T(/) g ||/|| T (h). Hence, if now 

/ = /i + i/ 2 6»(U;K) 

with / 1} / 2 real-valued, we have |T(/)| g 2T(/z) ||/||. This shows that T is a 
distribution of order 0, hence a measure. Moreover, with the same notation as 
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in the proof of (17.1.2), for each compact neighborhood K' of K contained 
in U, and for each function fe JT(U; K), the functions g k */ belong to 
®(U; K') and converge uniformly to / on K' as ^^oo, hence T(/) = 
limT( 0 * * /); but if 0, then g k *f^0, hence T(g k * /) ^ 0 by hypoth- 

k-+ oo 

esis, and so finally T (/) ^ 0. Hence T is a positive measure. 


7. DISTRIBUTIONS WITH COMPACT SUPPORT. POINT-DISTRIBUTIONS 

(17.7.1) A distribution whose support is compact is of finite order. To prove 
this we need only consider the case of a distribution T on an open subset U 
of R". Let A be the (compact) support of T and let V be a compact neighbor¬ 
hood of A contained in U. If h : U -> [0, 1] is a C°°-mapping which is equal to 
1 on V and whose support B is compact, then we have T(/) = T (hf) for all 
/e^(U). Define the seminorms (17.1.1) on <^(U) by taking a fundamental 
sequence (K m ) of compact subsets of U, and choose m large enough so that 
B = Supp(/z) <z K m . Then, for each function /e ^(U), the function hf belongs 
to <3(U; K m ) and therefore, by virtue of (12.14.11) and the definition of a 
distribution, there exists an integer r and a constant a > 0 such that, for all 
feS( U), 

(17.7.1.1) |T(/)| g a • Pr , m (hf) g ac • p r , M (/), 

where c is a constant independent of/(17.1.4). This proves that T is of order 
gr. Also, for each function f e <^ (r) (U), we can define T(/) to be equal to 
T (hf), because hfe <^ (r) (U). The inequality (17.7.1.1) shows that the linear 
form T thus extended is continuous on <^ (r) (U). In the same way we may show 
that, if a p-current T has compact support, then its value <T, a> can be 
defined for all p-forms a e <f p (X). If T has order ^ r — 1 , this allows us to 
define the image 7 r(T) of T by an arbitrary mapping n of class C r (where r ^ 1) 
from X to X'. For T( r 7 c(a'))is defined for all differential p-formsoc' e <^ r " 1 ) (X'); 
moreover, for each compact subset K' of X', the linear mapping a' \-*h • * 7 r(a') 
of ^ r “ x) (X'; K') into ^ r_ 1 ) (X; B) is continuous, by virtue of (17.2), the 
local expression of * 7 r(a'), and (17.1.4). Hence the assertion follows. The 
relation Supp( 7 r(T)) c= 7 c(Supp(T)) is still valid. 

We denote by the subspace of £^'(U) consisting of the distributions 
with compact support. 

(17.7.2) Let Te<T(U) be a distribution of order r with compact support 
A c= R n . Then T (/) = 0 for all functions f e $(\J) whose derivatives of order ^r 
vanish at all points of A. 
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For each e > 0, let A fi be the compact subset of R” consisting of the points 
whose distance from A (relative to the norm ||jc|| = sup | | on R”) is Then 

there exists e 0 > 0 such that A g c: U for all e ^ 6 0 (3.18.2). Since the derivatives 
of order r + 1 of/are bounded in absolute value on A fi0 by a number indepen¬ 
dent of e, it follows from the hypothesis on / and from Taylor’s formula 
(8.14.3) that, for e g and any x e A e , we have \f(x) | ^ b • s r+1 , where b is 
a constant independent of s; for there exists a vector t with norm ^2 s such 
that x — te A, and the derivatives of order g r off are zero at the point x — t. 
The same reasoning holds for each derivative D v / such that | v | g r, and we 
may therefore suppose that the constant b is such that 


(17.7.2.1) sup |D v /(x)| ^ b • e r+1 ” ,v| 

xe A e 

for all | v | ^ r and all e ^ • 

Next, consider the functions g k introduced in (17.1.2), and put 


u k~ 9k* (pAz/k 

for each integer k 3eo 1 . Since the support of g k is contained in the ball with 
center 0 and radius 1/fc, it follows immediately (14.5.4) that u k (x ) = 1 for 
x e A 1Jk and that Supp(w*) c A 3/k . Moreover, by (13.8.6), for all xeR n and 
all v we have 


D y u k (x) = fc |v,+n 


T> y g(k(x - 0 ) dX(f), 


Al/k 


and therefore 


|D v u t (x)| ^ /c |v * f |D^(fe0MA(0 = fc |v| f |D V 0(O| dl(t); 

Jr» Jr" 


in other words 


(17.7.2.2) 


sup | D v Ufc(x) | g c • fc |v| 

xeR" 


for all v such that | v | ig r, where c is a constant independent of k. 

This being so, since u k (x) = 1 in some neighborhood of A, we have 
T(/) = T (u k f) for all k, and by hypothesis we have 


(17.7.2.3) \T(u k f)\ ^a-p r , m (u k f) 

for some constant a independent of k. However, the definition (17.1.1) and 
Leibniz’ rule (8.13.2) show that there exists a constant M such that 

Pr, Ju k f)£ M • sup I D%(x) I • I DJ(x) I 

IpI + M = r > x e a 3 /ic 
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for all k. Using these inequalities, (17.7.2.1), and (17.7.2.2), we obtain 

S C/A:, 

where C is a constant. Hence, by (17.7.2.3), we have 

T(/) = lira T(«*/) = 0. Q.E.D. 

k~* oo 

We remark that the condition /(x) = 0 for all x e A does not ensure that 
T(jO = 0, as is shown by the example in which « = 1 ,/(x) = x and T = De 0 . 

From (17.7.2) we obtain the following corollary: 

(17.7.3) Every distribution T e (o'(U) whose support consists of a single point 
a is a linear combination of a finite number of derivatives D v e fl of the Dirac 
measure at the point a. 

Let r be the order of T. For each /e <^(U), we can write 
f(x) = X D v /(a)(x - a) v + g(x), 

|v| V! 

where all the derivatives of g of order ^r vanish at the point a . By virtue of 
(17.7.2), we have T^) = 0 and therefore, if c v is the value of T on the function 
(x — a) v /vl, we obtain 

T(/) = £ c v VJ(a). 

I V l =! r 


PROBLEMS 


1. Let T e <T(R n ) be a distribution with compact support K, of order For each open 
neighborhood U of K, show that T is a sum of derivatives of order of a finite 
number of measures with supports contained in U. (Let N be the number of multi¬ 
indices v such that | v \ <m. Also let V be a relatively compact open neighborhood of 
K such that V c U. Show that the mapping tt : /^(D v /)m gm is an isomorphism of the 
Banach space ^ <m) (R"; V) onto a closed subspace F of the Banach space (#(V)) N , and 
hence that T ° tt -1 is a continuous linear form on F. Use the Hahn-Banach theorem 
(Section 12.15, Problem 4) to extend this linear form to a continuous linear form on 

W)) N .) 

2. (a) For each function /e ^(R), show that the limit 

- «/(0) — (log n) -/W| 


T(/)=lim(j ±f(l/k)\ 

n-+ oo \ \ fc= 1 J 
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exists and is finite. T is a distribution on R of order 2, whose support A consists of the 
points 1 In 1) and 0. If f\ A = 0, then T(/) = 0. 

(b) Show that T is not expressible as a finite sum of derivatives of order <2 of 
measures with support contained in A. 

(c) For each integer k ;> 1, let f k e ^(R) be a function which takes its values in the 
interval [0, k~ 112 ], is equal to k~ 112 for t^>l/k, and is zero for t rg l/(k + 1). All the 
derivatives of f k are zero at the points of A, and the sequence (f k ) converges uniformly 
to 0; but the sequence T(/*) tends to -f oo. Hence, in order that T(/*) should tend to 0, 
it is not sufficient that ( f k ) and each of the sequences (D v /*) should tend to 0 uniformly 
on A. 


8. THE WEAK TOPOLOGY ON SPACES OF DISTRIBUTIONS 

The space @' P (X) of p-currents on a differential manifold X of dimension n 
is a vector space of linear forms on ^ P (X), and therefore can naturally be 
equipped with the weak topology (12.15.2) defined by the seminorms 

(17.8.1) Ti—» | <T, a>|, 

where a runs through ^ P (X). Whenever we use topological notions in the 
spaces ^(X), it is always the weak topology that is meant, unless the contrary 
is expressly stated. 

Example 

(17.8.1.1) Let (g k ) be a regularizing sequence of functions belonging to ^(R"), 
and identify the g k with distributions. Then the sequence ( g k ) converges weakly 
to the Dirac measure e 0 at the origin. 

It follows directly from the definition of the weak topology that the linear 
mappings Ti—► T a co, Ti-* 7r(T), and Th-*/(T) defined in (17.3.5) and (17.3.7) 
are continuous. 

Likewise, it follows from the definition (17.5.5.1) that the differentiations 
T h* D V T on i^'(U) (where U is open in R w ) are continuous. 

Remark 

(17.8.2) The derivatives D/T of a distribution can also be defined as limits in 
the space : if (e y ) is the canonical basis of R M , then we have 

Dj(T) = lim (y(te £ )T - T)/t. 


(17.8.2.1) 
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For if fe ^(U), the function (yite^f — f)/t is the mapping 

x (/(x - te t ) -/(x))//, 

and Taylor’s formula applied to / and its derivatives shows that, as t-> 0, the 
function (y{t^^f—f)jt tends to — D f / in the space ^(U; K), where K is any 
compact neighborhood of the support of /. 

(17.8.3) Let Z be a metric space , A a subset ofZ , and let z\->T z be a mapping 

of A into , and z 0 a point of A. Suppose that , for each p-form a e £^ p (X), 

the function zh~> <T Z , cl} tends to a limit as z tends to z 0 whilst remaining in A. 
Then the linear form lim <T Z , a> is a p-current , equal to lim T z 

z-*-zo,zeA z-> zo.ze A 

in £^'(X). In particular , if a sequence (T k ) of p-currents on X is such that , /or 
ooc/z p-form a e £^ P (X), the sequence , a} converges in C, then the sequence 
(T k ) has a limit in @ P (X). 

This is an immediate consequence of the Banach-Steinhaus theorem 
(12.16.5) applied to each of the Frechet spaces @ P (X; K). 

Likewise, if Z is an open interval in R (resp. an open set in C), and if 
zi—>T Z is weakly differentiable (resp. weakly analytic ) in Z, then the weak 
derivative T' is a p-current (12.16.6). 

Finally, suppose that Z is locally compact, and let p be a positive measure 
on Z. If for each form a e @ P (X) the function zi—► <T Z , a> is //-integrable, then 
by applying (13.10.4) to each of the Frechet spaces @ P (X; K) it follows that 

the mapping <T Z , a> dp(z) is a p-current, which is denoted by J T z dp(z) 
and is called the weak integral of zi—>T Z with respect to p. 

(17.8.4) For each integer r, the topology induced on ^ (r) (X) by the weak 
topology of ^ P (X) is coarser than the weak topology of ^ p (r) (X) considered as 
a space of linear forms on £^< r) (X), because @ P (X) c i^ r) (X). In particular, on 
the space M(X) = S' (0) (X) of measures on X, the topology induced by the 
weak topology of &(X) is coarser than the vague topology. More particularly, 
since the spaces L^U), L 2 (U), and L°°(U) (where U is an open set in R") are 
identified (algebraically) with subspaces of S'(U), and since the norm topol¬ 
ogies on these spaces are in all cases finer than the vague topology, they are a 
fortiori finer than the topologies induced by the weak topology of @'(11). 

In fact, the topologies induced by the weak topology of @'(U) on these 
spaces are strictly coarser than the other topologies mentioned above. For 
example, if ( g k ) is the “regularizing sequence” of functions introduced in 
(17.1.2), which converges weakly to s 0 , then it follows from the continuity of 
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differentiation relative to the weak topology that each of the sequences (D v g k ) 
converges weakly to D v e 0 , which is not a measure for v ^ 0. We shall see 
later (17.12.3) that in fact every distribution on U is the weak limit of a se¬ 
quence of functions belonging to ^(U). 

(17.8.5) Let Rhea bounded subset of9' p (X) (12.15). 

(i) The weak closure of H in ®' P (X) is compact and metrizable relative to 
the weak topology . 

(ii) If U is open in R" and H a bounded subset of ^'(U), then (with the 
notation of (17.1)) for each integer m there exists an integer r and a number 
c r> m such that | T(/) | ^ c rt „ p r , m (f) for all fe 0(U; K m ) and all T e H. 

Assertion (ii) follows from the Banach-Steinhaus theorem (12.16.4) ap¬ 
plied to the Fr6chet spaces @ P (X; K m ). Assertion (i) then follows by using 
(17.2.2), by an argument analogous to that of (13.4.2), which we shall not 
repeat here. In particular, the restrictions of the distributions T e H to a 
relatively compact open set have bounded orders. 

(17.8.6) If a sequence (T fc ) of currents belonging to @ P (X) converges weakly 
to T, then for each compact subset K ofX and each bounded subset B of @ P (X ; K) 
(17.1), the sequence «T fc , a)) converges to <T, a> uniformly on B. 

We reduce to the case where X is an open subset of R”, and then the pro¬ 
position is an immediate consequence of (17.8.5(ii)). 

(17.8.7) Let (' T k ) be a sequence of p-currents on X, and (ot k ) a sequence of 
q-forms belonging to <e q (X), where q ^ p. Then the sequence (T fc a oc k ) converges 
to zero in &' p ^ q (X) in each of the following two cases : 

(1) The sequence ( <x k ) is bounded in S q (X) (17.1) and the sequence (T k ) 
converges to 0 in @' p (X). 

(2) The sequence (a k ) converges to 0 in the Frechet space i q (X) and the 
sequence (T k ) is bounded in @' P (X). 

We have to show that, for each (p — q)- form p e @ p - q (X), the sequence 
«T fe , a* a py) tends to 0. The question reduces immediately to the case where 
X is an open subset U of R”, and p = q = 0. Let K be the support of p. In 
case (1), the sequence (oc k P) is bounded in Q){ U; K) by virtue of (17.1.4), hence 
the result follows from (17.8.6). In case (2), the sequence (a fc p) converges to 0 
in 0(U; K) by virtue of (17.1.4), and the result follows from (17.8.5(ii)). 
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Example 

(17.8.8) Let (X n ) be an increasing sequence of strictly positive real numbers, 
and let (c n ) be a sequence of complex numbers; suppose that there exist two 
numbers p, a > 0 such that X n ^ n p and |c n | S n a for all n ^ 1. Then the 
series 

(17.8.8.1) f c n e iKx 

n — 0 

is convergent in There exists an integer k > 0 such that | cJX* | ^ l/« 2 , 

namely any integer k such that kp ~ Then it is enough to show that 

the series 

(17.8.8.2) fl- k c n e‘^ 

n~ 0 

converges in @'(R), because if T is its sum, then the series (17.8.8.1) will 
converge to D k T, by virtue of the continuity of differentiation; but the series 
of continuous functions (17.8.8.2) is normally convergent in R, hence con¬ 
verges also in @'(R) if its terms are regarded as distributions (17.8.4). 


PROBLEMS 

1. Let z x be a nonzero tangent /z-vector at a point x e R", and let (V*) be a fundamental 
system of bounded open neighborhoods of x in R". Show that the sequence of «-currents 
(open /z-chain elements (17.5.1.1)) (A„(V fc ) “ 1 V Jk ) tends to the limit cz. x , where c" 1 = 
< 1 ,, vo (x)>, vo being the canonical w-form on R". 

2. Let (V*) be a fundamental system of bounded open neighborhoods of the origin in R B _1 . 
Let <j k be the locally integrable differential (n — l)-form on R" = RxR" _1 which is 
equal to An-iCV*)" 1 d£ 2 A • A d£ n on R x V* and is 0 elsewhere. Show that, as 

+ oo, the sequence of 1-currents T ak (17.5.1) tends to the 1-chain element without 
boundary R x {0} (17.5.2), R being canonically oriented. 

3. Let T be a distribution on R. For each h ^ 0 in R, put A* T = y(h)T — T, and AgT = 
A^Aff^T) for all integers p> 1. 

(a) Show that as h -► 0 the distribution ( 1 //i p )A£T tends to D P T. 

(b) Let / be a continuous function on R. The function / is said to be completely 
monotone if, for each integer p ^ 1, A p f(x; h y h ,..., h) has the same sign as h v for all 
h 0 (Section 8.12, Problem 4). Show that f is then analytic. (Use (a), Problem 5 of 
Section 17.5, and Problem 7(c) of Section 9.9.) ( S . Bernstein's theorem .) 
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(c) Suppose that, for some integer p^> 1, A p /(x; h,h 9 ..., h)jh v -* 0 as h ->0, for all 
x e R. Show that there exists a dense open subset U of R such that, on each connected 
component of U, / is equal to a polynomial of degree p — 1. (Use (a), and observe 
that if a sequence (/„) of continuous functions converges pointwise to 0, then sup (| /„ |) 

rt 

is finite at each point; then apply (12.16.2).) If also there exists a Lebesgue-integrable 
function g ^ 0 such that | A p f(x; h)/h p | g(x ) for all h ^ 0, then / is a poly¬ 

nomial of degree at most p — 1. 

4. (a) Show that a distribution on R" which is invariant under all translations of R" 
(i.e., is equal to its image under each translation) is a constant function (or, more 
accurately, a distribution T c , where c is a constant function on R"). (Use (17.8.2.1).) 
What are the translation-invariant ^-currents on R"? 

(b) A 1-current on ]0, +oo[ which is invariant under all homotheties h x : 

(where A> 0) is of the form T cu0 , where c is a constant. A distribution on ]0, -f oo[ 
invariant under all h x is of the form T/, where/(x) —cx _1 , c being a constant. (Use the 
isomorphism x>->log x of ]0, + oo[ onto R, and (a) above.) 

5. (a) Let/beaholomorphicfunction on an open setU c C, and let z 0 e U. Let S c Ube 

a closed annulus with center z Q , defined by r t <> \z — z 0 1 ^ r 2 . Also let u be a C 00 - 
function on R, everywhere ]>0, with support contained in [r u r 2 ], and such that 

J u(t) dt — 1 . Show that 

/(Zo) = ~ JJ S fix + ty) ~~ dx dy, 
where r= \z — z 0 l =((x-x 0 ) 2 + (y- y 0 ) 2 ) ,/2 . 

(b) Let U be an open disk in C with center x 0 e R, let U + be the intersection of U with 
the half-plane Jz > 0, and let /be a holomorphic function on U+ , regarded as a dis¬ 
tribution belonging to ;0'(U + ). Show that /is the restriction to U + of a distribution 
belonging to &'(U) if and only if, for each compact interval K c RnU with center 
x 0 , there exists an integer k> 0 and an interval J = ]0, c[ in R, such that 

sup |y/(* + i»| <+oo. 

xeK, yeJ 

(To show that the condition is sufficient, consider an iterated primitive of / in U+. 
To show that it is necessary, observe that the hypothesis implies that, if J is any interval 
]0, c[ in R such that KxJcU+uR, there exists a constant A > 0 and a multi-index 
a — (aj, a 2 ) such that 


(D 



f(x + iy)v (x, y) 


dx dy 


<^A- sup _ | D“t?(x, y) | 

(x, ji)eKxj 


for all v g^(U). Let zo=x 0 + i> 0 eU + , and let S be a closed annulus with center z 0 
contained in U +. For each z=x + i)eU + such that the line passing through z and 
z 0 meets the real axis at a point re K, let S z be the annulus with center z which is the 
image of S under the homothety with center? and ratio y/y Q . Then by (a) above we have 


(2) 


/GO = ^ JJ Sj /(f + «■>?)«*(£ ■>?) d£ dr), 
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where 


u(y 0 y~ 1 \j + irj - z 
y<>y~ l \£ + irj -z| 


Then use the inequality (1).) 

(c) Show that the extension property in (b) is equivalent to the following: in every 
open interval I c UnR with center x 0 , the functions x\~>f(x + iy) converge to a 
distribution in @'(1) as y tends to 0 through positive values. (For the necessity of the 
condition, use Section 17.12, Problem 6.) 

(d) Show that, for each compact interval K in R and each function /e <f(R), there 
exists a sequence (/„) of polynomials such that, for each integer p ^ 0, the restrictions 
to K of the functions D p f n converge uniformly on K to D p f (cf. (14.11.3)). If T e <f'(R) 

has support contained in K, show that the function u defined by u(z) — j(x — z ) -1 dT(x) 
for z e C — K is analytic on this open set and that for each polynomial/, we have 


<T, /> = . f u(z)f(z)dz, 

2m Jy 


where y is a suitably chosen circuit in C — K. Conclude that T is the limit in <f'(R) of a 
family of functions of the form jo-* F(xr + /», where F is holomorphic in the half-plane 
Jz > 0, and y tends to 0 through positive values. 


9. EXAMPLE: FINITE PARTS OF DIVERGENT INTEGRALS 

(17.9.1) Let X be an oriented pure differential manifold of dimension n, and 
let F be a real-valued continuous function on X. Suppose that the open set 
U 0 = {xeX: F(x) > 0} is not empty and that the frontier P of U 0 (where 
F(x) = 0) is negligible with respect to Lebesgue measure on X. The func¬ 
tion F“Vu 0 > w hi c h is equal to 0 in X — U 0 and coincides with F" 1 on 
U 0 , is not in general locally integrable in a neighborhood of P, because F” 1 
is not in general bounded in such a neighborhood. If v 0 is a differential 
/ 2 -form on X belonging to the orientation of X, then the mapping 

/^Lf-v» 0 is a measure on X — P, zero onX-(Pu U 0 ), which in general 

cannot be extended to a measure on X. In this section we shall indicate 
methods of wide applicability of constructing an extension which is a 
distribution on X (more precisely, this distribution will extend to &>(X) the 

restriction of the measure F _1 /t> 0 to ^(X — P)). 

A first method consists of considering the integral F c /u 0 (where as 
usual f means ^ logf for real numbers t > 0), which is an analytic function of 
£ in the half-plane E 0 : ^ > 0 in C, for all functions /e Jf(X) (13.8.6). In 

other words, on restricting to ^(X), we obtain a distribution T c :/ 1 —^ F c /u 0 
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on X, which is a weakly analytic function (12.16.6.1) of £ on E 0 , and which we 
seek to analytically continue to a larger open subset of C. It may happen that 
such an analytic continuation exists on an open set containing the point 
f = — 1, for each /e JT(X), in which case its value at ( = — 1 will still be a 
measure on X. Another case which occurs frequently (see the examples below) 
is that in which an analytic continuation Ch->T[ a) exists on E a — { — 1}, where 
E a is a half-plane > a, with a < — 1, and T£ a) has a simple pole at the point 

— 1; in other words, for each function/e ^(X), we have 

Tr(/) = ^ + B c (/), 

where A is a linear form on ^(X) and, for all ( in a neighborhood V c E a of 

— 1, B c is a distribution on X and the function £ f-> B c is weakly analytic in V. It 

follows then (12.16.6.1) that A is a distribution. Moreover, if Supp (/) nP = 
0, then we haveA(/) = 0; for £h->T ? (/) is then an entire function of £, hence 
coincides with £i->T£ a) (/) in E a — 1}; consequently, as £ -> — 1, T c (/) and 

B c (/) both tend to finite limits, whence the assertion follows. Hence we have 
Supp(A) c= P. Consequently B.^ is an extension to @(X) of the distribution 

Mu, F Vb 0 defined on @(X - P), and is called the finite part of this 

integral. (Of course, there are infinitely many such extensions, obtained by 
adding to any distribution with support P.) 


Examples 


(17.9.2) Take X = R” (n ^ 1), and let F be the function r(jt) 


/ n \1/2 


so that U 0 = R" — {0} and P = {0}. Take v 0 to be the canonical w-form 
d? Ad? a--A d?. 

If a is the “ solid angle ” differential (n — l)-form on the unit sphere S rt ^ 1 , 
then by (16.24.9) we may write 


(17.9.2.1) T c (/)=f Sfv 0 = 

J R"-{0} 




i. 


dp /(pz)cr(z) 


for >0 and any /e jT(R rt ), and the function 
(17.9.2.2) ’ M »=[ /(pz)cr(z) 

J Sn — 1 


is continuous for p ^ 0, compactly supported, and of class C 00 on ]0, + oo[ 
(13.8.6). Hence we see already that, for/e JT(R n ), the function r c f is integrable 
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not only for > 0, but for 0tt, > — n (13.21.10), and T ? is therefore a 
measure on R M for all £ in this half-plane. For each integer m > 0 and for 
/e ^(R M ), we shall define an analytic continuation £i-+ T£ m) (/) of the function 
£b->T c (/), as follows. 

Replace / in (17.9.2.2) by its Taylor series up to order 2m (8.14.3): 
(17.9.2.3) f(pz) = £ ~P M ^m + p 2m g(p, z), 

0^|v|^2m V! 

where (p, z) b-+g(p, z) is continuous on [0,+oo[ x S n - t and has support 
contained in a set of the form [0, p 0 [ x Hence, by splitting the integral 
into two parts, we have for 0lt > > —n 


(17.9.2.4) 


where 

(17.9.2.5) 


W) = f 1 p ?+2 '" + "- 1 dp f g(p, z)tr(z) 

JO JSn-l 


+ I 


0 2 S |vj ^2m £ + | v | 4 - n 


D T /(0) 


/»+C 

Jl 




My(p) rfp. 




Now, on the right-hand side of (17.9.2.4), the last integral is an entire 
function of £ (13.8.6); the first is an analytic function of C in the half-plane 
^££ > — n — 2m; and therefore the right-hand side of (17.9.2.4) is a mero- 
morphia function of £ in the half-plane &C > —n — 2m, having at most simple 
poles at the points of the form —n — k , where 0 < k g 2m. It is this function 
which is the desired analytic continuation T[ m) (/). Since T£ m+1) (/) and T[ m) (/) 
coincide with T c (/) for > — n, they coincide throughout the domain of 
definition of T£ w) (/) (9.4.2). We shall therefore denote by T c (/) the function, 
meromorphic in the whole complex plane C, which coincides with each T [ m) (f) 
in the domain of definition of the latter. We shall now determine the residues 
of T ff) at its poles. 

Notice first that the symmetry zi—► — z multiplies the form <j by (—1)” 
and preserves (resp. reverses) the orientation of S n _j if n is even (resp. odd) 
(16.21.10). It follows therefore from (17.9.2.5) and (16.24.5.1) that c v = 0 for 
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all multi-indices v of odd total degree. On the other hand, if |v| == 2k is even, 
then the residue of T 5 (/) at the point —n — 2k has the value 

(17.9.2.6) res_„_ 2 jtTj(/) = £ c v D}(0) = -i- D 2fc M/0) 

| vj = {2k)l 

as follows from substituting the expansion (17.9.2.3) in the expression for 
M f (p). To calculate this number, we introduce the Laplacian , which is the 
following differential operator on R n : 

(17.9.2.7) A = Dj + D* + --- +D rt 2 . 

Using the formulas 

D;= tf- 2 ?, D?r< = tf~ 2 + £(£ - 2)r ? “ 4 (<J‘) 2 (1 ^ i g n) 


we obtain 

(17.9.2.8) Ar^aC + n-iy^ 2 

for all £ e C and xeR"- {0}. This implies, by (17.5.5.1), that 

(17.9.2.9) AT , +2 (f) = (£ + 2)(C + «)T C (/) 

for > —n first of all; but since both sides of this relation are meromorphic 
functions of £, it follows that it remains valid for all £ which are not poles of 
T;(/), i.e., £ — n — 2k. By iteration we obtain, under the same conditions, 

(17.9.2.10) A*T c+2 *(/) = T c+2k (A k f) 

= (C + 2 )(C + 4) • • - (C + 2fc)(C 4- *)(£ + « + 2) •••(£ + /z + 2fc - 2)T C (/) 

and since none of the linear factors on the right-hand side vanishes when 
C = —n — 2fc, the residue of T c (/) at this pole is given by 

res_ n _ 2A; T^(/) 

= ((—2)(—4) • • • (-2k)(-n)(-n - 2) - • • (-» - 2k + 2))*" 1 res_ n T c (A k f). 
Now apply the formula (17.9.2.6), replacing/by A*/and jfc by 0; since 

) /<0) 
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by (1 7.92.2), we obtain finally 

(17.9.2.11) res_„_ 2t T ? (/) = JL D^M/O) 

=- - 

2*fc! n(n + 2) • • • (n + 2k - 2) Jy } 

(when k = 0, the denominator is to be replaced by 1). 

Let C k denote the constant which appears in the right-hand side of this 
formula. We can now, following the method described in (17.9.1), define the 
finite part Pf(r ? ) for all ( e C. For values of ( other than the poles of T ? , we 
define Pf(r c ) = T ? , and for £ = —n — 2k 

(17.9.2.12) <Pf(r-"- 2 *),/> = lim (T c (/) - C k A*/(0)(£ + n + 2fe)~ 1 ). 

The formula (17.9.2.9) gives the Laplacian of Pf(r ? ) for £ not equal to a 
pole of T c . To obtain its values at the poles, we may proceed as follows. For 
£ not equal to a pole of T c , write 

so that the distribution B Jfc _ 1 c tends to Pf(r“"“ 2fc+2 ) as t, —n — 2k + 2. 
Replacing/by A/in this formula, and using (17.9.2.9), we obtain 

B*- U (A/) = £(£ + «- 2)B*, c _ 2 (/) + ~A fe /(0) 

and therefore, letting £ -► — n — 2k + 2, the formula 


(17.9.2.13) A(Pf(r-"- 2 * +2 )) 

= 2k(n + 2k- 2)Pf(r“ n - 2k ) 


(« + 4k — 2)£2„ 


2 7c! n(« + 2) • • • (n + 2k - 2) 


A*£o 


and, in particular, for k — 0, 


(17.9.2.14) A(Pf(r 2 "")) = -(« - 2)Q„e 0 . 


A variant of this method consists in remarking that, for > — n, T ? (/) 
is the limit as a ->■ 0 of the integral 
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where U a is the exterior of the ball of radius a > 0. For each a > 0 
integral is defined for all CeC (assuming that/has compact support' 
> ~~ n — 2m, the right-hand side of (17.9.2.4) is therefore the limit o 


(17.9.2.15) 


rfa 0 + 
Ju« 


I 

0 Zkgm 


c k ^ +n+2k 

C + n + 2k 


A7(0) 


when C is distinct from the poles of T ? , and for C = —n — 2m the finite 
<Pf(r~"~ 2m ),/> defined by (17.9.2.12) is the limit of the expression (17.9.! 
provided that the last term in the sum is replaced by (C m log a) A m /(0). 


(17.9.3) Next, take n = 1 and F to be the function x, so that U 0 = 5 = ]0, 
and P = {0}; then we have 


T t (/) = 


* + 00 

0 


x^f(x) dx. 


The same method as before, but with much simpler calculations, gives ui 
an analytic continuation of T c (/) to a meromorphic function on C, with s 
poles at the points -k - l (keN), and residues 

res_ t _ 1 T ; (/)=iD k /(0). 

We define Pf(xi) to be T. when f is not a pole, and 


(17.9.3.1) 


Pf(x;' t_1 )= lim 
c——fc— 1 



(-D* 

k!(C + k + 1) 



We find this time by the same method 

(17.9.3.2) D(Pf(x;‘ _1 ) = -(fc + l)Pf(x; fc - 2 ) + D t+ 1 e 0 • 

(fc + 1)! 

It is convenient to introduce at this point the distribution 

(17.9.3.3) V ‘-ff) T =- ; 

by standard properties of the gamma-function, Y c (/) is not only 
morphic on C but is an entire function of £, with values 

(17.9.3.4) Y_ fc == D k e 0 
for k e N. 
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We observe that Y 2 is the Heaviside function already considered in (17.5.7). 
The formula (17.5.7.1) generalizes to 

(17.9.3.5) DY ; = Y c _ a 

for all (eC. The support of Y ? is the half-line [0, + oo[ if f is not equal to 
—k(ke N), but the support of Y_* is {0}. 

(17.9.4) We shall sketch one last example, without entering into the details 
of the calculations. Take X = R” and v 0 to be the canonical n-form. The co¬ 
ordinates in R" will be denoted by £°, £*, ..., £" -1 , and F will be the function 
given by 

/ tt—l \ 1/2 

s(*) = («°) 2 - 

n- 1 

when ^ 0 and £ (£ J ) 2 ^ (£ 0 ) 2 , and s(x) = 0 otherwise. We consider the 
7=1 

integral 


(17.9.4.1) 


W) = 


JUo 


as a function of the complex variable £. Since/has compact support, the range 
of integration may be replaced by the subset of U 0 for which Z 0 = a for some 
suitable a > 0. Put 


where zeS, 
&C > n) 


x — or — rjeRxR"' 1 , 

2 , Ogrg 1, and 0 g t ^ 1; then we obtain (first of all for 


(17.9.4.2) 


W) = 


rl~ l dr V«-> /2 G(i, r, 

Jo 


0 dt, 


where 

(17.9.4.3) G(,, r. 0 - 2 ‘ ‘ ^ 


(p denoting as before the solid angle, but this time in S„_ 2 ). It is immediate 
that for fixed f the function it, r)i—>G(f, r, Q is of class C 00 for reR and 
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t > — 1. By taking the Taylor series of this function in a neighborhood of 
(0,0), with an arbitrarily large number of terms, it is easily verified that the 
function of two complex variables (initially defined for Mol > 0 and Mfi > 0) 

extends to an entire function. Finally, by taking the Taylor series of the func¬ 
tion ri—»G(/, r , 0 in a neighborhood of r = 0, and using properties of the 
gamma-function, it can be shown that 


(17.9.4.4) 


T c (/) 


S norm + 2 


«)) 


= 7r W2,_1 /(0). 


We now introduce the distribution 


(17.9.4.5) 


zm = _ T(/) 

) n (n,2, - 1 2 C - ifCiOIW + 2 - n)) ’ 


which is an analytic function of C in the half-plane Mt, > 0; the constants are 
chosen so that, by (17.9.4.4) and properties of the gamma-function, we have 


(17.9.4.6) lim Z^ = c 0 . 

S -> 0,£>0 

Next we introduce the d'Alembertian , which is the differential operator 


(17.9.4.7) □ = Do — Dj-— T>n -i • 

It is easily verified that 

□ j 5 = C(C + n - 2)/" 2 

for all C e C and x: such that s(x) ^ 0. From this formula we obtain 


(17.9.4.8) D(Z C ) - Z c _ 2 

at any rate for MC > 2. We shall deduce from this that Z c is an entire function 
of C. From the properties of I(a, j8), and the Gauss-Legendre formula 

no = ^-^-^"raoracc +1)), 

it follows that the only possible poles of Z c are those of T(i(C + 1)), that is to 
say the negative oddintegers. By analytic continuation, the formula (17.9.4.8) 
is valid for all £ except possibly the negative odd integers; but 

□(Z £ )(/) = Z £ (D/) 



9 EXAMPLE: FINITE PARTS OF DIVERGENT INTEGRALS 275 


has no pole at £ = 1, hence the same is true of Z c _ 2 (/); in other words, Z c has 
no pole at ( = — 1; applying the same argument repeatedly, we see that Z c has 
no pole at any negative odd integer, which proves our assertion. By induction, 
it follows in particular that 

(17.9.4.9) □%* = e 0 . 

Remark 

(17.9.5) By iterating the formula (17.9.2.8) and using (17.9.2.14), we obtain 
for odd n the analog of (17.9.4.9) for the iterated Laplacian: 

(17.9.5.1) A*(Pf(r 2 *- B )) = 2 k ~\k - 1)!(2fc - n){2k - 2 - ri) ■ • • (2 - «)£}„£<, 

(k a positive integer). For n even, say n = 2 p, there is an analogous formula 
for the function r 2k ~" log r, with k ^ p (so that the function is integrable): 

(17.9.5.2) A k (r 2k ~ n log /•) = (— l) p_1 2 2fc_2 (A: — !)!(& — p)! (p — 1)! i>„e 0 . 


PROBLEMS 


1. (a) For each function /e ^ (1) (R), show that as e > 0 tends to 0, the sum 

rm dt+ rm dt 

J — oo t Je t 

tends to a limit. This limit is called the Cauchy principal value of the (in general non- 

r + oo /* + Q0 

convergent) integral fiOlt dt and is denoted by P.V. fit)It dt. Show that the 

J — oo J - oo 

r + oo 

mapping / h-^P.V. I f(t)/,t dt is a distribution of order 1 on R. This distribution is 

denoted by P.V.(l/jt). Show that a primitive of P.V.(l/x) is the integrable function 
log | at |. Calculate the successive derivatives of P.V.(l/x). 

(b) More generally, for any function g of the form 

9 (x) = - + h(x), 

X 

where A is a constant and h is continuous, the distribution P.V.(^) (or P.V.(#(x))) is 
defined as in (a), by replacing the function l/x by g(x). Show that if it is an increasing 
diffeomorphism of R onto R such that 7r(0) = 0, then rr "^(P.'V.(l/x)) = P.V.(7r / (x)/7r(*)). 
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2. Let m be an integer ^>2. Show that as e > 0 tends to 0, the double integral 


JJi 


f(x,y) 


|Z| 


dx dy 


(where z — x + iy) tends to a limit, for each function / e ^(R 2 ). (Reduce to the case 
where f(x, y) = z p z 9 and change to polar coordinates.) Show that the mapping 


A 


dim 
£ -*• 0 


(XL. 




dx dy I 


is a distribution on R 2 of order m — 1. This distribution is denoted by P.V.(1 jz m ). 
Prove the formulas 


8 

8z 

8 

8z 


(”•(?)) 

H?)) 



(-1) W+ V 8 m -'e o 
(jn — 1) 8z m _1 


3. Show that for £ = n — 2 — 2k which is not of the form —2 m (where m is an integer 
^0), the support of Z c (17.9.4.5) is the cone defined by £°^> 0, ^(x) = 0. 


4. Let / be a holomorphic function on an open set in C containing the closed unit disk 
D : \z\ ^ 1, and let / D be the function which is equal to/in D and vanishes outside D. 
Show that the distribution/ D on R 2 has derivative 8f D /8z equal to the distribution 

where e is the circuit t\-+e lt (0 ^ ^ 2tt). (Use the elementary Stokes’ formula 
(16.24.11).) 


5. Express in terms of Cauchy principal values (Problem 1) the distributions on R defined 
by the formulas 

- r r+*f(x)dx 

y-+0, y>0 J — ao X — iy 

and 

lim 

y-O, y < 0 J-® X — iy 


6. For ^A > 0 and > 0, consider the distribution T Ai M on ]0,1 [ defined by 
Ti, w (/) = £ X A -‘(1 - Jey-*/(*) dx. 

Show that (A, /x) T Ai JJ) ' extends to an analytic function except for X — —n or 
/x == — n, where ueN, and determine the form of this function near these singular 
points. Outside the singular points, T A M is a distribution on ]0,1 [, denoted by 
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10. TENSOR PRODUCT OF DISTRIBUTIONS 


(17.10.1) Let U be an open subset of R", let T be a distribution of order 
on U, let E be a metric space andf a mapping o/UxE into C. 

(i) Suppose that there exists a compact set K c= U and a neighborhood V 
of a point z 0 e E such that 

(1) /(•, z) e £^ (m) (U; K) for all z eN ; 

(2) (x, z)\-+D v f(x, z) is continuous on U x V, for each multi-index v such 
that | v | ^ m. 

Then the function zi—>F(z) = <T,/(*, z)> is continuous on V. 

(ii) Suppose that E is an open set in R or C, and that the following condition 
is also satisfied: 

(3) for each x e U and each multi-index v such that |v| m, the function 
zi —> D v /(x, z) is differentiable on V {in the usual sense) and the function 

is continuous on U x Y. 

Then F is differentiable on V (in the usual sense) and we have 

(17.10.1.,) |./T,i/(., Z )\. 


(i) Let (zj be a sequence in V converging to z 0 . By virtue of (3.16.5) and 
the continuity hypothesis, each of the sequences of functions (D v f(x,z n )) 
converges uniformly to D v /(x, z 0 ) in K. Hence the result, having regard to the 
definition of distributions of order (17.3.2), and to (3.13.14). 

(ii) By virtue of the hypothesis and (17.5.13), we have 

A(D-/ () c >z )).D-(i/(x,z)). 

The same reasoning shows that each of the sequences of functions 


H 


/(*> Z n) 




converges uniformly to 0 in K. Hence the sequence 


T(z n ) - F(z 0 ) 
Z/, - z 0 



converges to 0, which proves (ii). 
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(17.10.2) Let X, Y be two differential manifolds , K (resp. L) a compact subset 
of X (resp. Y). Let K' (resp. L') be a compact neighborhood of K (resp. L). 
Then as u (resp. v) runs through @(X; K') (resp. ®(Y; L')), the closure in 

x Y; K' x L') of the set of linear combinations of functions of the form 
u ® v (13.21.14) contains @(X x Y; K x L). 

The proof reduces immediately to the situation in which X (resp. Y) is an 
open subset of R m (resp. R”). By a translation and a homothety, we may as¬ 
sume that K' x L' is contained in the cube I = [—■£, %] m+n in R m+n . With the 
notation of (14.11.3), put 

m + n 

G*(z)=^ (m+n> ri0*(o 

i~ 1 

for z = (C 1 ,... } C m+n ) e R M+n . If h e S(X x Y; K x L), put P k = h* G k ; then 
(13.8.6) we have D v P fc = D v h*G k = h* D v G fc . Hence (14.11.3) in the cube I, 
the function P fc coincides with a polynomial in the coordinates C\ and for each 
multi-index v, the D v P fc converge uniformly on I to D v h. Let p (resp. o) be a 
C 00 -function on X (resp. Y) with support contained in K' (resp. L') and equal 
to I on K (resp. L). Then the sequence of functions (p (x) o^P*., which belong to 
@(X x Y; K' x L'), converges in this space to h , by virtue of (17.1.4), and 
(p ® c)P k is a linear combination of functions of the form u <g) v with 
we0(X; K') and v g ®(Y; L'). 

We may now follow the procedure of (13.21.1) for defining the product of 
two measures, to define the product S <g) T of a distribution S e ^'(X) and a 
distribution T e @'(Y). 

(17.10.3) Let X, Y be two differential manifolds , S a distribution in X, and T 
a distribution on Y. Then there exists a unique distribution R on X x Y such 
that , for all f e @(X) and g e ^(Y), 


(17.10.3.1) <R,/®p> = <S,/><T, p>. 


Furthermore , for each function Ae^(Xx Y), the function x H(%) = 
<T, h(x , *)> belongs to ^(X), and we have <R, h > = <S, H> or equivalently 
(by abuse of notation) 


(17.10.3.2) 


J % 


h(x, y) dR(x, y ) = 


dS(x) 


h{x, >’) d7(y). 


The uniqueness of the distribution R clearly follows from (17.10.2). If 
h =/® g, we may write H(x) =/(x)<T, g}, and <S, H> = <S,/><T, g). 
Hence we have only to show that the mapping hi-* <S, H>, which is a linear 
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form on each of the spaces ®(X x Y; M) (M a compact subset of X x Y), is 
continuous on each of these spaces. Now, it follows already from (17.10.1) that 
H e ^(X; pr x (M)), for each h e @(X x Y; M). Next, we need only prove that 
/zk-> <S, H) is continuous when M is contained in a chart of X x Y; in other 
words, we may assume that X and Y are open sets in R m and R", respectively. 
Let D' v (resp. D" v ") denote partial differentiations with respect to the co¬ 
ordinates in X (resp. Y). Let ( h } ) be a sequence of functions in 3>{X x Y; M), 
converging to 0 in this space. For each multi-index v", the derivatives 
D " v "hj(x, y ) converge to 0 uniformly in M; since hfx, y) = 0 for y $ pr 2 (M), 
it follows from (17.3.1.1) that the functions Hfx) = <T, hfx, •)) tend to 0 
uniformly in prj(M). The same is true of the derivatives D /v 'Hj(x) for each 
multi-index v', because, by virtue of (17.10.1.1), D' v H fx) = <T, D'^ hfx, •)) 
and by hypothesis, for each multi-index v", D" v '\D ,v 'hj(x, y)) tends to 0 
uniformly in M, so that the argument above applies. The definition of distribu¬ 
tions shows therefore that <S, H y > -> 0. Q.E.D. 

This theorem therefore gives simultaneously a proof of existence and a 
method of calculation by successive application of the distributions S and T. 
Evidently we may invert the order of application and thus obtain the formula 


11 


h(x, y) dR(x, y) = 


dT(y) 


* 


h(x 9 y)dS(x). 


The distribution R defined in (17.10.3) is called the product (or tensor 
product) of S and T, and is denoted by S 0 T. 

It is clear that when S and T are measures on X and Y, respectively, the 
distribution S 0 T is the product measure defined in (13.21), having regard to 
the uniqueness property of (17.10.3) and to (17.3.2). 

Moreover, with the notation introduced above, the tensor product of 
distributions has the following properties: 


(17.10.4) (i) Supp(S 0 T) = Supp(S) x Supp(T). 

(ii) If S has order gr and T has order ^ s , then S 0 T has order ^r + s. 
Furthermore , if ue <^(X) and v e <^(Y), then 

(17.10.4.1) (u 0 !>) • (S 0 T) = (u • S) 0 (v • T). 

(iii) If (S„) is a sequence in @'(X) and (T„) a sequence in @'(Y), and if one 
of these two sequences is weakly bounded , and the other converges weakly to 0, 
then the sequence (S„ 0 T„) converges weakly to 0. 
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(iv) IfX is an open subset of R m and Y an open subset of R", then 
(17.10.4.2) D' V 'D" V "(S ® T) = (D ,V 'S) ® (D" V "T). 

(i) It is clear that Supp(S ® T) <= Supp(S) x Supp(T). Conversely, if 
(a, b) e Supp(S) x Supp(T) and if U (resp. V) is a compact neighborhood of 
a (resp. b) 9 then there exists a function/e 2#(X; U) and a function g e ; V) 
such that <S, /> # 0 and <T, g > ^ 0, so that f®ge 9(X x Y; U x Y) and 
<S®T,/®#>#0 by (17.10.3.1). 

(ii) If T is of order s, then the derivatives D' v H of order |v'| gr are 
majorized (by virtue of (17.10.1.1)) by seminorms involving only the derivatives 
of h of total order g r -b s, whence the first assertion follows. Also the values 
of the two sides of (17.10.4.1) for he@(X x Y) are equal, by virtue of 
(17.10.3.1), when h is of the form/® g, and therefore in general by (17.10.2). 
The same argument also proves (iv). 

(iii) Suppose, to fix the ideas, that the sequence (T„) is weakly bounded 

and that the sequence (S B ) converges weakly to 0, and let h e ®(X x Y; M). 
Then, as x runs through pr^M), the functions h(x , •) : y\-+h(x, y ) have their 
supports contained in pr 2 (M), and for each multi-index (v', v") the functions 
y)-*'D , ' ,, D" v ''h(x, y) are uniformly bounded . It follows therefore from 
(17.8.5(h)) that for each multi-index v' the sequence of functions D' v H„, 
where H„(x) = <T n , h(x , •))» is uniformly bounded in pr x (M); but then this 
sequence is relatively compact in ^(X; pr x (M)) (17.2.2); and since the sequence 
(S„) is equicontinuous in this space, by virtue of (17.8.5), the fact that it con¬ 
verges weakly implies that it converges uniformly on each compact subset of 
the metrizable space @(X; pr x (M)) (7.5.6). Hence the sequence <S„, H n > 
converges to 0. Q.E.D. 

Examples 

(17.10.5) If s' a (resp. ej) denotes the Dirac measure at the point aeX 
(resp. be Y), then it is immediately seen that the tensor product e' a ® el is the 
Dirac measure Hence, (17.10.4.2) 


D'v'D" v "a ( a, b) = (D”'0 ® (D' ,v "e;'). 

(17.10.6) Suppose that X is an open subset of R n and that S is the distribution 
defined by a locally integrable function / (with respect to Lebesgue measure X 
on X). Then, for each function h e @(X x Y), we have 


(17.10.6.1) 


</®T, A> 


<T, h(x 9 -)>f(x)dX(x) 

f r 


T, \h(x 9 -)f(x)dKx)\ 
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(17.10 .7) Let S be a distribution on X, let b be a point of Y, and let S b denote 
the distribution on the submanifold X x {b} of X x Y which is the image of S 
under the diffeomorphism rn ( x , b). Then it is immediately verified that 

(17.10.7.1) S®eZ=./(S>), 

where j : X x {&} ->X x Y is the canonical immersion. When Y = R M , this 
gives the derivatives D" v "(j(S b )) = S ® D" v "(ej!), by virtue of (17.10.4.2). When 
X is an open subset of R m and S is a locally integrable function, the distribution 
j'(S b ) is sometimes said to be a singlet or simple layer on X x { b }, and its 
derivatives D” v "(j(S b )) to be multiplet layers on X x {£}. 

(17.10.8) In the same way we define the tensor product 

m 

T = T 1 ®T 2 (g)**-(8)T m = <g)T*, 

k= 1 

where, for 1 ^ k g m, T k is a distribution on a manifold X k ; T is a distribution 

m 

on the product manifold X = Y\ X fc , and we leave to the reader the task of 

k= 1 

extending the results of this section to these multiple tensor products. 


PROBLEMS 


1. Let U be a bounded open subset of R” and let (g„)„ S i be a total orthonormal sequence in 
oS^r(U) (relative to the measure induced on U by Lebesgue measure) (Section 13.11, 
Problem 7). 

(a) Show that the functions gj®gn form a total orthonormal sequence in j£?r(U x U). 
(Use the fact that the functions u(S)v with u,ve JT R (U) form a total set in jSf R (U x U), 
cf. (13.21.1).) 

(b) Show that in the distribution space ^'(U x U) the series Y^ig n ® dr) converges to 

n = 1 

the measure induced on U x U by the trace measure tr (Section 17.6, Problem 10) on 

00 

R" x R". (Consider first the series (w\g n ®g n ), where w is of the form u®v, with 

n = 1 

u, V e S>(U); then use (17.10.2).) 

(c) Conversely, let (^„)„ ai be an orthonormal sequence in -S?j[(U) such that the series 

00 

^(On ® gr) converges in &'(U x U) to the measure induced by the trace measure tr. 

n= 1 

Show that the sequence ( g„) is total. (Use (6.5.2) and the fact that ^(U) is dense in 

mm 


2. Let U be an open subset of R", let V be an open subset of R m , let Uj( 1 ^j^r) be 
linearly independent continuous functions on U, and let v k (1 <*k<:s) be linearly 
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independent continuous functions on V. If Tj (1 <J / ^ r) are distributions belonging to 
^'(V), and S k (X <zk<, s) distributions belonging to such that the sum 

j * 

is a continuous function on U x V, show that the T j are continuous functions on V and 
the S fc continuous functions on U. (Remark that there exist functions cpj e £&(U) such 
that <wj, q?j) = 8ij, and likewise for the v k .) 

3. Let T be a distribution belonging to x R") whose (compact) support is contained 
in R m x {0}. Show that there exists a unique decomposition 

T= £ S«" ® T>" a "so , 

i*"i ^ p 

where the S a * are distributions belonging to <^'(R m ). (Consider the distributions 

on R ffl and use the Taylor series of an arbitrary function g e <^(R m+n ), considered as a 
function y^>-g(x, y) on R n , with coefficients belonging to <^(R m ).) 


11. CONVOLUTION OF DISTRIBUTIONS ON A LIE GROUP 

(17.11.1) Let G be a Lie group, n an integer > 1 and let m : G" -> G be the 
mapping (x l9 x 2 , ..., x n )\-+x 1 x 2 • * • x n . A sequence (Tj, ..., T„) of n distribu¬ 
tions on G is said to be strictly convolvable if the supports A k = Supp(T^) of 
these distributions have the following property: for every compact subset K 

n n 

of G, the set m ~ 1 (K) n ]H[ is compact in G. Let T = 0 T* be the product 

k- 1 fc= 1 

n 

distribution on G n , with support A = ]H[ A*. For each function/e ^(G), it 

k= 1 

follows that <T,/ o m) is defined; for if K is the support of/, then / ° me ${G n ) 
and the support of/° m is contained in m -1 (K), hence our assertion follows 
from (17.4.5). Moreover, for each compact subset K of G, if a sequence of 
functions f p e S(G; K) converges to 0 in this space, then for each compact 
neighborhood V of m~ l { K) n A the restrictions of the functions f p ° m to V 
converge to 0 in <^(V) (17.1.5), and hence we deduce from (17.4.5) that the 
sequence «T,/ p o m}) tends to 0. Consequently the mapping/ <T, f ° m} 
is a distribution on G, called the convolution (or convolution product) of the 
sequence (T l5 ..., T„) and denoted by T 1 *T 2 ***-*T, I . Equivalently, we 
may write (17.10.3) 

(17.11.1.1) <T X *T 2 **--*T n ,/> 



f(x t x 2 ■■■ x„) dT^xJ ■ ■ ■ dT„(x„). 
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the T k are strictly convolvable measures , then by virtue of (17.3.4) and 
.4) their convolution product as distributions is identical with their 
lution product as measures, in the sense defined in (14.5). 

vies 

.2) If all the supports A k with at most one exception are compact, then 
quence (T l9 T 2 , ..., T„) is strictly convolvable. The proof is the same as 

.5.4). 

t P be the set of points x = (£,-) e R m such that ^ 0 for all j. If there 
a = (acj) g R m such that the supports A k all belong to the set P + a, then 
quence (T fc ) is strictly convolvable. For, by expressing the fact that a 
nee of n points x k = (£ kj ) e R m is such that the x k belong to P + a and 
q + x 2 + • • • + x n belongs to a compact subset K of R w , one sees that 
exists a constant C such that for 1 gy g w, 

fc= 1 

nee by hypothesis all the £ kj — otj are ^ 0, we have 0 ^ £ kJ — ay ^ C — noLj 
ich index k , so that the point (x l5 x 2 , ..., x n ) belongs to a compact 
; of R” m . 

finite sequence of measures on G may be convolvable (in the sense of 
) without being strictly convolvable. In certain situations the convo- 
of distributions (other than measures) which are not strictly convolvable 
5 defined (Problem 1). 

.3) Suppose that the sequence (Tj, T 2 , ..., T„) is strictly convolvable. 
= Supp(T fc ) for 1 ^ k ^ n, then 

.3.1) SupptTj * T 2 * • * * * T„) c AjA 2 • • * A„. 

le proof is the same as (14.5.4), using the fact that the support of 
T 2 (x) • • * (x)T n is A! x A 2 x • • • xA„. 

le following is a corollary of (17.11.3): 

.4) If the distributions S and T are strictly convolvable and if U c G is an 
?et such rto(Supp(S))"' 1 U n Supp(T) = 0, then U n Supp(S * T) = 0. 

;t A = Supp(S), B = Supp(T). Since A' 1 UnB=0, we have 
U = 0 and therefore (as U is open) AB n U = 0, whence the result. 


Dnvolution of distributions has algebraic properties analogous to those 
nvolution of measures: 
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(17.11.5) If a finite sequence of nonzero distributions (T l5 T 2 , is 

strictly convolvable , then for each h = 1, 2,..., n the sequences (T 1} ..., T h ), 
(T h+1 , ..., T„) are strictly convolvable ; the distributions * * * * * T h and 
T fc+1 ***** T n are strictly convolvable; and we have 

(17.11.5.1) (Ti * • • • * TJ * (T h+1 * * * * * T n ) = T x * T 2 * " * * T n 
(“associativity of convolution”). 


Let A k = Supp(T*) for 1 g Jc ^ n; by hypothesis, these sets are nonempty. 
For h + 1 ^ k ^ n let z k be a point of A*. Then the set of points 
(x t ,x h ) eG h such that x t x 2 * * * x h e K and x k e A k for 1 ^ Jc S h is also 
the set of points (x u ..., x h ) e G h such that 

* 1*2 * * * x h z h+ i * * * z n e K z h+l * * * z„; 


in other words, it is the section at the point (z>, +1 , ..., z n ) of the set 

n 

« _1 (K*a + i n nA. considered as a subset of the product G* x G n ~ h . 

k= 1 

Hence it is compact, which shows that the sequence (T l5 ..., T h ) is strictly 
convolvable. Similarly the sequence (T fc+1 ,..., T n ) is strictly convolvable. 

Now put B = A x A 2 * * * A h , C = Afc +1 • • • A M . We shall show that for each 
compact subset K of G the set of pairs (y, z) e B x C such that yze K is 
compact; by virtue of (17.11.3), this will prove the second assertion. Let then 
V be a compact neighborhood of K in G; there exists in each A k a sequence of 
points (x^ p) ) such that the sequence of products x^x^ • • • x tends to y, the 
sequence of products * * • x ( n p) tends to z, and such that 


n 

for all p. Since by hypothesis the set L = m“ 1 (V) n ]^J A* is compact, 

k= 1 

the same is true of its projections M and N on G h and G n ~ h , respectively. The 
first part of the proof shows that y belongs to the (compact) image M' of M 
under the mapping (x v ..., * * * x h , and that z belongs to the 

(compact) image N' of N under the mapping (x h+u ..., x n )y-*x h+1 • • • x n . 
Hence ( y , z) e M' x N', which completes the proof of the second assertion. 

Finally, put R = T t * T 2 * * • * * T* and S = T h+1 * * * * * T„; then, by 
definition, for each function /e £^(G) we have 


<R* S,/> = 
= JrfR.0;) j 


If 


f(yz) dR(y) dS(z) = 


dR{y) jf(yz) dS(z) 


f(yx h+1 ■ ■ ■ x n ) dT k+l (x h+1 ) ■ ■ ■ dT n (x n ) 


f (xi • • • • • • x n ) dT^Xi) ■ • • dT h (x h ) rfTj+j(x h+1 ) • • • dT n (x rl ) 
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whence the formula (17.11.5.1) follows. 

(17.11.6) For each point s e G and each distribution T e Q}\G) we have 

(17.11.6.1) £ s * T = y(s)T , T * e s = 5(^ _1 )T. 

The proof is the same as in (14.6.1.1). 

In particular, if e is the identity element of G, then e e * T = T * e e = T. 

(17.11.7) For each distribution T on G, let f be the image of T under the 

diffeomorphism of G onto G. If the sequence (T 1} ..., T n ) is strictly 

convolvable , then so is the sequence (T„, ..., f x ) and we have 

(17.11.7.1) ?, * f»-i • • • • * Ti = Cr, * • • • * t„) v . 

(17.11.8) Suppose that G is commutative . If the distributions S and T on G are 
strictly convolvable {in that order), then so are T and S, and 

(17.11.8.1) T * S = S * T. 

The proofs are immediate. 

(17.11.9) Let (S„), (T„) be two sequences of distributions on a Lie group G. 
Suppose that the supports of the S n are contained in a fixed compact subset A of 
G. If one of the two sequences is weakly bounded and the other converges 
weakly to 0, then the sequence (S„ * T n ) converges weakly to 0. 

Let /e ^(G) and let K = Supp(/). If m : G 2 G is the mapping 
( y , z)i->- yz, then the set m _1 (K) n (A x G) is compact, and if h e ^(G 2 ) is 
equal to 1 on a compact neighborhood of this set, we have 

<S„ * T n ,/> = <S„ ® T„, h(fo m)> 

for all n. Now apply (17.10.4(iii)). 

It should be remarked that the conclusion of (17.11.9) may be false if the 
supports of the distribution S„ are not all contained in a fixed compact set. 

For an example we may take G = R and S„ to be the Dirac measure at the 

00 

point —n, and for T the measure m n defined by a mass n at each integer 

n = 1 

point n > 0. Then the sequence (S„) converges weakly to 0, but the measure 
S„ * T has mass n at the point 0, and therefore does not converge weakly to 0. 
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(17.11.10) Let n : G -*■ G' be a homomorphism of Lie groups , and let S, T be 
two distributions on G. Suppose that either (1) it is proper (17.3.7) and S, T are 
strictly convolvable, or (2) % is arbitrary and S, T have compact support. Then 
7 t(S) and 7c(T) are strictly convolvable, and we have 


(17.11.10.1) tc(S * T) = «(S) * tt(T). 


In case (2), 7 c(S) and 7 r(T) are compactly supported (17.4.3), hence are 
strictly convolvable. In case (1) it is enough, by virtue of (17.4.3), to show that 
for each compact subset K' of G' the relations x e Supp(S), y e Supp(T), and 
n(x)n(y) 6 K' imply that the pair (n(x), n(y)) belongs to a compact subset of 
G' x G'. However, since it(x)n(y) = n(xy) and since 7t _1 (K') is compact by 
hypothesis, the point ( x , y) belongs to a compact subset of G x G, where the 
result follows. 

For each function /6 3>( G'), we have then 


f(z')d(n(S*mz') = 


f(K(z)) d(S * T)(z) 
f(n(xy))dS(x)dT(y) 
f(n(x)n(y)) dS(x) dT(y) 
dT{y)^f(x'n(y))d(n(S))(x') 
d(n{S'))(x') J/(x'y') rf(n(T))(y') 
J/( Z ')rf(7t(S)*7t(T))( Z ') 


which proves (17.11.10.1). 


Remark 


(17.11.10.2) If S and T are distributions with support {e}, then tt(S) and 7r(T) 
have support {e'}> and the formula (17.11.10.1) remains valid, with the same 
proof, when n is a local homomorphism (16.9.9.4): for we need only consider 
functions / whose support is contained in a neighborhood V of e such that 
n(xy) is defined and equal to 7r(x)7r(j;) for all x, y e V. 


In the important case where G = R n , convolution of distributions behaves 
as follows relative to the operation of differentiation: 
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(17.11.11) If S and T are strictly convolvable distributions on R n , then for 
1 ^ k n the distributions D* S and T (resp. S and D k T) are strictly convolvable , 
and we have 

(17.11 .1 1.1) D*(S * T) = (D fc S) * T = S * (D*T)- 

For each function /e i^(R"), put #(jc) = J/(* + y) ^T(y), so that by 

(17.10.1) the function g is indefinitely differentiable, and 

D k g(x) = j* D*/(x + y) dT(y). 

Since by definition <D fc (S * T),/> = — <S * T, D k f}, we have 

<Dft(S * T),/> = — <S, D* 0 > = <D fe S, </> = <(D t S) * T,/>, 

from which the first of the equations (17.11.11.1) follows. The second is proved 
in the same way. 

It follows by induction that, for any two multi-indices fi , v, we have 

(17.11.11.2) D /i+v (S * T) = (D*S) * (D V T). 

In particular, the derivatives of a distribution on R n can be expressed as 
convolutions : 

(17.11.11.3) D V T = (D v e 0 ) * T, 
where e 0 is the Dirac measure at the origin. 


PROBLEMS 


1. Let U be an open subset of R". For each function /e <^(U) and each integer r ^ 0, put 
M/)~ sup |D V /(*)|, which is a real number or -foo. Let ^(U) be the sub- 

IV| S r, xeu 

space of «f(U) consisting of the functions / for which all the p r (f) are finite. The res¬ 
trictions of the p r to U) are norms on this vector space, with respect to which it is a 
Frechet space. 

(a) We have <0(U) <= «^(U). A distribution T on U is said to be summable if it is con¬ 
tinuous relative to the topology on @(U) defined by the restrictions of the norms p r . 
Such a distribution is necessarily of finite order. Let (K m ) be a fundamental sequence of 
compact subsets of U (17.1); for each distribution T e @'(XJ) and each integer r 0, let 
pm, r(T) denote the least upper bound of the numbers | T (/) | where Supp(/) <= U — K m 
and (/) < 1. Show that a distribution T is summable if and only if, for some integer 
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r 0, the sequence (p m , r (T)) m si converges to 0. In particular, the summable distribu¬ 
tions of order 0 are precisely the bounded measures (13.20). (Argue by contradiction to 
show that the condition is necessary.) Every derivative D V T of a summable distribution 
is summable. 

(b) Suppose that U = R" and that K m is the ball \\x\\<L m. Let h x : R"-> [0, 1] be a 
C°°-mapping which is equal to 1 on Ki and is 0 outside K 2 , and put h m (x) = hi(x/m) for 
all m 2. If T is a summable distribution, show that for each function / e ^'(R") the 
sequence (T(/? m /)) m£1 tends to a limit, which we denote by T(/). In this way T is 
extended to a continuous linear form on the Frechet space ^ r (R n ). 

(c) Show with the help of (b) that the convolution of two summable distributions on 
R n can be defined, and that this convolution is also a summable distribution. 


2. (a) With the notation of (17.9.3) show that Y a *Y ff ==Y cl+ p for any two complex 
numbers a, j8. (Show that it is sufficient to prove the result for 0tcL > 0 and > 0.) If 
T is a distribution on R whose support is bounded below, then Y_ fc * T = D*T for all 
integers k > 0, and Y k * T is the kth primitive of T whose support is bounded below. 
By extension, for each complex number £, the distribution Y ; * T is called the primitive 
of order £ of T, and the distribution Y_ ; * T is called the derivative of order £ of T. 
(b) Let a, /3, y be complex numbers such that > 0 and &y > 0. The hypergeometric 
function F(a, /S, y; x) is defined on the interval ] —1, 1[ of R by the formula 

K «"*'>'- 1 VJ<l -*• 


Show that, for y complex and ^ —n, where ne N, the function can be extended to all 
values of jS e C in such a way that 


IXy) 


F(a, ft, y, x) = 


PfQd-Hl - *)D 


(change the variable to w= tx). In particular, for |3 = —k (where k e N) we have 


x y ~ l 

57 -r F(oc, — k, y; x) = Y t+V * ((1 - x) -“D*e 0 ). 
F(y) 


Deduce that 


F(a, —k,y; x) = £ (-1)' 

r = 0 


'k\ T(a + r) T(y) „ 

// r(«) r(y + r) X 


{Jacobipolynomial). (Expand the distribution (1 — x) ~ a D k e 0 as a sum of point-distribu¬ 
tions with support {0}.) 

(c) For each p e C such that &p> — L the Bessel function of order p, defined for 
jceR, is given by the formula 


Jp(x) = 


2 1 -’’x” 



t 2 Y-° ,2) C os xt dt. 


Show that the function can be extended to all complex values of p in such a way that, 
for h > 0, we have 


2* 7r 1 'V/ 2 J,,(M 1 ' 2 ) = Y p+ v 2 * (k - 1 ’ 2 cos u 1 ’ 1 ). 
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Deduce Sonirte's formula 

yfl + l (*7C/2 

Jp+ 4 +iW = =;——— Jp(x sin 0) sin p+1 0 cos 2q+1 6 dO, 

l \q + 1)2* Jo 

(Convolve with Y a+ i.) 

3. With the notation of (17.9.4), show that Z« * Z p = Z a+fi for all complex numbers a, /3. 
(Same method as in Problem 2.) 

4. Consider <T(R") as a vector space of linear forms on ^(R n ), and endow <T(R n ) with the 
corresponding weak topology (12.15.2). For each distribution S e j 0'(R"), show that the 
mapping T S * T of <T(R n ) into ^'(R n ) is continuous. 

5. Let u be a continuous linear mapping of <j?'(R n ) into ^'(R n ). 

(a) Show that the following two properties are equivalent: 

(1) yOMT) = «(Y(h)T) for all T e «f'(R") and all h e R"; 

(2) D j u( T) = w(D 7 T) for all T e <T(R") and 1 < / ^ «. 

(Use formula (17.8.2.1) and consider, for each /e^(R n ), the function 
h »-*■ <w(Y(h)T), Y(h)/>; calculate its partial derivatives.) 

(b) If u satisfies the equivalent conditions of (a), show that u is necessarily of the form 
T^S * T, where S e ^'(R n ). (Consider the linear mapping R u (R * T) — R * u(T) of 
<T(R") into ^'(R"), for a fixed distribution T e «T(R"), and show that its kernel is the 
whole of <T(R n ). For this purpose, observe that the Dirac measures e x (x e R") form a 
total set (12.13) in <T(R n ), by using Problem 13 of Section 12.15; then remark that the 
e x belong to the kernel of the linear mapping in question.) 

6. Let G, G' be Lie groups and let S, T (resp. S', T') be strictly convolvable distributions 
on G (resp. G'). Show that S ® S' and T ® T' are strictly convolvable distribution on 
GxG' and that 


(S ® S') * (T ® T') = (S * T) ® (S' * TO. 


12. REGULARIZATION OF DISTRIBUTIONS 

(17.12.1) Let p , m be two integers ^0 such that p^m. If Te ^ ,(m) (R M ) and 
fe @ (p \R n ) (resp. if Te <T (m) (R'0 and f e ^ (J,) (R")), then the distribution T */ 
may be identified (17.5.3) with a function in <f (p ~ m) (R n ) such that , for each 
xeR", 

(17.12.1.1) (T */)(*) = <T,/(x)y> = J/(x - y) dT(y). 

The fact that the function — y) dT(y) belongs to 

follows from the hypotheses and from (17.10.1). Next, if S = T */, then we 
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have by definition, for any u e 5?(R"), 

<S, w> = J dT(x) j/(y)w(x + y) dX{y) = <T ® X, g}, 
where X is Lebesgue measure on R", and g(x, y) =f(y)u(x + y). However, 
J/OO u{x + y) dX(y) = J 'f(y - x)u(y) dX(y); 
hence <S, n> = <T ® (u ■ X), h}, where h(x, y) = f(y — x); and therefore 


<S, n> 


'i 


u(y) dk{y) f(y - x ) dT(x), 


which proves (17.12.1.1). 

In particular: 

(17.12.2) If T e <T(R") and fe <^(R"), or if T e ®'QL n ) and fe then 

T */e <f(R n ). If T 6 <T(R") and if (f p ) is a sequence of functions in <^(R") 
converging to 0 in this space , then the sequence (T * f p ) tends to 0 in <^(R"). 


Let A be the (compact) support of T, let V be a compact neighborhood of 
A, and let K be any compact subset of R". If we put g p (x , y) = f p (x - y ), then 
the sequence of elements g p (x , •) of <^(R") converges to 0 in this space, 
uniformly with respect to x e K. For the partial derivative with multi-index v 
of the function y i—► g p (x, y) is ( — l) |vl D v / p (x — y). Since the sequence ( D v f p (z )) 
converges uniformly to 0 in the compact set K-f ( — V), the sequence of 
functions (x, y) T) v f p (x — y) converges uniformly to 0 on K x V; hence, by 
the definition of distributions, the sequence of functions x\-^h p (x) = 

J f P ( x — y ) dT(y) converges uniformly to 0 in K, and the same is true of the 

sequence of partial derivatives xh+D v h p (x) for any multi-index v, by virtue of 
(17.10.1). 


(17.12.3) For each open subset U of R", the set ^(U) of C 00 -functions on U 
with compact support , identified with a space of distributions on U (17.5.3), 
is weakly dense in i^'(U). 


Let (K m ) be a fundamental sequence of compact subsets of U, and let 
h m be a function belonging to ^(U) which is equal to 1 on K m . Since for each 
u e ^(U) the reexists an integer m such that K m is a neighborhood of the 
support of w, it follows that for each distribution T e @'(U) we have 

<T, u) = <T, h m u) = <A m • T, «> 
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and therefore the sequence (h m * T) converges weakly to T. We are therefore 
reduced to the case where T has compact support A. Let W be a neighborhood 
of 0 in R” such that A 4- W c U. If (g k ) is a regularizing sequence (17.1.2), then 
Snpp(g k ) c= W for large k. Since the sequence of distributions (g k ) converges 
weakly to the Dirac measure s Q > it follows from (17.11.9) that the sequence 
(T * g fc ) converges weakly to T * e 0 = T. This completes the proof. 

This proof shows moreover that a distribution T with compact support can 
be approximated by functions belonging to ®(U) whose support is contained 
in an arbitrary neighborhood of the support of T (cf. Problem 13). 

(17.12.4) Let T be a distribution on R", with compact support A. Then for each 
neighborhood V of A there exists a finite number of continuous functionsf k on R", 
with supports contained in V, such that T is equal to a sum of partial derivatives 
]T E> Vk f k (in which some of the v k may be zero). 

k 


Let m be the order of T (17.7.1) and let p be an integer such that 2p — n ^ 
m + 1. Then it follows from (17.9.5) that there exists a function E e <£ (w) (R n ) 
such that A P E = e 0 , or equivalently, such that (A p 8 0 ) * E = e 0 . We then have 

T = e 0 * T = (A%) * (E * T) = A P (E * T); 

the distribution E * T is in fact a continuous function on R", by reason of the 
choice of p and (17.12.1), but its support is not in general contained in V. 
However, let W be a compact neighborhood of 0 in R" such that A + W cz V, 
and let g e @(R n ) be a function with support contained in W, and equal to 1 
in some neighborhood of 0. Since the function 1 — g vanishes on a neighbor¬ 
hood of 0, the function (1 — g) E belongs to <f(R”) (17.9.5), and hence the same 
is true of (A p ((l - g) E)) * T (17.12.2). Moreover, the support of gE is con¬ 
tained in W, and hence so also is the support of A p (gE), and therefore also 
the support of the function u = A p ((l — g)E) = e 0 — A p (gE). Consequently 
Supp(w * T) c= Y. If also we put v = g E, then Supp(u) c W and so 
Supp(u * T) <= V. Since T = A p (v * T) + (w * T), the proof is complete. 

Remark 

(17.12.5) The formula (17.12.1.1) gives in particular 
(17.12.5.1) (T */)(0) = <T,/> 

for all/e @ ip) (R n ) and all T e £^' (m) (R") with p ^ m. In particular, this shows 
that if T */= 0 for allfe £F(R"), then T = 0. 
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Since j f(x -f y) dT(y) = J f(x — y) dt(y ), the definition of convolution 

(17.11.1) shows that if S, T are strictly convolvable distributions on R", then 
for all /e @(R n ) we have 

(17.12.5.2) <S * T,/> = <S, T */> = <T, § */>. 


PROBLEMS 


1. Let S, T be two distributions belonging to <T(R"). Show that 

Supp. sing(S * T) c: Supp. sing(S) + Supp. sing(T). 

(Decompose each of S, T into the sum of a distribution whose support is contained in 
an arbitrarily small neighborhood of the singular support and a function belonging to 

2. What can be said about the convolution of an arbitrary distribution T e with a 

polynomial? Deduce that every T e <^'(R") is the limit of a sequence of polynomials, 
with respect to the weak topology of @'(R n ). 

3. What can be said about the convolution of an arbitrary distribution T e «?'(R n ) with 
the product of a polynomial and an exponential exp«x, x'», where x' is a linear form 
on R n ? 

4. (a) Let T e @'(R n ) be such that, for each /e ^T(R"), the distribution T */is a locally 
bounded function. Let K be a compact subset of R" and let H be a compact neigh¬ 
borhood of 0 in R". Show that the mapping / >->(T * /) | H is a continuous mapping of 
the Banach space ^T(R"; K) into -S?°°(H, A H ), where A H is Lebesgue measure on H. 
(Show first that for each function g e ^(R") the mapping / >->((T +f) * g) | H is con¬ 
tinuous (14.10.6); then replace # by the functions belonging to a regularizing sequence, 
and use the Banach-Steinhaus theorem.) 

(b) Show that, for each function /e Jf(R n ), the distribution T * / is a continuous 
function. (Use (a) and the fact that ^(R"; K) is dense in Jf(R"; K).) 

(c) Deduce from (a) and (b) that T is a measure on R". (Use the formula (17.12.5.1).) 

(d) Show likewise that if T */is locally bounded for each /e j£? p (A) (1 <Lp < + oo) 
with compact support (resp. / e ^ (r) (R")), then T is a function belonging to -S?*(A), 
where (1 lg) + (1 Ip) = 1 (resp. a distribution belonging to ^ /(r) (R")). 

(e) Deduce from (c) that if T */is a measure for each / s if 1 (A) with compact sup¬ 
port, then T is a measure. (Consider the convolution (T *f) * g, where g e jf(R n ).) 

5. Let T € $'(R n ) be a distribution such that T */e «?(R n ) for all /e ^ <r) (R")- Show that 
T e «?(R n ). (Argue as in (17.12.4).) 

6. A distribution all of whose derivatives are of order belongs to <^(R") (use (17.9.5)). 
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7. Let H be a subset of @'(R n ). Show that the following conditions are equivalent: 

(a) H is bounded in @'(R n ) (12.15). 

(p) For each/e ^(R") and each compact K <= R", the set of restrictions to K of the 
functions T */, where T e H, is bounded in #(K). 

(y) For each/e @(R n ), the set of functions T * /, where T e H, is bounded in @'(R n ). 
(3) There exists an integer m^> 0 such that, for each relatively compact open subset 
U of R", the restrictions to U of the T e H are sums of derivatives of order of 
continuous uniformly bounded functions on U. 

(To show that (y) implies (8), remark first that if V is a relatively compact open neigh¬ 
borhood of 0 in R n and if /e @(R n ; V), then the set of mappings hi—► ((T * /) * u) | U of 
^(R n ; V) into -S?°°(U, Ay), where T runs through H, is equicontinuous. Apply Section 
12.16, Problem 10 to deduce that there exists an integer m and a neighborhood W of 
0 in ^ (m) (R"; V) such that, for all u, v e W and T e H, the restriction of T * u * v to 
U is a function bounded above by 1 in absolute value. Using the fact that ^(R"; V) is 
dense in ^ <m) (V), show that for all h, vs ^ <m) (V), the restrictions to U of the distri¬ 
butions T + u * v are continuous functions on U which are uniformly bounded as T 
runs through H. Finally, use the formula 

T = A 2p (gE *gE*T)~ 2A p (gE *h*T)+h*h*T, 

in the notation of the proof of (17.12.4).) 

8. Let (T/c) be a sequence of distributions belonging to ^'(R"). Show that the following 
conditions are equivalent: 

(a) T k -*0 in @'(R n ). 

(/?) For each / e @(R n ) the sequence of functions (T* * /) converges uniformly to 0 on 
each compact subset of R n . 

(y) For each/ € @(R n ) the sequence of distributions (T* */) converges to 0 in S'(R"). 
(Argue as in Problem 7.) 

9. Let L : ^(R n ) -> 9'(R n ) be a linear mapping such that, for each compact subset K of 

R", the restriction of L to ^(R n ; K) is continuous and L (f*g) = L(/) *g for all 
/, g e ^(R"). Show that there exists a distribution S e @'(R n ) such that L(/) = S */. 
(Observe that if (g k ) is a regularizing sequence, the sequence (L (g k ) * /) converges to 
L(/) in and use Problem 8.) 

10. Let T be a distribution on R". Show that, for T to be an analytic function on R", it is 
necessary and sufficient that, for each/e ^(R n ), T * /should be an analytic function on 
R". (To show that the condition is necessary, use Cauchy’s inequalities to majorize the 
derivatives D V (T * /) on a compact set K. Conversely, if T * / is analytic for each 
/e ^(R n ), observe that for each relatively compact open set U and each relatively 
compact open neighborhood V of 0 in R n , the mapping 

h v : / i~*sup |(D V T */)(x)/v!| 1/|v| 

is finite and continuous on @(R n ; V) for each multi-index v; furthermore, the set of 
h v (/) is bounded above as v runs through N n , for each fe ^(R n ; V). Using Baire’s 
theorepn (12.16.2), deduce that there exists a constant c > 0 such that, for each 
/e 3(R n ; V), the set of functions D V (T */)/(v!c |v| ) (for v e N n ) is uniformly bounded 
on U. Using Problem 7, show that there exists an integer m^O such that the same 
property holds for each / e ^ (m> (V), and take/of the form g E, in the notation of the 
proof of (17.12.4).) 
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11. Let T e <^'(R”) be such that S = d n T/dx 1 fix 2 • * * dx n is a measure (resp. a locally 
integrable function). Show that T is then a bounded (resp. continuous) function. 
Convolve S with the function Y(Xi)Y(x 2 ) * • • Y(x„), where Y is the Heaviside function, 
and use (14.10.6).) 

12. (a) Show that every distribution T e <T(R") can be written in the form D v /, where /is 
a continuous function on R" (but not necessarily of compact support). 

(b) Show that there is no compactly supported distribution T on R such that 
s 0 + L>£o = D P T for some p > 0. 

(c) Let B be the disk ||x|| <j 1 in R 2 . Show that there exists no compactly supported 
distribution T on R 2 such that <p B = D V T for some multi-index v # (0, 0). 

13. Give an example of a distribution on R whose support is a compact interval I, not 
consisting of a single point, and which is not the limit in @'(R) of functions /e ^(R) 
with support contained in I. 

14. Let S, T be two distributions belonging to whose supports are bounded below in 

R; then they are strictly convolvable (17.11.2). Show that S*T = 0 implies that 
either S = 0 or T = 0. (Remark first that for all f g e ^(R) we have 

(S *f) * (T 

and use Titchmarsh’s theorem (Section 11.6, Problem 11) to deduce that for example 
S */= 0 (with / not identically zero), and hence (S * u) */= 0 for all u e ^(R); then 
use (17.12.5).) 

15. Give an example of a sequence of functions (/„) in ^(R), with supports contained in a 
fixed compact set, which converges in but which is such that the norms ||/„|| 
(in ^"(R)) and Ni(/„) (in L*(R)) are not bounded. 

16. Let H be a bounded set of distributions belonging to <^'(R), whose supports are all 
contained in a fixed compact set K. If I is a compact interval which is a neighborhood 
of K, then there exists an integer r such that the distributions T e H are of the form 
D r F, where the functions F are continuous on I (Section 17.7, Problem 1 and Section 
17.5, Problem 3). Show that the set H r of functions Y r * T, where T e H, is bounded in 
JSf 1 (use (17.8.5)). If H r+1 is the set of functions Y r+i * T, then H r+1 is bounded in 
#(I). Deduce that if (T„) is a sequence of distributions belonging to H which converges 
to T e <^'(R), then the sequence of primitives (Y r+2 * T„) is a sequence of continuous 
functions which converges uniformly on I to Y r+2 * T. 

17. Let T e <^(R). For each A > 0, let T 2 denote the distribution defihed by T A (/) = 
A"" 1 jf(x/ A) dT(x) (in other words, (T 2 )j 00 is the image of T|„ 0 under the homothety 
jc»->x/A). 

Show that if T A converges to a distribution T 0+ in <T(R) as A-*0, then this dis¬ 
tribution must be a constant function on R. (Observe that, for each function /e ^(R) 
and each 0, if <T A ,/> tends to a limit, then <T A , y(/*)/> tends to the same limit, 

by expanding the difference fix -f~ Xh) — f(x) by Taylor’s formula, stopping at the 
order of T; then apply Problem 4 of Section 17.8.) 
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18. (a) Let / be a real-valued function defined on an open interval I — ]0, c[. Suppose 
that there exists a compact interval J = [a, 6] <= I such that a < b, n functions 
a 0 (A), ..., fln-i(A) defined on a sufficiently small interval ]0, y[, and an increasing 
function s(A) defined on this interval and tending to 0 as A -*0, such that, for all 
x g [a, b] and all A e ]0, y[, we have 

| /(Ax) — a 0 ( A) — ^ x (A)Ax - tfn-XAXAx )"- 1 1 <; e(A)A\ 

Then each of the functions aj( A) tends to a limit bj as A ->0, and we have 

fix) = & 0 + b x x H-h -1 + o(x n ) 

as x 0 in I. (Let a < x 0 < x x < • • * < x n „ x < b be fixed points of J and let 6 e ]0,1 [ 
be such that a < 6x 0 . If t , t' are such that 0 <6t <>t' <t < y, show that 

| (0 o (fO — ao(0) + (fii(*0 ~ aiit))t'Xi H-h {a n -. x {t') ~ an-xitMt'xtf 1 | ^ 2e(t)t n 

for 0 ^ i ^ n — 1, and deduce that there exists a constant A such that under these 
hypotheses 


I a jit) - a jit') | <; Ad - J e(t) n - J 

(01). Now consider the sequence (6 P ) tending to 0, and apply Cauchy’s 
criterion.) 

(b) With the notation of Problem 17, show that the limit T 0 + exists if and only if 
there exists an integer n7>0 and a continuous function F on an open interval I = ]0, c[ 
such that lim F(x)/x" = A exists and such that the restriction of T to I is equal to 

x-+0, x> 0 

D"F; in which case T 0 +—n\A. (To show that the condition is necessary, consider a 
compact interval J = [ 6a , a], where 0 < 6 < 1, contained in I; by the result of Problem 
16, there exists an integer n , an open neighborhood V of J and, for each sufficiently 
small A, a continuous function G A on V such that the restriction to V of T A is of the 
form D"G a , and such that the functions G A converge uniformly to n\Ax n in V. Deduce 
that there exists a continuous function G on ]0, />[ such that the restriction of T to 
]0, b[ is equal to D”G. For all sufficiently small A, we can write G(Ax) — A"G a (x) == 
w A (x), where vv A is a polynomial of degree g/i — 1, with coefficients depending on A. 
Now apply (a).) 

(c) Deduce from (b) that if S is a distribution such that DS = T, and if the limit T 0+ 
exists, then so does the limit S 0 + . Also, for each function/e ^(R), the limit (/• T) 0 + 
exists and is equal to /(0)T o + . 

(d) If a> 0 and /?> 0, show that the function x““ sin(x"0, which is defined and 
continuous for x> 0, extends to a distribution T on R for which the limit T 0+ exists 
and is equal to 0. 


13. DIFFERENTIAL OPERATORS AND FIELDS OF POINT-DISTRIBUTIONS 

(17.13.1) Let X be a differential manifold and E, F two complex vector 
bundles over X. We have seen that the vector spaces T(X, E) and T(X, F) are 
canonically endowed with structures of separable complex Frdchet spaces 
(17.2.2). A C 00 linear differential operator from E to F (or simply a differential 
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operator , or even an operator if there is no risk of ambiguity) is by definition a 
continuous linear mapping f i—> jP * f of the Frechet space T(X, E) into the 
Frechet space T(X, F) which satisfies the following condition: 

(L) For each open subset U ofX and each section f e T(X, E) such that 
f | U = 0, we have P • f | U = 0. 


In other words, if two sections f, g of E over X are equal on an open set U, 
then so are their images P • f and P • g. An equivalent way of stating this is to 
say that P is an operator of local character. 

Let (V, (p, n) be a chart of X such that E and F are trivializable over V. 
If %" are the projections of the bundles E, F and if N', N" are their respective 
ranks over V, then there exist diffeomorphisms zh-+((p(7i'(z)), v(z)) of 7r' _1 (V) 
onto <p(V) x C N ' and z\->((p(7i"(z)), w{z)) of tc"' 1 ^) onto <p(V) x C N " such 
that v (resp. w) is a linear isomorphism of each fiber n , ~ 1 (x) (resp. 7c ,,_1 (x)) 
onto C N ' (resp. C N "). The mapping fh-n> ° f ° (p~ x (resp. fh^w ° f ° <p _1 ) is 
then an isomorphism of T(V, E) onto (<f(<p(V))) N ' (resp. of T(V, F) onto 
($(<p(y))) N )• If P is a differential operator from E to F, then for each section 
f e T(X, E) the value P • f | V depends only on f | V, and there is therefore a 
well-defined continuous linear mapping gh-><2*g of («f(<p(V))) N/ into 
(<^(<p(V))) N '' such that 

(17.13.2) w o (P • f| V) o cp" 1 = Q • (v o (f\ V) o cp- 1 ). 

The linear mapping Q is said to be the local expression of the operator P 
corresponding to the chart (V, <p, n) and the mappings v and w. 

(17.13.3) In order that a linear mapping P o/r(X, E) into T(X, F) should be a 
differential operator , it is necessary and sufficient that for each xeX there 
should exist a chart (V, cp , n) ofX at the point x, such that E and F are trivial¬ 
izable over V and such that the corresponding local expression of P should be of 
the form 

(17.13.3.1) ‘ D v g, 

M 

where , for each multi-index v such that |v| ^ p, the mapping y\—>Afy) is a 
C™-mapping of cp(V) into the vector space Hom c (C N ', C N ") (which can be 
identified with the space of N" x N r matrices over C). 

The condition is sufficient. First, it is clear that it implies the condition 
(L). Second, since each compact subset of X admits a finite covering by 
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domains of definition of charts which satisfy the condition of the statement of 
the proposition, it is enough by virtue of (17.2) and (3.13.14) to verify that the 
mapping (17.13.3.1) is continuous, and this is a direct consequence of (17.1.3) 
and (17.1.4). 

To show that the condition is necessary, we may clearly assume that X is an 
open subset of R” and that E = X x C N ', F = X x C N ", so that T(X, E) = 
(*(X)) N ' and T(X, F) = (<f (X)) N ". Replacing P by p°P°j, where j is a 
canonical injection of one of the factors of (<^(X)) N ' into this product, and p is 
a canonical projection of the product (<f(X)) N ” onto one of its factors, we 
reduce further to the case where N' = N" = 1. 

Replacing X if necessary by a relatively compact open set, we may suppose, 
by virtue of the definition of the topology of <f(X) (17.1), that there exists a 
constant c and an integer p such that for all x e X and all /e ${. X) we have 

(17.13.3.2) | (P •/)(*) \£c- sup | D v /(y) |. 

yeX t \v\^p 


This shows that for each x eX the linear form f^(P */)(x) is a distribution 
of order Sp on X; furthermore, if * $ Supp(/), then by hypothesis we have 
(P • f)(x ) = 0, so that the support of this distribution is {x}. Hence (17.7.3) it is 
of the form 


/•-*• Z a vO)D v /(x), 

M 

where the a v (x) are scalars. 

Replacing/successively by monomials x a , we see that for |a| ^p the 
functions 


*>->• Z v! LK(*k v 

v^a W 

are of class C 00 . It follows easily by induction on | v | that all the a v are of class 
C 00 , and the proof is complete. 

For each differential operator P from E to F, and each point x e X, the 
order ofPat x is defined to be the largest of the integers | v | such that A v (x) ^ 0 
in a local expression of P in a neighborhood of x. It follows immediately from 
the rule for differentiating composite functions and from Leibniz’s formula 
that this number cannot increase when we pass from one local expression to 
another, and hence it is independent of the particular local expression chosen. 
By virtue of (17.13.3), a differential operator of order 0 may be written 


( 17 . 13 . 3 . 3 ) 


f^A • f, 
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where, for each x e X, A(x ) is a linear mapping of the fiber E x into the fiber 
F*, in other words an element of Hom^E*, F*), and A : x\-+A(x) is a section 
(of class C 00 ) of the vector bundle Hom(E, F) (which may be identified with 
the tensor product E* (x) F). Such a section may also be identified with a 
linear X-morphism A : E F; for each section f of E, A • f is the section A o f 
of F (16.16.4). 

(17.13.4) If P is a differential operator from E to F, then for each open subset 
U of X we may define the restriction of P to U, which is a differential operator 
P | U from E | U to F | U, as follows: for each section f of E over U and each 
point x e U, there exists a C 00 -function h on X with support contained in U, 
which is equal to 1 in a neighborhood of x; hf extended by 0 outside Supp (h) is 
a C°°-section of E over X; hence P * (hf) is defined. The value (P • hf)(x) is 
independent of the function h chosen, and if we denote this value by (P • f)(x), 
it is immediate from (17.13.3) (or directly from the condition (L)) that P f is 
a section of F over U and that f i—»P * f is a differential operator from E| U 
to F | U. 

If now (U A ) is an open covering of X and if, for each X, we are given a 
differential operator P x from E | U A to F | U A , so that for each pair of indices 
X , p the restrictions of P x and P M to U A n are equal, then it follows im¬ 
mediately from (17.13.3) that there exists one and only one differential operator 
P from E to F such that P| = P A for each X. For each section f e T(X, E) 
and each reX,we define (P • f)(x) to be the common value of (P x • (f | U A ))(x) 
for all indices X such that x e U A . 

(17.13.5) If P is a differential operator from E to F and if h is a C 00 -function 
on X, it is clear that the mapping f \-*h(P * f) is also a differential operator 
from E to F, which we denote by hP (17.1.4). The set of differential operators 
from E to F is therefore an $(K)-module. 

Let E l3 E 2 , E 3 be complex vector bundles on X, and let P x : E x -> E 2 and 
P 2 : E 2 E 3 be differential operators. Then it is clear that P 2 ° P x is a dif¬ 
ferential operator from E x to E 3 . Furthermore, from the local expressions of 

and P 2 it is immediately seen that if P x is of order p and P 2 of order q at a 
point x e X, then P 2 © p x is of order ^p + q at x. 

(17.13.6) An important particular case is that in which E and F are both 
equal to the trivial complex line bundle X x C, so that T(X, E) = T(X, F) = 
<^(X). The local expression of a differential operator P from X x C to X x C 
is then of the form 


9^ £ ajyg, 

|v|gp 


(17.13.6.1) 
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where the mappings y a v (y) are complex-valued C°°-functions defined on an 
open subset <p(V) of R". The operator P is of order p at the point x e V if and 
only if at least one of the numbers a v (cp(x)) for | v | = p is nonzero. The dif¬ 
ferential operators from X x C to X x C clearly form a C -algebra with respect 
to the composition defined in (17.13.5); we denote this algebra by Diff(X). 
We have already seen (17.13.3) that for each x e X the mapping/W(P */)(x) 
is a distribution with support contained in {x}; this distribution is denoted by 
P(x), so that we have 

(17.13.6.2) (P‘/)(x)=i>(x)-/. 

Thus an operator P e Diff(X) is a C 00 -field of point-distributions. 

(17.13.7) Let u : X -»Y be a diffeomorphism. For each differential operator 
P e DifF(X) we transport P by means of u to a differential operator 
uJJP) e Diff(Y) as follows: for each function /e <f(Y), we have 

(17.13.7.1) w*(P) •/= (P * (/o.w)) o tT 1 
or, in other words, for each x e X, 

(17.13.7.2) ( W *(P) • f)(u(x )) = (P • (/o u))(x), 

which shows immediately, bearing in mind the definition of the image under 
u of a distribution on X (17.3.7), that for each x e X we have 

(17.13.7.3) u(P(x)) = ( W *(P))(w(*)). 

From (17.13.7.1) it follows immediately that if P l9 P 2 e Diff(X), then 

(17.13.7.4) u*{P x P 2 ) = u^PMP,) 

in the algebra Diff(Y). Further, if v : Y -> Z is another diffeomorphism, 

(17.13.7.5) (vou)4 t = v*o U *, 

which shows that w* is an isomorphism of the algebra Diff(X) onto the algebra 
Diff(Y). 

With this notation, if (V, (p y n) is a chart of X, it is clear that the local 
expression of an operator P e Diff(X) is <p*(P| V). 



300 XVII DISTRIBUTIONS AND DIFFERENTIAL OPERATORS 


(17.13.8) Let P e Diff(X). For each compact subset K of X, the image under 
P of S(X; K) is contained in ^(X; K). If T is a distribution on X, we may 
therefore consider, for each function /e @(X; K), the value <T, P •/>, and it 
is clear that the linear mapping P */) of @(X; K) into C is con¬ 

tinuous. Hence we have a distribution f P • T, defined by the relation 

(17.13.8.1) < f P • T,/> = <T, P •/> 

for all /e £0(X) (12.15.3). It follows from this definition that Th-VP * T is a 
linear mapping of <2'(X) into itself, and that if the restriction of T to an open 
set U c X is zero, then also the restriction of f P • T to U is zero. In other words, 
we have 


Supp(*P • T) c Supp(T), 

and for each open UcX and each T e @'(X) we have 
\P | U) • (T | U) = (*P • T) | U. 

If (V, <p , n) is a chart of X for which P has the local expression (17.13.6.1), 
then, for each function /e @(<p(V)), 

(17.13.8.2) • T,/ ° <p> = £ (-l)M<D'K<p(T|V)),/> 

having regard to the definition of the derivative of a distribution on an open 
subset of R" (17.5.5). 

Remark 

(17.13.9) Let P : E F be a differential operator. From the local expression 
(17.13.3.1) and from Leibniz’s rule it follows that, for each section f e T(X, E), 
the mapping o\ ->P(crf), where o runs through the set of C 00 scalar-valued 
functions on X, is a differential operator from X x C to F; moreover, if P is 
of order p at a point x, and if f(x ) ^ 0, then cri~»P(crf) is also of order p at x , 
by virtue of Leibniz’s formula. In particular, in order to verify that a dif¬ 
ferential operator P is of order 0, it is enough to show that P(of) = crP(f) for 
all g e *(X) and all f e T(X, E). 

(17.13.10) The notion of a real differential operator is defined in exactly the 
same way, by replacing in (17.13.1) complex vector bundles by real vector 
bundles, so that T(X, E) and T(X, F) are real Fr6chet spaces; we have only 
to replace C by R throughout in the developments of this section. In particular, 
to say that P e Diff(X) is a real differential operator signifies that, for each 
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C 00 real-v alued function/on X, the function P -/is also m*/-valued. For each 
real distribution T on X, f P * T is then also a real distribution. If E, F are real 
vector bundles on X and E (C) , F (C) their complexifications, then every real 
differential operator P from E to F extends uniquely to a complex differential 
operator P (C) from E (c) to F (C) , because T(X, E (C) ) = T(X, E) ® R C. 

(17.13.11) The results of this section are easily extended to continuous linear 
mappings of r (r) (X, E) into T (s) (X, F) (17.2), where r, s are integers ^0. For 
such an operator one obtains a local expression (17.13.3.1), in which neces¬ 
sarily p?£r — s and the A v are assumed only to be of class C s . We leave it to 
the reader to modify appropriately the other results of this section. 


PROBLEMS 

1. With the notation of (17.13.1), let P be a linear mapping {not assumed to be continuous) 
of T(X, E) into F(X, F), satisfying the condition (L). Then P is continuous , and hence 
is a differential operator (Peetre’s theorem!.Begin by showing that, for each open subset 
U of X, the restriction of P to U may be defined as in (17.13.4). This allows us to 
reduce to the case in which X is an open set in R" and E = X x C N ', F = X x C N "; we 
may then assume that N' = N" = 1, so that T(X, E) = T(X, F) = <^(X). Then proceed 
as follows: 

(1) For each x e X, if f e £{X) is such that D v /(x) = 0 for each multi-index v, then 

also D V (P */)(x) = 0 for all v. (Argue by contradiction, using Section 16.4, Problem 1: 
There exists a function cp such that <pf is of class C 00 , equal to 0 for all y e X such that 
rf — 0 for 1 Sjt^n, and equal to /for all y e X such that rf — £ J ^ 0 for 1 ^ n. 

Derive a contradiction by considering P • ( 9 of).) 

(2) A point x e X is said to be regular for P if there exists an integer k x > 0 with the 
following property: For each function/e <^(X) such that D v f(x) = 0 for |i/| < k x , we 
have CP */)(jc) = 0. Show that if U is an open set in X, all points of which are regular 
for P, then P \ U is a differential operator. (Prove that the k x are bounded on each 
compact K cz U; for this, argue by contradiction and use Problem 2 of Section 16.4. 
In each relatively compact open subset V of U we may then write (P f){x) — 
£ a v (x)D v f(x); prove as in (17.13.3) that the a v are of class C 00 .) Deduce that the set 

|V| SP 

S of nonregular points contains no isolated points. 

(3) Show that the set S is empty. (Prove that there cannot exist a sequence (jc k ) of 
distinct points of S, converging to a point x t by using Section 16.4, Problem 2 again.) 

2. If P: F(X, E)-> F(X, F) (notation of (17.13.1)) is a linear mapping, show that the 
following conditions are equivalent: 

(a) P is a differential operator of order ^ m. 

(b) For each function / e <^(X), the linear mapping 

s^P-(/s)~/P-s 

is a differential operator of order ^ m — 1 . 
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(c) For each family (/i)i S i S m+i of m + 1 functions in <?(X), and each s e T(X, E), 
we have 

i D c * td(H) (n fdp • «n /<)*>=o. 

H IeH t#H 

where H r uns through all subsets of {1, 2,..., /w + !}• (Use induction on m.) 


3. Let X be a differential manifold, E and F two complex vector bundles over X. Show 
that the differential operators of order ^ r from E to F may be identified with the 
linear X-morphisms of the bundle P r (X, E) of jets of global sections of E into the 
bundle F. 


4. Let X be a differential manifold. For each point x e X and each integer r ^ 0 and let 
TS°(X) denote the vector space of real distributions of order <> with support con¬ 
tained in {*}. For each real-valued C^-function /on X and each real point-distribution 
S x e T§°, the value <S*,/> e R depends only on the jet 3 ( xKf) of order r. If we denote 
the value by <S X , J£ } (/)>, we have in this way defined a bilinear form on 

T£>(X) x P?>(X), 


which identifies TSe r) (X) with the dual of P£(X). The space T ( x r) (X) is called the tangent 
space of order r of X at the point x. The disjoint union T <r) (X) of the spaces T? } (X) as x 
runs through X is canonically endowed with a structure of a vector bundle over X; this 
bundle is canonically isormorphic to the dual of the bundle P r (X) of jets of X into R, and 
is called the tangent bundle of order r of X. Its rank is 

(n+ 1\ (n + r- 1\ 

' + U) + ' + ( r ) 

if dim(X) = n. The bundle T (1) (X) may be canonically identified with the tangent bundle 
T(X) (whence the terminology). 

The bundle T (r_1) (X) is canonically isomorphic to a subbundle of T (r) (X). Define a 
canonical isomorphism 


S r (T (X)) -> T (r) (X)/T (r _1) (X), 

where S r (T(X)) is the rth symmetric power (A.17.4) of the bundle T(X). (To a sequence 
(Zi,.. Z r ) of r vector fields on X corresponds the image in T (r) (X)/T (r_1) (X) of the 
section 6 Zl o8 Z2 o---o $ Zr of T (|, >(X); use (17.14.3).) 

For each C 00 -mapping u : X -> Y, define canonically a bundle morphism T (r) (w) : 
T (r) (X) -> T <r) (Y). The diagram 

0 -► T (r -1) (X) -► T (r) (X) -► S r (T(X)) -► 0 

Tt r “D(«)| T(0(ii)| S r (T(«))| 

0 -► T (r ~ 1) (Y) -► T (r) (Y) -► S r (T(Y)) -► O' 


is commutative. 
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14. VECTOR FIELDS AS DIFFERENTIAL OPERATORS 

(17.14.1) Let M be a differential manifold, x a point of M, and h x a tangent 
vector at the point x. The mapping/W (d x f h x > of <f(M) into R is a distribu¬ 
tion of order 1 and support {x}, if h* ^ 0. For if c = (U, cp, n ) is a chart of M 
such that x e U, and if F =/° cp -1 is the local expression off, and v = 0 c ( h x ) 

(16.5.1) , then we have iff, h x > = DF(<p(x)) • v, whence the assertion follows 

(17.3.1.1) . This distribution is denoted by 9 hx , and 9 hx - f— <,d x f, h x > is 
called the derivative of f at x in the direction of the tangent vector h x . 

Now let IbeaC® vector field on M. With X we associate canonically a 
differential operator 9 X e Diff(M) by putting 

(17.14.1.1) (9 X -fix) = 9 X(x) •/= (d x f X(x)} 
for all fe 

By (17.13.3), to show that 9 X is a differential operator, we may assume that 
M is an open subset of R", so that T(M) = M x R" and the vector field X is a 
mapping jci—»■ (jc, v(x)) of M into M x R", with v of class C°°; the cotangent 
bundle T(M)* is also identified with M x R", the covector d x f with (x, D fix)), 
and we have 

(17.14.1.2) (i 9 X -f){x) = <D/(x), v(x)>. 

The criterion (17.13.3) therefore shows that 9 X is a real differential operator of 
order 1, which annihilates the constants. 

(17.14.2) Conversely, we shall show that every differential operator 
P e Diff(M) with these properties is of the form 9 X for some uniquely deter¬ 
mined C 00 vector field X on M. The hypothesis on P implies (17.13.3) that 
relative to a chart (V, cp, n) of M the local expression of P is of the type 

g\-+Y b iDig, 

where the are C 00 real-valued functions on <p(V). Clearly we may associate 
with this local expression the vector field X^ on V defined by 

<X (p (x), d x cp l y = bi((p(x)) 

for and it has to be shown that, if (V, \j/, n) is another chart of M 

with the same domain of definition V, then the vector fields and are 
the same. Now we have \j/ = p ° (p, where p : cp(V) is a diffeomorphism; 
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the assertion then follows from the formulas 

d x r=t(VjP i (<{>(x)))dx<P J , 

j =i 

(D/A o p))(z) = f (DMzMDjpXz)) 

i = 1 

for z e <p(V ) and h a C°°-function on ^(V). 

We shall often speak of the vector field X as a differential operator, and 
we shall write X-f in place of 6 X */ when there is no risk of confusion. 

(17.14.2.1) For each C°° vector field X on M, 6 X is a real derivation of the 
algebra $(M) : in other words, for f g e S’fM) we have 

(17.14.2.2) 6 X ■ (fg) = (9 X f)g +f(6 x ■ g). 

This is clear from the local expression (17.14.1.2). 

Conversely, it can be shown that every real derivation of the algebra 
<f(M) is of the form 6 X (Problem 1). 

(17.14.3) IfX , Y are two C 00 vector fields on M, there exists a unique C 00 vector 
field on M, denoted by [ X , Y], such that 

(17.14.3.1) t 

It is enough to show that the differential operator on the right-hand side 
of (17.14.3.1) is of order gl, since clearly it annihilates constants. Since the 
question is local, we may assume that M is an open subset of R" and that X, Y 
are the mappings u(x)) and x^(x, v(x)). It follows then from 

(17.14.1.2) that 

(Or ■ (Ox •/))(*) = D 2 f(x) ■ (v(x), u(x)) + Df(x) ■ (Du(x), v(x)). 

Hence the proposition follows from the symmetry of the bilinear form 
D 2 /(x) (8.12.2), and the vector field [ X , Y] is given by 

(17.14.3.2) x^(x, Dv(x) • u(x) — Du(x) • v(x)). 

The vector field [ X, Y] is called the Lie bracket of the fields X , Y. The 
following relations are immediately verified: 


( 17 . 14 . 3 . 3 ) 


[X,X] = 0, 
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(17.14.3.4) [X, [7, Z]] + [7, [Z, X]] + [Z, [X, 7]] = 0. 

These relations show that the real vector space rf x (M) = r(T(M)) of 
C 00 vector fields on M becomes a real Lie algebra under the bracket operation. 

(17.14.3.5) Let N be a submanifold ofM and let X, Y be C 00 vector fields on M. 
If X and Y are tangent to N at all points of N (i.e., if X{x) and Y(x) are in 
Tx(N) for all x e N), then the same is true of [X, 7]. 

Since the question is local, we may assume that M is an open subset of R” 
and N = Mn R m , so that T(M) is identified with MxR" and T(N) with 
N x R m <= N x R". With the notation of (17.14.3.2), the hypothesis signifies 
that for each x eMn R m the last n — m components ufix), vfx) of u(x), 
v(x) are zero (m + 1 ^ j ^ n). Since the yth component of Dv(x) • u(x) is 

n 

<D Vj(x), u(x)> = Yj &k v j( x ) u k( x )> it is zero for j ^ m + 1. Similarly the jth 

k= 1 

component of Du(x) * v(x) is zero for j}£m+ 1, and the proposition is 
proved. 

(17.14.4) For each C 00 vector field X on M, the mapping Y i—► [AT, Y] is a 
real differential operator of order S 1 from the tangent bundle T(M) to T(M). 
If we denote this operator by 8 X , then for any two C 00 vector fields Y, Z on M 
and any real-valued C^-function f on M we have 

(17.14.4.1) 6 X • [7, Z] = [8 X • 7, Z] + [7, 0 X • Z], 

(17.14.4.2) 6 X • (/7) = (8 X • f)Y + f(8 x ■ 7). 

The first assertion follows from (17.14.3.2), for we may assume that Mis an 
open subset of R”. The formula (17.14.4.1) is simply another way of writing 

(17.14.3.4) . To prove (17.14.4.2) it is enough to show that, for each function 
geS{ M), 

(17.14.4.3) ’ 9 = i@x 'f)(0y * 9) + /(0[x, n ‘ 9)- 
However, by definition, we have 

* 9 = * (®/y * 9 ) “* ®/y * (fix ' 9) 

= O x -(f(Or-0))-f(6y(O x -gy) 

= (6x '/)(®y * #) +f(®x ‘ (®y * #)) *“/(®y * * #)) 

bearing in mind (17.14.2.2), and this clearly proves (17.4.4.3). 



306 XVII DISTRIBUTIONS AND DIFFERENTIAL OPERATORS 


(17.14.5) For each vector field X on M we have now defined two real 
differential operators of order <; 1, both denoted by 6 X : one from the trivial 
line bundle M xR = Tq(M) to itself, and the other from the tangent bundle 
T(M) = Tq(M) to itself. We shall now show that for each pair (r, s) of integers 
^0 there is a unique canonically defined differential operator of order ^ 1, 
again denoted by 9 X , of the bundle T'(M) of tensors of type (r, s ) to itself, 
such that for any two tensor fields Z' e .^(M) = r(T£(M)) and Z" e ^'(M) = 
T(T r f(M)) we have 

(17.14.5.1) 6 X - (T ® Z") = (9 X • Z') ® Z" + Z'®Q X - Z". 

In view of (17.14.4.2) this assertion is a consequence of the following more 
general proposition: 

(17.14.6) Let X be a C°° vector field on M and let Q be a real differential 
operator of order ^ 1 from Tj(M) = T(M) to itself such that, for each function 
f e <f(M) and each C 00 vector field Y on M, we have 

(17.14.6.1) Q • (fY) = (d x ‘f)Y +f(Q * Y). 

Then for each pair of integers r ^ 0, s ^ 0, there exists a unique real differential 
operator D r s of order £ l, from T£(M) to itself, such that: 

(0 D% = 9 x andDl=Q\ 

(ii) for each C 00 differential l-form a and each C 00 vector field Y on M, 

(17.14.6.2) 6 X ■ < Y, a> = <Q ■ Y, «> + < Y, D\ • a); 

(iii) for any two tensor fields Z' e Z" e ^»(M), 

(i 7.14.6.3) * (*' ® z*) = ( d \;; • t) ® z n + z' ® (D r ; • z"). 

Any tensor field Z on M belonging to where r ^ 1 (resp. s ^ 1) can 

always be expressed locally, in the domain of definition of a chart of M, 
as a sum of fields of the form Y® Z’ (resp. Z" ® a), where T e^ _1 (M) and 
Y is a vector field (resp. Z" e and a is a differential form). Hence the 

uniqueness of the D r s follows by induction from (17.14.6.3), once the unique¬ 
ness of Di has been established; but the latter follows immediately from 

(17.14.6.2) , which determines < Y, D\ * a> as a function of Y and a. Hence, in 
order to establish the existence of the 17 s satisfying the stated conditions, we 
may assume that M is an open subset of R" (17.13.4). Let X t be the constant 
vector field equal to e £ at each point (where e l5 ..., e„ is the canonical basis 
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of R") and let a ; denote the differential form d£' (1 ^ i g n). Then TJ(M) is a 
free <?(M)-module having as basis the n r+s tensor fields 

(17.14.6.4) X h ® • • • ® X ir ® a 71 ® • • • ® a js . 


n 


If 2 * — Z a ijXj, then the relations (X i9 o0 = <5 0 - show, by virtue of 

j=i 

(17.14.6.2), that for a form/a i? where/e <f(M), we must have 


<*/> Z>? ■ (/«,.)> + £ fa Jk (X k , a f > = 5 W 0 X •/ 

k= 1 


for all y, and consequently 

7=1 

It is clear that D° u so defined, is a differential operator of order ^ 1 from 
T(M)* = Tj(M) to itself. To define the other D r s we may assume that either 
r ^ 1, or that r — 0 and s^. 2. In the first case, by induction it is sufficient to 
define D r s * (fX t ® Z), where Z e In conformity with (17.14.6.3) we 

put 

(17.14.6.5) D r s • (fXi ® Z) = Q • (/3Q ® Z + /*, ® Dp 1 * * 

In the second case, by induction it is sufficient to define Z)° • (Z ®/a*), where 
Z e and this time we put 

(17.14.6.6) v D° s • (Z ®/a ( .) = D s °_1 ’ Z ® (/a,) + Z®Dj* (/a,). 

To prove (17.14.6.3), suppose first that r'g: 1, in which case we may 
assume that Z' — fX t ® Z, with Z' e *(M), and the verification is then a 
trivial consequence of (17.14.6.5) and (17.14.6.1), using induction. If r' = 0 
and r" ^ 1, we may assume that Z" =/A r i ® Z with Ze^’^M); the 
multiplication law for mixed tensors (16.18.3.6) then gives Z' ®Z" = 
fXi®Z' ® Z, and we use (17.14.6.5) again. Finally, if /*' = r" = 0, we use 

(17.14.6.6) , the definition of Z)?, and the fact that B x is a derivation. 

(17.14.7) The operator 0 X defined on each tensor bundle T'(M) by applying 

(17.14.6) (in view of (17.14.4.2)) is called the Lie derivative relative to the 
vector field X. 
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By induction on p, we obtain from (17.14.5.1) the formula 

(17.14.7.1) 6 X ■ (F x ® Y 2 <g> • • • ® Y p ) 

= t Yx®--' ®Y j - 1 ®(0 x - Yj)®Y j+1 ® Y p 
j= x 

for any C°° vector fields Y u ..., Y p on M, and the formula 

(17.14.7.2) B x -(a 1 ®0L 2 ®'--® a p ) 

P 

= Z a l ® ® a J~l ® ‘ «/) ® a j + l ® ' * * ® a p 

J=1 

for any C 00 differential 1-forms a 1? ..., a p on M. 

Since locally a contravariant (resp. covariant) tensor field of order p is a 
sum of tensor products of p vector fields (resp. p differential forms), it follows 
that, for any permutation a in the symmetric group Q p and any tensor field 
Z e 5”g(M) (resp. Z e ^(M)), we have 

(17.14.7.3) a(6 x ‘Z) = 0 x -(cr(Z)). 

In particular, the operator 9 X commutes with the symmetrization and 
antisymmetrization operators on and «^~°(M). Since locally a p-vector 

field (resp. a differential p-form) is obtained by antisymmetrizing a con¬ 
travariant (resp. covariant) tensor field of order p , it follows that 9 X acts on 
the p-vector fields (resp. the p-forms) of class C 00 . Moreover, it follows from 

(17.14.7.3) and the definition of the exterior product by antisymmetrization 
(A.13.2) that if T is a p-vector field and Z" a ^-vector field (resp. if a is a 
p-form and jS a g-form) of class C 00 , then we have 

(17.14.7.4) 6 X • (Z a Z") = (0 X • T ) a Z" + Z' a (0 x • Z"), 

(resp. 

(17.14.7.5) 

0 X • (a A P) = (Ox • a) A p + a A (Q x ■ /?)). 

Next, let Z e ^(M) = T(Tg(M)) be a contravariant tensor field of order 
p, and let Z* e &~ p (M) = r(T°(M)) be a covariant tensor field of the same 
order. Then 


( 17 . 14 . 7 . 6 ) 


d x ■ <Z, Z*> = <e x ■ Z, Z*> + <Z, 0* • Z*>. 
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It is enough to verify this relation locally, when we may assume that Z = 
X x ® X 2 ® “ * ® X p and Z* = oc 1 ® a 2 ® * * * ® , the Xj being vector fields 

and the olj differential forms; application of (17.14.2.1) then gives the result. 
By antisymmetrization, it follows that for each differential p-form a and p 
vector fields X u ..., X p , 

(17.14.7.7) 0 X - <a 9 X x a X 2 a - - • a X p > = <9 X - *, X t a--- a Z p > 

+ E<«JiA'"A A [2T, *)] A Xj +1 A ••• A Z p >. 
i= 1 

More generally, the relations (17.14.5.1) and (17.14.6.2) show that the operator 
6 X commutes with contractions: for i g r,j ^ and Ze ^(M) we have 

(17.14.7.8) 8 x -c)(Z) = c‘j(6 x -Z). 

In particular, we recall that when r = s = 1, a tensor field A e may 

be identified with an M-morphism of the tangent bundle T(M) into itself, 
and that if Y is any vector field on M, then c}(A ® Y ) is equal to the vector 
field A • Y. Hence, from (17.14.5.1) and (17.14.7.8), we deduce that 

(17.14.7.9) 9 X - (A - Y) = (d x - A) ‘ Y+ A - (6 X - Y). 

Remarks 

(17.14.8) With the notation of (17.14.1), let n : M -► N be a C°°-mapping of 
M into a differential manifold N. Then we have 

(17.14.8.1) n(e hx ) = e T(n) . hx 

by virtue of the definition of the image of a point-distribution (17.7.1) and 
the formula (16.5.8.5) for the differential of a composite function. 

(17.14.9) With the notation of (17.14.1), let f be a C 00 -function, defined in a 
neighborhood of x, with values in a finite-dimensional real vector space E. 
Then we may define 8 hx • f, by replacing << d x f h*) in (17.14.1) by d x f • h x 

(16.5.7.1) . If (a j)xgjg m is a basis of E and if f = Y J fj*j, where the are 

real-valued functions, then 

m 

j= 1 
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distributions and differential operators 


The definition of 9 X • f for a C" vector field lonM follows immediately from 
this. 

(171410) The formula (17.14.7.5) shows that 9 X is a derivation of degree 0 on 
the anticommutative graded algebra sd(M) = r(M,/\T(M)*) of C°° dif¬ 
ferential forms on M. Since locally a differential p -form a on M is expressible 
as a finite sum of forms of the type f dg x a dg 2 a • • • a dg p , it follows from 
(17.14.7.5) that 6 X • a is determined by the values of 6 X •/ and 9 X ■ df for 
functions/e *(M). Now 6 X -/is given by (17.14.1.1), and we shall show that 


(17.14.10.1) d x -df= d(9 x •/). 

For by applying (17.14.7.7) withp = 1, we obtain 

(9 X -df,Y} + (df, [X, F]> = 9 X • (df, Y} = 9 X ■ (0 r •/) 

for any C" vector field FonM; and since 

(df, [X, F]> = 9 [Xt •/= 9 X ■ ( 9 r -f) — 9 y ■ ( 9 X - f) 

by virtue of (17.14.3), we have 

(9 X ■ df, F> = • (9 X •/> = (d(9 x •/), F>, 

which proves (17.14.10.1). 

If X, Y are C°° vector fields on M, then 

(17.14.10.2) 9 X ° iy — iy ° 9 X = i^ x> yj, 

both sides being considered as operators on sd (M). 

For since iy is an antiderivation of degree — 1 of sd(M) (16.18.4), the same 
is true (A.18.7) of the left-hand side of (17.14.10.2). Since the question is 
local, it follows as above that it is enough to verify that the two sides of 

(17.14.10.2) take the same values for functions/e <f(M) and their differentials 
df e <o)(M); but the operators iy vanish on <f(M), and by (16.18.4.6) we have 
i Y - df = (df, F> = 9y •/. Hence, bearing in mind (17.14.10.1), the verification 
that the two sides of (17.14.10.2) take the same value for df reduces to (17.14.3). 

(17.14.11) Although, for a function /e /(M), the value of 9 X ■ f at a point 
xeM depends only on the value of X(x), the same is not true for the value 
of 6 X - F if F is a vector field. It may be shown that it is not possible to 
define “intrinsically” a vector in T X (M) which should be the “ derivative” of 
F at the point x in the direction of a given tangent vector h x (Problem 2; cf. 
(18.2.14)). 
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(17.14.12) The results of this section may be generalized without difficulty to 
vector and tensor fields of class C r , where r is an integer ^0. If X is a vector 
field of class C r , then 6 X • Z is defined for tensor fields Z of class C s , where 
s^l, and is a tensor field of class c ,nf(r,s “ 1) . All the formulas proved in 
(17.14.4)-(17.14.7) remain unchanged. 

(17.14.13) We shall also leave to the reader the task of transposing the 
definitions and results of this section and the preceding one to the context of 
complex-analytic manifolds. Here we remark only that differential operators 
can no longer be defined by a local property; it is necessary to define them 
by means of their local expressions (relative of course to the charts of a 
complex-analytic atlas), and C 00 -functions and sections are replaced every¬ 
where by holomorphic functions and sections. 


PROBLEMS 

1. Let D be a derivation of the ring SQA) of C 00 -functions on a differential manifold M. 
Show that there exists a unique C® vector field X on M such that D = 6 X . (First show 
that the condition (L) of (17.13.1) is satisfied. Then either use Problem 1 of Section 17.13, 
or else give a direct proof with the help of Section 8.14, Problem 7(b).) 

2. Show that there exists no linear mapping Ivi—^Dh* of the tangent space T X (M) into 
Hom(^o(M), T*(M)) which is not identically zero and satisfies the following conditions: 

(1) for each vector field Y e ^J(M) and each function /e «f(M), 

D h * * (fY) -Ax)D hx * Y+ 0 hx • f)Y(x ); 

(2) for each diffeomorphism u of M onto M, 

DTjcOO-Hjc * (T(m) * Y) — Tjc(m) • (Dh* • Y). 

(Use Problem 11 of Section 16.26.) 

3. Consider the n 1 2 3 vector fields f 1 l D k (1 <^j, Jc^ri) on R". Show that the vector space they 

generate is a Lie algebra 9 and that [ 9 , 9 ] 0 (cf. (19.4.2.2)). 

4. Let X be a C 00 vector field on a differential manifold M. Show that if X(x) # 0, there 
exists a chart c of M at the point x such that X is equal to the vector field X x in the 
domain of definition of c, where the notation is that of (16.15.4.2). 

5. Let M be a differential manifold and let be a subset of the algebra <^ <r) (M), where r 
is an integer > 0. Show that the subalgebra generated by is dense in <f (r) (M) if and 
only if the following three conditions are satisfied: 

(1) for each * e M there exists / e such that fix) # 0; 

(2) for each pair of distinct points x, y e M there exists /e such that fix) i=- f{y ); 

(3) for each tangent vector h x ^ 0 in T(M), there exists fe 3^ such that <9 hjc •/# 0. 
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(To show that the conditions are sufficient, consider a compact subset K of M and a 
relatively compact open neighborhood U of K. If dim*(M) = n y there exist n tangent 
vectors h, at x and n functions/} e XY such that 6h t — We can therefore cover 
0 by a finite number of open neighborhoods V f and define on each V ( functions 
9u (1 ^ / ^ n ) belonging to XY and such that the mapping • • •, fftnix)) is a 

homeonporphism of V i onto an open subset of R", which together with its inverse is of 
class O'. By considering the compact set L which is the complement of the union of the 
sets (Vi n 0) x (Vi n 0) in U x U, show that there exist a finite number of functions 
h k e Xf such that, for each (x, y) e L, we have h k (x) =£ h k (y) for some index k. Finally, 
there exist a finite number of functions f t e X? such that, for each jceU, we have 
fi(x) # 0 for some index /. Deduce that there exist N functions F* e X? such that the 
mapping <D : xh-^Fj/x),..., F N (x)) is a homeomorphism of U onto an open subset 
<D(U) of R" whose closure does not contain 0, and such that both <D and <D ~ l are of 
class O'. Hence, for each function / e «f (r) (M), there exists a function <p e <f <r) (R N ) such 
that <p(0) = 0 and f(x) — ^(F^x),..., F N (x)) for all x e K. Finally, use the Weierstrass 
approximation theorem.) 

6. Let © c be the Lie algebra of compactly supported C 00 vector fields on a differential 
manifold M. 

(a) If a # © c is an ideal in © c , show that there exists a point x 0 e M such that X(x 0 ) — 0 
for all Xe a. (Argue by contradiction: If X e a is such that X(x) # 0, then for each 
field Z s % c there exists a field Ye & c such that Zand [X, Y] coincide in a neighborhood 
of x, by using Problem 4. Then cover the support K of Z by a finite number of suitably 
chosen open neighborhoods V t (1 ^ / <| m); take a partition of unity of class 

C 00 subordinate to the covering of M formed by M — K and the V*, and by considering 
successively the vector fields 


Zi-AZ, Z 2 =f 2 (Z-Z l ), Za^/aCZr-Zi-Za), ..., 
prove that Z can be written in the form2} [Xt , TJ, where X t e a and Y t e © c .) 

i 

(b) Let x 0 e M be such that X(x 0 ) = 0 for all Xea y and let c = (U, 9 ?, n) be any chart 
of M at x 0 . Show that the local expressions of the vector fields lea relative to the 
chart c have all their derivatives of all orders zero at the point <p(x 0 ). (Suppose that the 
result is false for some field X e a, and consider the Lie brackets [X t , X], where X k are 
the fields associated with the chart c (16.15.4.2)). 

(c) Deduce from (a) and (b) that the maximal ideals of the Lie algebra © c are the 
3* 0 , where for each point x 0 e M the ideal 3* 0 consists of all Xe& c such that, for some 
chart c = (U, cp, n) of M at x 0 , all derivatives of X of all orders vanish at the point 
<p(x 0 ) (in other words, such that X and the zero vector field have a contact of infinite 
order at the point x 0 : cf. Section 16.5, Problem 9). 

(d) Let X 0 e @ c and x 0 e M. Show that [X 0 , @ c ] + 3x 0 = ®c if and only if X 0 (x 0 ) ^ 0. 
(Use Problem 3 to show that the condition is necessary.) 

(e) Let M, N be two compact differential manifolds. Show that if there exists an 
isomorphism of the Lie algebra ^J(M) onto the Lie algebra ^J(N), then M and N are 
diffeomorphic and every isomorphism of <^"J(M) onto ^o(N) is of the form 


Xh+T (u) • X, 

where u is a diffeomorphism of M onto N. (First observe that there is a canonical 
bijective correspondence between the closed subsets of M and the ideals of the Lie 



algebra ^J(M): to each ideal a corresponds the set of all x e M such that X(x) = 0 for 
all X e a. Deduce that an isomorphism v of ^J(M) onto 5"J(N) defines a homeomor- 
phism u of M onto N; then show with the help of (d) that if x 0 e M is such that 
X(x 0 ) ^ 0, then we have (v(X))(u(x 0 )) # 0, and deduce that if fe we have 

fo U ~ l G «f(N), by considering the vector field fX and its image under v.) 

15. THE EXTERIOR DIFFERENTIAL OF A DIFFERENTIAL p -FORM 

(17.15.1) Let M be a differential manifold. The mapping/ 1 —► df(\ 6.20.2) is a 
real differential operator of order 1 from the trivial line bundle MxRto the 
cotangent bundle T(M)*, as follows immediately from its local expression. We 
shall now define, for each p^ 1, a differential operator of order 1 from 

/\ T(M)* to AT(M)*. 

(17.15.2) Let M be a differential manifold. For each integer p 0, there ex- 

p p+1 

ists a unique real differential operator d of order 1 from /\ T(M)* to /\ T(M)*, 
satisfying the following conditions : 

(i) If a is a C 00 p-form and ft a C°° q-form on M, then 

(17.15.2.1) d{a a p) = {da) a jS + {-\) p a a d/3 

(p ^ 0 q ^ 0) (in other words (A.18.4) d is an antiderivation of the algebra of 
differential forms on M). 

(ii) When p = 0, d is the differential f \~>df (16.20.2). 

(iii) For each function f e <^(M), we have d(df) = 0. 

In the domain of definition V of a chart of M, every differential p-form 
may be written as the sum of a finite number of forms of the type 

fdg x a dg 2 a * • • a dg p , 

where/and the g k are real-valued functions of class C 00 on V. Condition®, 
applied by induction on p, together with conditions (ii) and (iii), shows that 
we must have 

d{f dg x a dg 2 a • • • a dg p ) = df a dg x a dg 2 a • • • a dg p , 

which proves the uniqueness of d. By virtue of this uniqueness, we need only 
establish the existence of d in the domain of definition U of a chart (U, cp, n) of 
M. Then a p-form a is uniquely expressible as 

(17.15.2.2) a = £ a ilh ... ip dcp il a • • • a dtp 1 " 

ii 
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and da is defined unambiguously by 

(17.15.2.3) da = £ da ilh ... ip a d<p h a • • • a d<p ip . 

ii<i2<"‘<ip 

It remains to verify (i) and (iii). As to (iii), if F is the local expression of / 
relative to the chart (U, <p, «), we have 

df= t D f F ' dtp* 

i = 1 

and therefore 


d(df) = £ d(D f F) a dcp 1 = X X D/D.F) d<p> a dq>\ 

i=l *= 1 j~ 1 

Since D^D^F) = D^D^F) and d(p { a dcp j ——d(p j a d(p l for i^j, and 
d<p l a */<p l = 0, (iii) is clear. As to (i), we may by linearity assume that 
a =/ dq> 11 a • • • dip 1 *, f a • • • a rftp- 7 *, so that 

a a /? =/# d(p li a • • • a dcp lp a d(p Ji a • • * a dcp jq 

and consequently 

d(a a /?) = (/• d# 4- # * df) a dcp H a • • * a d<p ip a d<p J1 a • • * a d(p Jq 

= (df a d(p li a • • * a dq> lp ) a (g d(p ji a * • • a dq> jq ) 

+ (-~l) p (/ d<p li a * • • a dcp ip ) a (dg a d(p h a • * • a d<p jq ) 

having regard to the anticommutation relations in the exterior algebra 

(A.13.2.9). Hence (i) is verified and the proof is complete. 

The differential operator d just defined is called the exterior differential 
in the bundle /\T(M)*, the direct sum of the f\ T(M)*. 

Example 

(17.15.2.4) For any differential manifold M we have defined (16.20.6) the 
canonical differential 1-form k m on the manifold T(M)*. The 2-form — dK M is 
called the canonical differential 2-form on T(M)*. In the notation of (16.20.6), 

n 

its local expression is £ d a drj t . 

i— 1 

(17.15.3) (i) For each C 00 differential p-form a on M we have 
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(17.15.3.1) d(dot) = 0. 

(ii) For each C™-mapping u : M' M and each p-form a on M, we have 

(17.15.3.2) dCu(oc)) = x u{da). 

(iii) For each C 00 vector field X on M and each C 00 differential p-form a on 
M, we have 

(17.15.3.3) 9 X • (doc) = d(6 x ■ a), 

(17.15.3.4) 9 X • a = i x * Ja + c/(z* * a). 

(iv) If cc is a C 00 differential p-form on M and if X 0 , X x ,X p arep -f 1 
C 00 vector fields on M, then 

(17.15.3.5) 

<Ja,X 0 AX 1 A-Al f >=f (-1 ye Xj ■ <«, Xo A • • • A • •• A X > 

7 = 0 

+ I (-1) ,+J <«, [X„ XJ A X 0 A A A A ^ A ••• A X f >, 

where as usual the circumflex over a symbol means that the symbol is to be 
omitted. In particular , for each C°° differential l form a> on M and two vector 
fields X , F, we have 

(17.15.3.6) 

<rfco, Ia7> = ^* <co, F> - 0* * <co, F> - <co, [F, F]>. 

(i) It is enough to verify this locally, in the domain of definition of a chart 
of M, and then it follows immediately from (17.1.2.3) and the fact that 
d(df) = 0. 

(ii) Again the question is local, so that we may assume that 

a —fdg i a dg 2 a * • • a dg p , 

whence 

f u(oc) = (fo u) f u(dg x ) a t u(dg 2 ) a • • • a *w(^) 
and 


^(da) = t w(J/ r ') a t u(dg x ) a • • • a t u(dg p ) 
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by virtue of (16.20.9.5). The result therefore follows from the relation 
d{fo U )^ f uW) (16.20.8.2). 

(iii) To prove (17.15.3.3) we may again assume that a is given locally by 
the expression in (ii). By virtue of (17.14.7.5), we have 

0* ’ W a dg ± a • • • a dg p ) = (0 X ' df) a dg x a • • • a dg p 

+ df A (d x * dg x ) a • • • a dg p + * • * + df a dg x a • • • a (9 x • ^ p ) 

and 


0* * (/^i a • • • a dg p ) = ( 0 * •/)<&! a • • • a dg p 

+/(0* * <&i) a • • • a dg p + • • • +/<& a • • • a (9 x • <&,), 

so that the result follows from (17.14.10.1). 

To prove (17.15.3.4) we observe that, since i x and d are antiderivations, 
i x © d + do i x is a derivation (A.18.7), and by virtue of (17.14.7.5) it is therefore 
enough to verify that Q x and this derivation take the same values for functions 
/of class C 00 and differential 1-forms/ dg. Since i x */= 0, the first property is 
nothing but the definition of 6 X •/= <djf, X> = z* * df. Also, by (17.14.10.1) 
and (17.14.7.5), we have 

0* • ifdg) = (0 X •/) + /(0* * dg) = (0 X •/) 4? +/rf(0 x * *) 

and 


*x * (<*/ a dg) = <# Z> dg - Z> df = (0 X •/) dg - (0 X ■ *) df 
ix'(fdg)= f<dg , 2T>=f(e x -g). 

Consequently 

dflx • (/<&)) = (0* • <7) d/+/d(0* • *) 

and (17.15.3.4) is verified for a =/ J#. 

(iv) The proof is by induction on p. For p = 0, the formula (17.15.3.5) 
reduces to (df Xy = 9 x -f for /e <f(M), which is just the definition of the 
operator 9 X . If p > 0, by (17.14.7.7) we may write 

<0*o * a, X x a **• a Z p > = 9 Xo • <a, X t a ••• a X p > 

- £ <«, JTi A • • • A x } . x A [X 0 , Xj] A X J + 1 A ■ ■ ■ A x p y. 
j=l 

Also, by (17.15.3.4), 

<e Xo ■ a, x x A ■ ■ ■ A x p y = (i Xo ■ dx, x x A • • • A x p y 

+ ^d(i'x 0 ’ a), X x a • a Xp). 
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Now by definition we have (16.18.4.5) 


Oxo * -^1 A • • • A X p y — Ao A A^ a • • • A A p }> 


and on the other hand, by the inductive hypothesis, 

<d(i Xo ' a ),^i A ’*■ a X p y 

= I C-iy-^xj-Oxo-ccXi A ••• aIjA- aX> 

7 = 1 

1 £i<j£p 

Using once again in this last expression the definition of the operator i Xo , we 
obtain immediately the formula (17.15.3.5). 

(17.15.4) For each p ^ 0 and each compact subset K of M, the mapping d is a 
continuous linear mapping of the Frechet space @ P (M ; K) into the Frechet 
space ^ P+1 (M; K), and therefore by transposition (12.15.4) defines a linear 
operator of the space ^ p+1 (M;K) of (/? + 1)-currents into the space 
@ p (M ; K) ofp-currents on M. We denote this operator by T *-► £T; the current 
£T is called the boundary of the current T. Hence, for each compactly sup¬ 
ported differential /?-form a on M and each (p -f l)-current T on M, we have 
by definition 

(17.15.4.1) <£T, a> = <T, day. 

If 7i: M NT is a proper mapping of class C r (r ^ 1), then 

(17.15.4.2) ^(T)) = ^(7t(T)). 

For if a' is any differential /7-form on NT with compact support, we have 

<£(;r(T)), a'> = <ti(T), d* r y = <T, **(&')> 

= <T,J(ya'))> = <?T, W)> 

= <ti(£T), cc'y. 


A similar argument shows that 


(17.15.4.3) 


£(£T) = 0. 
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Examples 

(17.15.5) Let X be an oriented pure manifold of dimension n. If n : X -* X' is 
a proper mapping of class (7 (r g 1), then £(7c(T Vx )) = 0. To prove this it is 
enough to show that, for each C 00 differential (n — l)-form a on X with 
compact support , we have 


(17.15.5.1) 


l 


doc — 0. 


Let K be a compact neighborhood of Supp(a). Then K can be covered by a 
finite number of relatively compact open sets U,- (1 Sj ^ r) such that each 
Uj is the domain of definition of a chart (U,, cpj , n) of X. There exists a family 
of C“-mappings of X into [0, 1] such that Supp(/ 2 j) czU; and 

r ~ r 

— 1 for all x e K (16.4.2). We then have a= so that it is 

7=1 7=1 

enough to show that J x d(hjOc) = 0 for each j; hence we may assume (by virtue 

of (17.15.3.2) and (16.24.5.1)) that X is an open subset of R", and then we can 
write 

A — Aft* A“* A dp 

7 = 1 

so that 

dec = ^t(- di l a ■■■ a d$". 

Hence we are reduced to proving that if/is any C°°-function on R” with com¬ 
pact support , then 

^T>jf( X )de de---d^=o, 

and this follows immediately from the Lebesgue-Fubini theorem. 


This result justifies the terminology “/i-chain element without boundary ” 
introduced in (17.5.2). 


(17.15.6) With the hypotheses of the elementary version of Stokes’ theorem 
(16.24.11), if we put a = d£ 2 a d£ 3 a * • • a d£ n , then the formula (16.24.11.1) 
may be written in the form 

/« - f foe = f d(fcc) 

Eb jE a Ju atb 


(17.15.6.1) 
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for any function /e <f(U). Now, given any two functions / e 3i( E„) and 
f 2 e 2>(E b ), there exists a function fe ^(U) whose restrictions to E„ and E b 
are, respectively,/! and f 2 . To see this, we may assume that U = I x V, where 
V is open in R"" 1 and I is an open interval in R. If gi (resp. g 2 ) is a C 00 - 
mapping of R into [0, 1 ] which is equal to 1 at the point a (resp. b) and 
vanishes outside a neighborhood Wj (resp. W 2 ) of a (resp. b) in I, where 
Wj n W 2 = 0, then we define fit, y) = #i(0/i00 for ie W t ; f(t,y) = 
p 2 (t)/ 2 (y) for t e W 2 ; and f(t, y) = 0 otherwise. The function/so defined 
clearly satisfies the required conditions. Since by hypothesis the form a is 
nonzero almost everywhere in IL and in E 6 , it follows therefore that if a,, a 2 
are compactly supported C 00 'differential (n — l)-forms on E a , E 6 , respec¬ 
tively, then there exists / e 0(U) such that a x , a 2 are induced by fix on E„, E t , 
respectively. Hence from the formula (17.15.6.1) we deduce that (with the 
abuse of notation of (17.5.2)) 

(17.15.6.2) eU^-E^-E.. 

In Chapter XXIV we shall generalize this result by defining a large 
class of “open n-chain elements” whose boundaries can be explicitly deter¬ 
mined. 

(17.15.7) Now let M be a complex-analytic manifold. Starting from the 
differential operator f*-+df from the trivial bundle M x C to the cotangent 
bundle T(M)*, we can repeat the construction of the exterior differential in 
the bundle j\ T(M)*, by replacing C 00 real-valued functions by holomorphic 
functions throughout; but, furthermore, if M 0 = M|„ is the differential 
manifold underlying M, then the complex-analytic structure on M enables us 
to define canonically new differential operators on the bundle /\ (T(M 0 )*) (C) , 
the exterior algebra of the complexification (T(M 0 )*) (C) of the cotangent 
bundle of M 0 • 

For there is a canonically defined endomorphism ‘J (16.20.16) of the 
complex vector bundle (T(M 0 )*) (C) , with square - /, such that 

/ = 4(7- / • 7), P " = l(I+i-‘j) 

are projections on E = (T(M 0 )*) (C) whose sum is I and whose i mages may be 
canonically identified with T(M)* and the “conjugate” bundle T(M)* (whose 
sections are, respectively, generated locally by the differentials ilf of holo¬ 
morphic functions, and the differentials dj of complex conjugates of holomor¬ 
phic functions). For each complex-valued C°°-function/on M 0 , we put 


(17.15.7.1) 


d'f= P 'odf, d"f= P "odf ; 
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so that d' is a differential operator of order 1 from (T(M 0 )*) (C) to T(M)*, and 

d" a differential operator of order 1 from (T(M 0 )*) (C ) to T(M)*, such that 
d= d' + d" and such that the relation d"f = 0 characterizes the holomorphic 
functions on M, and the relation J'/= 0 characterizes their complex con¬ 
jugates. From the decomposition of E = (T(M 0 )*) (C) as the direct sum of 

_ p 

T(M)* and T(M)*, we have a canonical decomposition of /\ E as the direct 
sum of p + 1 vector subbundles 

(17.15.7.2) A"’* E = (A T(M)*) ® (A T(M)*) 

(0 r + s = p). If (U, (p , n) is a chart of M, and (p = (<P J )izj^ n > the 

sections of /\ r,;s E over U form a free <f(U)-module with a basis consisting of 
the sections 


(17.1573) (dcp h a • • • a dcp u ) a (dcp kl A • ■ • a d<p ks ) 

(A < <A,&i <--• <k s ). 

For each pair (r, $) of positive integers there are then defined uniquely two 
(complex) differential operators of order 1: 

(17.157.4) d ': A r,s E-A r+1,S]E » : A r ’* E “* A r ’ s+1]E > 


which for r = s = 0 are the operators already denoted by d' and and which 
have the following properties: 


(i) d'od' = d'od” = 0 9 d'o d" + d"o d' = 0, d^d' + d". 

(ii) d\d Ap) = (d'a) a fi + (- l) p a a (d'p\ 
d"(a a P) = (d* a) a p + (- l) p a a (d"P) 

for a 6 /\ r,s E and p e /\ r ' ,s ' E, with r + s = p. 

(iii) d"(d'f) = 0 and d\d"J) — 0 for each holomorphic function/on M. 


The proof is analogous to that of (17.15.2), by reducing to the case where 
the form a e /\ i s E is the product of a function and a form of type (17.15.7.3); 
the only point to be noticed is that if/is a complex-valued C°°-function on an 
open subset of C”, so that 


we have 




% (‘'”(10 A + d '( w ) A ~ °- 

which follows from the fact that the operators 8/dzj and djdzj commute. 
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(17.15.8) The definition of the exterior differential dot can be easily extended 
to the case of a vector-valued differentialp-form a (16.20.15), with values in a 

finite-dimensional vector space F. If a = £ a f e t ., where (e,-)^,^ is a basis 

i=i 

of F, then we define da = £ (da^e^ and it is immediate that this definition 

i=i 

is independent of the choice of basis of F. Again we have d(da) = 0. If © is a 
vector-valued C 00 differential 2-form and X, Y are two C°° vector fields on 
M, the formula which replaces (17.15.3.6) is 

(17.15.8.1) did • (X a Y) = 0 X * (cd ♦ Y) - 6 Y • (co • X) - <o • [X, Y]. 


PROBLEMS 


1. Let H be a vector subspace of <^ r {(M) which is stable under all diffeomorphisms of M 
onto itself. Let L : H -> 5"$(M) be a linear mapping such that L(u(s)) = u(L(s)) for all 
diffeomorphisms u : M -* M and all seH. Show that, if r # s, then L is necessarily a 
differential operator. (By virtue of Problem 1 of Section 17.13, the question reduces to 
verifying the condition (L) of (17.13.1). Observe that if s|U = 0 for some open neigh¬ 
borhood U of jc, there exists a diffeomorphism u of M onto itself such that u is the 
identity on M — U, u(x) = x and T*(w) is a homothety whose ratio can be arbitrarily 
prescribed (Section 16.26, Problem 11).) Give an example in which r = s = 0 and L is 
not a differential operator (cf. (16.24.2)). 

2. Let a be a C 00 differentialp-form on M. At a point x 0 e M a system of local coordinates 
(<P j )i&j$n is said to be privileged relative to a if, in some neighborhood of x 0 , the 
form a can be written either as c dcp 1 f\d<p 2 3 A * A d<p p , where c is a constant, or as 
yP+i d<p x A dtp 2 A • * * A dcp p . Show that for each point x Q e M there exists a neigh¬ 
borhood U of x 0 in which a is the sum of a finite number of /?-forms, for each of which 
there exists a privileged local coordinate system in U (depending on the p-form). 
(Observe that, for each C 00 -function g defined in a neighborhood of x 0 and each local 
coordinate system ( <p J ) at jc 0 , there exists e > 0 such that 

(<p\ ...,cp p , cp p+l + eg, <p p+2 , •. •, <p") 
is a local coordinate system.) 

3. Let M be a connected differential manifold of dimension w, and let P be a differential 

operator from f\ T(M)* to A T(M)* (0 ^ p, q <j «). If P * (w(a)) = u(P • a) for all 
diffeomorphisms u of M onto M, show that (1) if q ^ p, p + 1, then P = 0; (2) if q — p, 
then P * a = ca, where c is a constant; ( 3 ) if q = p ■+■ 1, then P • a = c • dot , where c is a 
constant. (Use (17.13.3), Problem 11 of Section 16.26, and (16.26.8) to reduce to the case 
where M = R" and to prove that for x = 0 and all p-forms a on R" we have (P • a)(0) = 0 
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if 4 7 * P> P + 1; (P • a)(0) = cot(0) if q = p; and (P * a)(0) = c • <La(0) if q — p + 1- Then 
using Problem 2, reduce to the case where a is one of the two forms 

c • dt Adi 2 A * * • A dp or £ p+1 dg 1 A d£ 2 A • • • A 

and apply the condition on P by taking w to be a translation or a linear mapping given by 
a diagonal matrix.) 

4. (a) Let a =/* dg 1 Adg 2 A • * * A^f p be a /?-form on R", with /? n — 1 and / a C 00 - 
function with support contained in the ball B : ||jc|| < 1, and such that fix) = £ p+i in 
the ball rB: ||x !i < r < 1. Let u be a diffeomorphism of R” onto itself which is equal to a 
homothety in a neighborhood of the support of f is the identity on R" — B and is such 
that tf(Supp(/)) <= rB (Section 16.26, Problem 11). Let u(a) = g • d£ x Ad£ 2 A * • • Ad£ p , 
where Supp(^) <= rB. Show that, for all sufficiently small e > 0, the mapping 

® 1 . 1 .. 

is a diffeomorphism of R” onto itself (Section 16.12, Problem 1). We have then u(oc) — 
a -f sv(oc), so that cc~v -1 «(a/£) — v ^(afe). 

(b) Let M be a compact differential manifold of dimension n . Show that, for each 
p^n— 1, every C 00 differential /?-form a on M is the sum of a finite number of /7-forms 
jSj, such that for each ft } there exists a point Xj e M and a local coordinate system (cp k ) 
at Xj relative to which fij is equal to <p p+1 dcp 1 A •• • A d<p p in a neighborhood of Xj. 
(Use Problem 2 and remark that we may write 1 = A£ p+1 + (1 — A£ p+1 ).) 

(c) If M is a compact differential manifold of dimension n and if p < n, show that if a 

p 

linear form Lon A T(M)* satisfies L{u{ a)) = u(L(oc)) for all diffeomorphisms u of M 
onto itself, then L = 0. (Use (a) and (b).) 


5. On a pure differential manifold M of dimension let Xbe a vector field, a a differential 
/i-form, and /a real-valued function (all of class C 00 ). Show that 

df A (ix * oc) = (6 X */)a. 


6 . Let Mi, M 2 be two differential manifolds, / a real-valued function of class C 00 on 
M x x M 2 . For each point x= (x u x 2 ) gMiXM 3) the tangent space T^Mi x M 2 ) 
may be canonically identified with T^MO x T* 2 (M 2 ).Let resp. d ( ff) denote the 
covector (h x , h 2 )V><h x , d x J(-,x 2 )) (resp. (h x , h 2 )f-> <h 2 , d X2 f(x u ■)». Then 
d (U f: x^d^f (resp. d (2} f:x^-d (2) f) are two C°° differential forms on M* x M 2 , 
called the partial differentials of /. We have df — d a) f + d (2) f With the notation of 
Section 16.25, Problem 14, show that one can define uniquely two differential operators 
d (1 \ d m of order 1: 




r +l,s j 


d (2) : 


r,s + l j 


which for r = s = 0 are the operators defined above, and which have the following 
properties: 

d (l) o d (l) = d (2) 0 d (2) = 0j d a) o d (2) + d (2) Q d (l) = 0> 
d =, d (» + d ( 2 \ 

d (1 \ a AjS) = (**>a) AjS + (~l) p aA(rf (1) j8), 

<* (2) (a AjS) = (</< 2 >a) A j8 + ( - l) p a A (<=? (2) i8) 
for a e and jS e , with p = r + 
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7. For the Dirac ^-current s Xx , calculate £ • e Xx , H x • e Zjc and '0* • e Zjc . 

8. (a) Let (e l ) 1 $ t s „ be the canonical basis of R w , and let V', V* be any neighborhoods of 
e x and — e 1? respectively. Show that there exist two w-forms v\ v" of class C 00 on R w 
such that the supports of v\ v" are contained in V', V" respectively, and such that there 
exists an ( n — l)-form a of class C 00 , with compact support, satisfying da = v' — v'\ and 

finally such that J v' — j v"> 0. (Take v' to be 

1 - IMf 2 ) a + * * • + it) 2 ) dt A d £ 2 A * * * A dt, 

where h is a nonnegative C°°-function on R with arbitrarily small support, and such 
that h(0)> 0. Define v" similarly.) 

(b) Let M, N be oriented connected differential manifolds of the same dimension n, 
and let/be a proper (17.3.7) C 00 -mapping of M into N, such that the inverse image 
r /(u 0 ) of an /i-form v 0 belonging to the orientation of N is ^>0 at all points of M 
(relative to the orientation of M). If /is not surjective, show that all points of M are 
critical points of /(16.23). (The set/(M) is closed in N. Suppose that there exists a 
point y 1 e N —/(M) and a point x 2 e M which is not critical for /, and let y 2 = 
fix 2 ) e/( M). Then there exists an open subset U^N, diffeomorphic to R" and con¬ 
taining yi and y 2 (16.26.9). Use (a) to show that there exist two /z-forms v\ v" on N and 
an ( n — l)-form a such that do~v'-~ v'\ the forms v\ v" and a being of class C 00 and 

compactly supported, and such that */(i/) = 0 and t f(v")> 0, contradicting 

J M J M 

(17.15.5.1).) 

9. Let M be a pure differential manifold of dimension n. Let O = be the canonical 
2-form (17.15.2.4) on the cotangent bundle N = T(M)*. For each z e N, the mapping 
h z i-> z(h z ) • O(z) is an N-isomorphism of the tangent bundle T(N) onto the cotangent 
bundle T(N)*. For each C 00 differential 1-form a on N, there exists therefore a unique 
C 00 vector field X a such that a = z* a • O. 

(a) If a, ft are C 00 differential 1-forms on N, their Poisson bracket {a, fi} is defined to be 
the differential 1-form — i lXctw X0l * D. Show that 

{a, ft] = ~0x a * ft + &xp * a + d(i Xtt • (i Xfi • Q)). 

For any three 1-forms a, jS, y on N, show that 

{a, {£, y}} + {j8, {y, a}} + {y, {a, £}} = 0. 

If / g are real-valued C 00 -functions on M, their homogeneous Poisson bracket is defined 
to be the function 


{f,g} = -ixtf • ( ix d§ • &) 

^ -~9xdf * 9 = 6x dg •/ 

Show that d{f, g) = {df dg) and that 

{fid, h}} + {*, {hj}} + {h, {f £}} = 0, 
{fgh}^h{f ) g}+g{f,h} 


for any three functions /, g, h . 
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With the notation of (16.20.6), if the local expression of O is]£ d£ l A dr) t , then 

t = i 




y ( d f dg 

Brji 


y d &\ 

drji 


(b) Replace n by n + 1 and denote a point of N = T(M)* by ((£'), (j]d) (0 i <> n ), 
where M is an open set in R" +1 . Given any function F(z, x\ ..., y lf ..., y n ) defined 
on M x R", construct the function 


m°, -no, yi,...,vn)=*(-e,e,■■■,?, 

\ Vo Vo/ 


defined on the open subset U : rjo i 2 0 in N. If G is another function on M x R" and g 
the corresponding function on U, and if F, G are both of class C 00 , then the function 
Vo {/, g} corresponds to the function 



which is denoted by {F, G} if there is no risk of ambiguity, and is called the nonhomo- 
geneous Poisson bracket of F and G. If co is the differential 1-form 


(jD — dz—^yi dx\ 

i = i 


then we have 

{F, G} dz!\dx x !\dyi A* • * t\dx n t\dy n = to A(dto) sin ~ 1) AdF AdG. 


16. CONNECTIONS IN A VECTOR BUNDLE 


(17.16.1) Let G be a Lie group. We have seen (16.15.6) that for each pair of 
points of G there is a well-determined isomorphism h X ^yx~ 1 * h* of 
the vector space T X (G) onto T y (G), which depends only on the points x, y; but 
the existence of such an isomorphism depends essentially on the supplement¬ 
ary Lie group structure on the differentiable manifold G. In the absence of such 
a structure, there is no canonical isomorphism of the tangent space at a point x 
of a pure manifold M onto the tangent space at another point y , i.e., no 
isomorphism which is determined uniquely by the manifold structure of M 
and the two points x, y . 

The notion of a connection in a vector bundle E over M is the mathematical 
expression of the idea of defining, for each point x e M, a procedure for pro¬ 
viding an isomorphism of E* onto E^ for points y “infinitely near” to x. 

Since the question is local, we shall consider first the case of an open 
subset U of R" and a trivial bundle E = U x R p . Let x be a point of U, and 
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suppose that for each vector heR" such that x + heU we have a linear 
isomorphism 

(17.16.1.1) ( x , u)h+(x+ h, i r (h)“ 1 * u) 

of the fiber E* = {x} x R p onto the fiber E* +/J = {x + h) x R p , so that 
hh-*,F(h) is a mapping of a neighborhood V of 0 in R rt such that x + VcU, 
into the vector space if(R p ) of all endomorphisms of R p (a space which is 
isomorphic to R p2 ). Suppose that F(0) = 1 RP and that jFis of class C 00 in V, so 
that the mapping 

(17.16.1.2) (h, u)h*(x + h, ^(h)- 1 • u) 

of V x R p into U x R p is indefinitely differentiable. Its derivative at the point 
(0, u) is the value at the point (x, u) e E x of the linear isomorphism “ infinitely 
near” to the identity which we wish to consider; this value is, by virtue of 
(8.1.5), (8.9.1), and (8.3.2), 

(17.16.1.3) (k, v) i-* (k, v - (DF(0) * k) • u), 

a linear mapping of R" x R p into itself; DjF( 0) belongs to & (R"; if (R p )), and 
therefore (5.7.8) the mapping (k, u)h->(Di ? (0) • k) • u is a bilinear mapping of 
R n x R p into R p , which we shall denote by 

(17.16.1.4) (k,u)h+r,(k,u). 

Conversely, if we prescribe arbitrarily such a bilinear mapping and put 
^( h ) = 1 ri> + T^h, •), then jp(h) is an automorphism of R p for all sufficiently 
small h (8.3.2), such that (DF(0) • k) • u = r*(k, u). 

(17.16.2) Let us now interpret these remarks in terms which are independent 
of the trivialization of E chosen. Since E = U x R p and since (x, u) is a point 
of the fiber E*, the tangent space T (x u) (E) may be identified with 

T X (U) x T u (R p ), 

and therefore with ({x} x R") x ({u} x R p ). To a pair of vectors (x, k) e T X (M) 
and (x, u) e E x we associate, by means of (17.16.1.4), the vector 

(17.16.2.1) C,((x, k), (x, u)) = ((x, u), (k, -r x (k, u))) 

belonging to T (x u) (E). If n : E -► U is the projection of the bundle E onto its 
base, then we have 

T(x, u)0) • ((*, U), (k, v» = (X, k) for all ((x, u), (k, v)) e T (x , u) (E). 
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Moreover, T(E) is a vector bundle over E (16.15.4); if o E : T(E)-» E is its 
projection, then we have o E ((x, u), (k, v)) = (x, u). Finally, ((x, k), (x, u)) may 
be identified with the vector (x, (k, u)) of the fiber over x of the vector bundle 
T(U)©E over U (16.16.1). Hence the mapping C x defined by (17.16.2.1) 
satisfies the following conditions: 

(17.16.2.2) T (x , „,(*) • C x ((x, k), (x, u)) = (x, k), 

(17.16.2.3) o E (C x ((x, k), (x, u))) = (x, u); 
the mapping 

(17.16.2.4) (x, k) C x ((x, k), (x, u)) 

is a linear mapping of T X (U) into T { ,. u) (E); and the mapping 

(17.16.2.5) (x, u) h-> C x ((x, k), (x, u)) 
is a linear mapping of E x into T(jz)~ 1 (x, k). 

(17.16.3) It is now easy to give the definition of a connection (or linear 
connection ) in an arbitrary vector bundle E over a differential manifold M. We 
have merely to replace in the definitions and conditions of (17.16.2) the vector 
( x , u) by a vector u x e E x , and the tangent vector (x, k) by a vector k x e T X (M). 
We denote again by % : E M, o u : T(M) M, and o E : T(E) E the canon¬ 
ical projections, and we observe that T(E) is a vector bundle over T(M) with 
projection T(n) (16.15.7). Finally, the composite mappings n ° o E and o M o T(n) 
of T(E) into M are equal, and if w denotes this mapping, then the triple 
(T(E), M, m) is again a fibration , but not a vector bundle (16.15.7). 

Having said this, a connection (or linear connection) in the vector bundle E is 
defined to be an M-morphism 

(17.16.3.1) C: T(M) ® E -* T(E) 

of fiber bundles over M (16.12.1), having the following properties: 

(17.16.3.2) 

TOO • C x (k x , u x ) = k x , o E (C x (k x , u x )) = u x ; 


the mapping 
(17.16.3.3) 


k x^C x (k x , u x ) 



16 CONNECTIONS IN A VECTOR BUNDLE 327 


of T X (M) into T Ujc (E) is linear-, the mapping 

(17.16.3.4) u x t-+C x (k x ,u x ) 

is a linear mapping of E x into (T(E)) kx , the fiber over k x of T(E) considered as 
a vector bundle over T(M) with projection T(7t) (16.15.7). In particular, for 
each scalar c e R, we have 

(17.16.3.5) T(m c ) ■ C x (k x , u x ) = C x (k x , c • u x ), 

where m c is the mapping u x • u x of E into itself. 

We remark that the conditions (17.16.3.2) imply that the linear mappings 
k x H->C x (k x , u x ) and u x i-»C x (k x , u x ) are injective. For each u,eE„ the 
subspace of T Ux (E) which is the image of T X (M) under the mapping 

k *'-» c *(k*, u *) 

is supplementary to the subspace T Ujc ( 7 t) ~ 1 (0 X ) formed by the vertical tangent 
vectors to E at the point u x (16.12.1). This supplementary subspace is some¬ 
times called the space of horizontal tangent vectors to E at the point u x , 
relative to the connection C. For each vector field X on M, the horizontal 
lifting (relative to C) of X is a vector field on E, denoted by rel c (T), and 
defined by 

(17.16.3.6) rel c (X)(u x ) = C x (X(x), u x ). 

(17.16.4) Let (U, <p , n) be a chart of M such that E is trivializable over U, 
and let (7t _1 (U), 6, n 4- p) be a corresponding fibered chart of E (16.15.1), 
with 6(pi ~ 1 (U j) = <j»(U) x R p Then, for each point x e <p(U) and each vector 
(k, u) e R" x RL we have 

(17.16.4.1) C^^T^/T 1 ) • (x, k), 0-'(*, u)) 

= T (je . H) (0)-((x, u), (k, -r^(k, u)), 

where (k, u) h* r x (k, u) is a bilinear mapping of R" x R p into R p (17.16.1); the 
mapping (k, u)i->(k, — r*(k, u)) is called the local expression of C corres¬ 
ponding to the fibered chart. More explicitly, this mapping may be written as 

(k 1 , u p )\-*(k\ ..., fc", -Ti(k, u),..., -T£(k, u)) 

(x e v>(U)), where each T x is a bilinear form 

(17.16.4.2) ri(k,u) = £r'WW J 

h, l 

the V hl being C 00 -functions on <p(U). 
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Now consider another fibered chart, corresponding to a chart (U, <p\ n) 
defined on the same open set U. The transition diffeomorphism 

\jj : <p(U) <p'(U) x R p 

is of the form 


(17.16.4.3) (x 1 , u p )t-*(<S>(x), A(x) • u), 


where $>(*) = (d>i(x), ..., <i>„(x)) and A(x) = (a, 7 (x)) is a square matrix of 
order p , so that the derivative D\J/ is the linear mapping 


given by 


(A: 1 , r 1 ,, v p )y-*(k' 1 ,k'\ v'\ ..., v '>) 


(17.16.4.4) " 

^ = X«y^'+lD,a yl -/cV 
V l h, l 


((8.9.1) and (8.9.2)). Now let 

(k n -.. ., k' n , u' 1 ,...,m'Oh-k/c' 1 , ..., k ,n , -r;i(k', u), ..., -r;?(k; u')) 

(x' e <p'(U)) be the local expression of the connection C relative to the second 
chart, and let 


(i7.i 6.4.5) r;?(k', u') = £ ry 7 (x')/c'V 5 '. 

P, y 

Also put 

®~V) = (O x (x'),..., $„(*')), A~ l (<S>-\x')) = (a xy (x’)). 
Then we have from above, for x' = d>(x) and u' = A(x) ■ u, 

r^(D<D(x) • k, A(x) -u) = £ <a*)r‘(k, u) + £ D h ajx) ■ kV; 

i h, l 

also the first of the formulas (17.16.4.4) gives 

** = E !>,&*(•*')•*'' 

and we have 

«' = E S ly( X ') u ' y ’ 

y 

so that finally we obtain the following expression for the r^(x'): 
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(17.16.4.6) 

FAX') = £ (D, $k(x'))ai r (x')(D h aj*-\x')) + £ a ai (®~ V))^®" 

h , l i 

We see from this that, contrary to what one might have expected from 

(17.16.1) , the presence of a connection on M does not enable us to define, for 
all xeM,a bilinear mapping T x of T X (M) x E x into E x ; the mapping T x cor¬ 
responding to a trivialization of E depends on this trivialization. In particular, 
to say that a connection is “zero” has no meaning, because all the Tj,* can 
vanish without the T'j? y vanishing. 

(17.16.5) Since, for each vector (k x , u x ) in T(M) © E, the value C*(k x , u x ) 
of a connection belongs to the tangent space T Ux (E), it follows that the sum of 
the values of two connections at the point (k x , u x ) is defined, as is also the 
product of C x (k x , u x ) by a scalar. We may therefore form linear combinations 

Ytfj Cy of connections in the bundle E, the coefficients fj being real-valued 
j 

C°°-functions on M; but in general the M-morphisms so obtained are not 
connections , by reason of the first condition (17.16.3.2). Nevertheless, there are 
two important particular cases. 

(17.16.6) In the first place, if C and C' are two connections in E, their 
difference C' — C is no longer a connection, but is an M-morphism 

(17.16.6.1) A : T(M) 0E-+ T(E) 
such that 

(17.16.6.2) T(tt) • A x (k x , u x ) = 0 X , o E (A x (k x , u J) = u x . 

The first of these relations shows that A x (k x , u x ) is an element of T Ux (E x ), 
the tangent space to the fiber E x at the point u x , identified with the subspace 
of “vertical” tangent vectors in T Ux (E). Furthermore, k x h->A x (k x , u x ) is a 
linear mapping of T X (M) into T Ux (E x ), and u a h-* A x (k x , u x ) a linear mapping 
of E x into (T(E)) 0x , the fiber of T(E) over the point 0 X e T X (M) relative to the 
fibration (T(E), T(M), T(7i)), which is isomorphic to the tangent bundle 
T(E X ), identified with E x x E x . Also we have a canonical isomorphism 
t Ux : T Ux (E x ) E x (16.5.2) which, modulo the preceding identifications, is the 
restriction to T Ux (E x ) of the second projection. It follows that, if we put 


(17.16.6.3) 


®jc(Kx> u x ) T Ujc (A x (k x , u x )), 
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B x is a bilinear mapping of T X (M) x E x into E x . In other words, we have 
defined a bilinear M-morphism B : T(M) © E -> E, which, by abuse of 
language, is called the difference of the connections C' and C. Relative to a 
local trivialization of E in which C and C' correspond, respectively, to the 
bilinear functions T and F' (17.16.1), the morphism B corresponds to 
—F' + T. Conversely, if B : T(M) © E -*■ E is any bilinear M-morphism, then 
if we put 

A x (k x , u x ) = u x )), 

C + A is a connection, for every connection C in E. 

(17.16.7) Let (U„ , , n) be a family of charts of M such that E is trivializable 
over each U a , and such that the family (U a ) is locally finite. For each a, let C a 
be a connection in the vector bundle 7i _1 (U a ), and let (/ a ) be a C°° -partition of 
unity subordinate to (U*) (16.4.1). Then £/* C a is a connection in E (with the 

a 

understanding that we replace f a (x)(C a ) x (k x , u x ) by the origin of the tangent 
space T Ux (E) for each point * £ U a ). 

Since for each point xeM there is a neighborhood of x which meets only a 
finite number of the U a , and since = 1, the only point that needs to be 

a. 

checked is that the functions/ a C a are C°°-mappings of the whole of T(M) © E 
into E. If x is a frontier point of some U a , there is a neighborhood V of x in M 
which does not meet the support of / a , and therefore, for each point (k^, u^) 
of T(M) © E lying over a point y e V, by definition / a (y)(C a ) y (k y , u y ) is the 
origin of the vector space T Uy (E). The assertion now follows by taking a 
trivialization of T(E) (considered as a bundle over M) in a neighborhood of x. 
In particular: 

(17.16.8) There exists a connection in any vector bundle. 

Choose a family of charts of M having the properties stated in (17.6.7), and 
define each connection C a by taking a particular trivialization of n~ 1 (U a ) and 
taking the corresponding mapping (17.16.1.4) to be, e.g., zero for all 
xe<p a ( U a ). 

(17.16.9) If ( f 9 g ) is an isomorphism of a vector bundle E over M onto a 
vector bundle E' over M', then every connection C in E is transported by 
(/ 9) to a connection C' in E', such that 


c;.(k;., <.) = T(T(/)) • c^.^crcr 1 ) • k^K-))). 
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17. DIFFERENTIAL OPERATORS ASSOCIATED WITH A CONNECTION 

(17.17.1) We take up again the situation considered in (17.16.1). Let Z be 
an open subset of some R 9 , and let G be a C°°-mapping of Z into the bundle E, 
so that we may write G(z) = (/(z), g(z)), where/(resp. g) is a C°°-mapping of 
Z into U (resp. into R p ). Let W be a neighborhood of 0 in R 9 such that 
2 +WcZ, and for each weW put h(w) =/(z + w) - /(z). Since the point 
G(z + w) lies in the fiber E /(z) + h(w) , we may consider the point 

(/(z), F( h(w)) • g(z + w)), 

which lies in the fiber E/ ( z), and we are thus led to take as “derivative” of G 
the derivative of the mapping 

wt->F(h(w)) • g(z -f w) 

at the point w = 0; bearing in mind that F( 0) = 1 RP , and using (8.1.4) and 

(8.2.1) , this gives us the following linear mapping of R 9 into R p : 

(17.17.1.1) w^Dg(z) • w + (DF( 0) • (D/(z) • w)) • g(z). 

Since DG(z) • w = (D/(z) • w, Dg(z) • w), the right-hand side of (17.17.1.1) 
can also be written as 

DG(z) • w - (D/(z) • w, - r /(2) (D/(z) • w, g(z))) 
in which appears the value C /(z) (D/(z) • w, g(z)) of the connection C. 

(17.17.2) We shall now give an intrinsic definition of the covariant derivative 
relative to a connection C in a vector bundle E over M. Let N be a differential 
manifold and let G be a C r -mapping (r ^ 1) of N into E. It follows from 

(17.16.3.2) that, for each z e N and each tangent vector h z e T Z (N), the vector 

T Z (G) • K - C„ (G(z)) (T z (7t - G) • h„ <*(*)) 

belongs to the tangent space T G(z) (E K(G(z)) ) to the fiber through the point 
G(z) of the bundle E. Since this fiber is a vector space, we may apply the 
canonical translation x G(z) (16.5.2) to the above vector: the vector so obtained 
in the fiber E n(G(z)) 

(17.17.2.1) V h , • G = i gw (T z (G) - h z - C n(G<z)) (T z (n ° G) • h z , G(z))) 

is called the covariant derivative of G at the point z (relative to the connection 
C) in the direction of the tangent vector h z . 
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When M and N are open sets in R m and R” (a situation to which we can 
always reduce by a suitable choice of charts), 6 is a function of the form 
g(X)) an d the connection C is given by (17.16.2.1). We have then, 
with h z = (z, h), 

(17.17.2.2) V hz • G = (f(z) 9 Dg(z) • h + r /(z) (D f(z) • h, g(z))) 
or, expressing everything in terms of coordinates as in (17.16.4), 

(17.17.2.3) (V h , ' G) i = 'L d ^ ] h j + Y, r>(/(z)) g\z)h l 

j OZ J j,k,l oz 

for the fth component of V hx • G in R p . 

It is clear that h z i-* V hz * G is a linear mapping of T Z (N) into E rt(G(z)) . If 
G l5 G 2 are two mappings of class C r (r g; 1) of N into J5, such that n ° G t = 
it o G 2 (in other words, two liftings to E of the same C r -mapping of N into M), 
then we have 

(17.17.2.4) V hz • (G 1 + G 2 ) = V hz • G, + V hz • G 2 . 

For every scalar function a of class C r on N, the mapping z\-xr(z)G(z) is a 
C r -mapping of N into E which we denote by aG; clearly n ° (aG) = n ° G. 
Bearing in mind the definition of (17.14.9), it is easily seen that 

(17.17.2.5) V hz • (aG) = (0 hz • a) • G(z) + <x(z)(V hz • G), 

by reducing to the case where the covariant derivative is given by (17.17.2.2). 

Finally, if u : h»N is a mapping of class C r , then for each point z x e N x 
and each tangent vector h Zi e T Zl (Nj), it follows immediately from the defini¬ 
tions that 

(17.17.2.6) Vhj . (GoM) = Vhi . G) 
where z = u(zf) and h z = T Zl (u) * h Zi . 

Remark 

(17.17.2.7) By virtue of (17.17.2.1), the relation V hx • G = 0 signifies that the 
tangent vector T Z (G) * h z is horizontal (17.16.3) at the point G(z). 

(17.17.3) Having defined the co variant derivative of the mapping G : N E 
at a point zeNin the direction of a tangent vector h z e T Z (N), it is now easy 
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to define the covariant derivative of G (relative to C) in the direction of a 
vector field Z e this is the mapping V z * G of N into E which at each 

point ze N has the value V Z(2) • G. The results of (17.17.2) give rise to the 
formulas 

(17.17.3.1) V Zl+Z2 • G = V Zl • G + V Z2 • G 
for two vector fields Z x , Z 2 on N; 

(17.17.3.2) V, z -G = <r(V z -G) 
for every scalar function a of class C r on N; 

(17.17.3.3) V z * (G t + G 2 ) = V z • G x + V 2 • G 2 

for two liftings G l5 G 2 to E of the same mapping /: N -► M of class (7; 

(17.17.3.4) V z • (<rG) = (0 Z • a)G + cx(V z * G) 

for every scalar function c i of class C r on N. 

In the particular case where N = M and 7t ° G = 1 M (that is, where G is a 
section of E), we see that for each C 00 vector field X on M, the operator V x is a 
real differential operator of order ^ 1 from E to E. 


18. CONNECTIONS ON A DIFFERENTIAL MANIFOLD 

(17.18.1) Given a differential manifold M, a connection (or linear connection) 
on M is (by abuse of language) a connection in the tangent vector bundle T(M), 
that is to say an M-morphism of T(M) © T(M) into T(T(M)) satisfying the 
conditions of (17.16.3), with E replaced by T(M). Given such a connection C 
we define, for each vector h x e T^M) and each vector field Y on M, the 
covariant derivative (relative to C) W hx • Y of Y at the point x in the direction 
of h x (17.17.2.1). 

Hence, for each vector field X on M, we have a differential operator 
7h->V x • Y from T(M) to T(M) (17.17.3), with the following properties: 

(17.18.1.1) V * 1+ * 2 • Y= V Xl • Y+ V Xl • 7, 

(17.18.1 .i) V aX ■ Y= a(V x ■ Y), 

(17.18.1.3) V*-(r 1+ Y 2 ) = V x - y 1 + v x - y 2 , 
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(17.18.1.4) V* • (<tY) = (6 X • a)Y + <x(V* • Y), 

where cr is any C 00 scalar function on M. In particular, if U is an open subset of 
M over which T(M) is trivializable, so that the <f(U)-module ^(U) of C 00 
vector fields on U admits a basis Y u ..., Y n , then the above formulas show 
that a knowledge of the vector fields W Yi • Yj on U for 1 ^ ij ^ n determines 
V* * Y completely for any two vector fields X, Y e 

In particular, if (U, <p, n ) is a chart of M, and if (X^^^ is the basis of 
^~o(U) over <^(U) associated with this chart (16.15.4.2), then it follows from 
(17.17.2.3) that 

(17.18.1.5) v x ,-* fc = Xr*. fc x f , 

which shows that if two connections give rise to the same covariant derivative, 
they are identical (cf. Problem 2). 

(17.18.2) Let Cbea connection on a differential manifold M, and letf: N -► M 
be a mapping of class C m (m ^ 1). For each pair of integers r g: 0, s ^ 0, let 
M r s (f) denote the vector space of all C m liftings off to the bundle T'(M). Then , 
for each zeN and each tangent vector h z e T 2 (N), there exists a unique 
linear mapping Gh-*V haf • G of 0F s (f) into the fiber (T^(M)) /(z) which : (1) for 
r = s = 0 coincides with 6 hx (17.14.1); (2) for r = 1 and s = 0 coincides with 
the covariant derivative defined in (17.17.2.1); (3) satisfies the following con¬ 
ditions: 

(17.18.2.1) V hz * (G' @ GO = (V hz • GO ® G'(z) + G'(z) <g) (V hz • G") 
for G' e dt r s’(f) and G" e M r '»{f)\ 

(17.18.2.2) 6 hz • <G, G*} = <V hz • G, G*(z)> + <G(z), V hz • G*> 
for G e M r s (f) and G* e M s r (f). 

The proof follows that of (17.14.6) step by step, replacing the vector field X 
by the vector h z , and tensor fields on M by liftings of /. (It is also possible to 
obtain (17.14.6) and (17.18.2) simultaneously as corollaries of the same alge¬ 
braic lemma: see Problem 1.) 

(17.18.3) If now Z is a C m vector field on N, we define V z * G as in (17.17.3) 
for a lifting G e @ r s (f), by putting (V z * G)(z) = V z(z) • G for all z e N; it is a 
lifting of / to T'(M), of class C m ~ l . The formulas of (17.17.3) remain valid 
without any change. 
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(17.18.4) Consider the particular case where M = N and /is the identity 
mapping. The liftings of / are then tensor fields on M. If U e «^(M) is a tensor 
field, the mapping 

(VM)^<V X -U, v*> 

of x ^J(M) into <^(M) is <^(M fbilinear by virtue of (17.17.3.2). 

Consequently this morphism defines a tensorfield on M, belonging to ^ +1 (M), 
which is called the covariant derivative ofU (relative to the connection C) and 
is denoted by VU or V c l/. Thus we have 

(17.18.4.1) <vu, v* ® xy = <y x * u, v*> 

and it is clear that U h-> VU is a differential operator of order g 1 from T'(M) to 
T£ + i(M). If a e <f(M) is any scalar function, then 

(17.18.4.2) Vex = do 

by virtue of (17.14.1.1) and (17.18.2). Furthermore, we have 

(17.18.4.3) V(aU) = a(VU) + U® da. 

For with the notation introduced above, we have 

<V* * (aU), V *> = er<V* * U, V*> + {0 X * *)<U, V*> 
by use of (17.17.3.4); but 6 X * cr = <J<x, X>, and 

<</er, X><U, V*> = <U <g> da , V* ® X> 

by the definition of duality in tensor products (A.11.1.4); the formula 

(17.18.4.3) now follows. 

(17.18.5) Let M be a differential manifold and N a closed submanifold of M. 
Then every connection on N is the restriction of a connection on M. 

There exists a locally finite denumerable covering of M by open sets which 
are domains of definition of charts of M for which the conditions of (16.8.1) 
are satisfied for the submanifold N. Using a partition of unity subordinate 
to this covering and (17.16.7), we reduce to the situation in which N is an 
open subset of R m and M = N x P, where P is an open subset of R tt “ m , so that 
T(N) may be identified with N x R m , T(P) with P x R"“' m , and T(M) with 
T(N) x T(P). Then if y e N and h', k ; e R m , the connection C' given on N 
may be written (17.16.2.1) in the form 

c;(h\ k') = (h', -r;(h', k')), 
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where T' is a bilinear mapping of R m x R m into R m , and y*-*T' y is of class 
C°° on N. We then take for C the connection on M given by 

c x (h,k) = (h, ~r; rix (p ri h >pri k)), 

where xe M and h, keR" (considered as the product R w x R"~ m ). 

(17.18.6) Let /: M' -> M be a local dijfeomorphism (16.5.6) and let C be a 
connection on M. Then there exists a unique connection C on M' such that, 
for each open subset U' of M' for which/1U' is a diffeomorphism of U' onto 
the open subset /(U') of M, the restriction of C to /(U') is the image under / 
of the restriction of C' to U' (17.16.9). For this requirement determines C' x , 
at every point x' of M, because if U\ V' are two open neighborhoods of x* 
such that/|U' and /|V' are diffeomorphisms onto /(U') and/(V'), res¬ 
pectively, then /|(U' n V') is a diffeomorphism onto /(U' n V'). The con¬ 
nection C' is said to be the inverse image of C under / 

This remark may be applied in particular to the situation in which 
(M r , M,/) is a covering of M. If x[, x' 2 are two distinct points of M' such that 
/(xi) =f(x 2 ) = xeM, then there exist disjoint open neighborhoods Ui of 
x[ and Ui of x f 2 in M' such that /(Ui) = /(U 2 ), and a diffeomorphism 
g : Ui -> Ui such that /1 Ui = g ° (/1U 2 ). With the notation used above, if 
Ci and C 2 are the restrictions of C to Ui and U 2 , respectively, then C 2 is 
the image of Ci by g. Conversely, if a connection C' on the covering space M' 
has this property, it is immediately seen that we may define a connection C on 
M by taking (with the notation of the beginning of this subsection) the 
restriction of C to/(U') to be the image under f\ U' of the restriction of C' to 
U'. The above condition on C then ensures that C is unambiguously defined. 


PROBLEMS 


1. Let A, A' be two commutative rings; p : A A' a surjective ring homomorphism; E, F 
two free A-modules with bases (e i ) 1 ^ tin and (/t)i <D a bilinear form on E x F such 
that Q>(e l 9 fj) = 81 j. Also let E', F' be two free A'-modules with bases OOiand 
(fdi&t&n , and O' a bilinear form on E' x F' such that O'^' ,/j) — 8 ij . Let ph : E -*• E' 
be the A-module homomorphism defined by pb(ed = el (1 £ / £ ri)> and p? : F -> F' the 
A-module homomorphism defined by pi(/*) = //(1 Si ^ «)• Suppose also that we are 
given a mapping L : A-> A' such that L (ab) = L (a)p(b) + p(a)L(b), and a linear map¬ 
ping LJ : E->E' such that Lo(tf*) = L(a)pb(x) + p(a)hb(x) for all a, be A and x eE. 

(a) Show that there exists a unique mapping L? : F -> F' such that 

L?to)=L(4;w + p( a )L?w 
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for all a e A and y e F, and 

L(<X>(x, y)) = ®'(L&(*), p2(y)) + <3>'(pi«, L?G0) 
for all x e E and 7 e F. 

(b) Show that for each pair ( p , g) of integers ^0 there exists a unique mapping 
LJ: E ® p 0 f®«-*-E'® p 0F®« 


such that 

LJOz) = L(a)p p (z) -f- p(<z)L p (z) 

for a e A and zeE® p ®F® 9 , where pj is the canonical extension of p& and p? to the 
tensor product); 


LJ t r s (u 0 1 ?) = L p (a) 0 pIO) 4- p{(«) 0 LKw) 

for u e E® p 0F®* and v eE® r 0F® s ; and 

L($(«, w*)) = O'CLJCw), p«(t>*)) + <S>'(p’(u), Ll(p*)) 

for m e E® p ® F®* and i;* e E ® 9 0 F® p , where <E> and <D' are the canonical extensions of 
the bilinear forms to the tensor product. (Follow the proof of (17.14.6).) 

2. Let E be a vector bundle over M, and let DifF x (E) denote the «f(M)-module of differen¬ 
tial operators of order <^1 from E to E. Show that every <^(M)-linear mapping JfcWP* 
of ^J(M) into Diff^E) such that P x • (aY) = (6 X • cr)Y~b or(P x • Y) for all a e <^(M) 
and all C 00 -sections Y of E, is of the form X \—► V x relative to a unique connection in E. 
(Show first that if X vanishes in an open set U, then P x | U = 0.) 

3 . Generalize the result of (17.18.1) to linear connections in an arbitrary vector bundle E 
over M. Consider in particular a C°°-section G* of the dual E* of E, and associate with 
it the scalar function on E given by u x >-+Q.{u x ) = <u je , G*(x)>. Show that 

< U JC 9 * *** ) ~ ^Cx(hx. Ux) ' 

4. With the notation of Section 16.19, Problem 11s, how that a linear connection in E is a 
mapping C:Ex b T(B)->T(E) such that ju»C=l E)(BT(B) , and such that C is a 
bundle morphism of E x B T(B) into T(E) both as bundles over E and as bundles over 
T(B). 

5. With the notation of (17.18.4), show that V(cjU) == cj(VU) for any contraction cj. 


19. THE COVARIANT EXTERIOR DIFFERENTIAL 

(17.19.1) The formula (17.15.3.6) enables us to calculate at each point x e M 
the value <</(co(x), h x a k x ) of the exterior differential of a 1-form co by 
considering two C 00 vector fields I, f on M, such that X(x) = h x and 
Y(x) = k x , and calculating the value of the right-hand side of (17.15.3.6) at 
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the point x. It is remarkable that although each of the terms on the right- 
hand side depends on the values of the fields X, Y in a neighborhood of x and 
not merely at the point x, yet the left-hand side does not. We shall see that 
an analogous phenomenon presents itself when the Lie derivative is replaced 
by the covariant derivative relative to a connection. 

(17.19.2) In detail, let E be a vector bundle over M, and let / be a C 00 - 

p 

mapping of a differential manifold N into M. If co : f\ T(N) -> E is a C 00 - 
mapping such that (/, co) is a vector bundle morphism (16.15.2), then co is said 
to be a C 00 differential p-form on N with values in E (relative to the mapping 
/) (cf. Section 20.6, Problem 2). If Z 1? Z 2 , ..., Z p are C 00 vector fields on N, 
then for each point ze N the element co (Z x (z) a Z 2 (z) a • • • a Z p (z )) belongs 
by definition to E /(z) ; moreover, it is immediate that the mapping 

Z I—► CO (Z x (z) A Z 2 (z) A ••• A Z p (z)) 

is a -lifting of/ to E, which we denote by 

CO * (Zj A Z 2 A **’ A Z p ). 

(17.19.3) . Now suppose that we are given a connection C on E, and consider 
first the case p = 1. Let co be a differential 1-form of class C 00 on N, with 
values in E, and let X , Y be two C 00 -vector fields on N. By analogy with 

(17.15.8.1) we form the C°°-lifting of/to E 

(17.19.3.1) Vy * (co * Y) — Vy * (co • X) — co • [X, Y]. 

We shall show that the value of this mapping at a point z e N depends only on 
the values X{z ) and Y(z) of the fields X , Y at the point z. For this it is enough to 
show that if we replace X (resp. Y) by oX (resp. crF), where a is a scalar 
function of class C 00 on N, the value of (17.19.3.1) is obtained by multiplying 
by a(z) the value for X and Y. For, reducing to the case where M, N are open 
subsets of R p , R q and E = M x R", we have X(z) = (z, g(z)) and Y(z) = 
(z, h(z)), and the formula (17.17.2.2) shows that (17.19.3.1) is a bilinear 
function of the vectors (g(z), Dg(z)) and (h(z), Dh(z)); hence, by virtue of 
(8.1.4), the condition stated above is necessary and sufficient for this function 
not to depend on Dg(z) (resp. Dh(z)). 

Now we have 

V,x * (© * Y) = oW x * (co • y) 
by (17.17.3.2), and 

co * (oX) = <r(<o • X), 

Vy(co • (oX)) = (fly • <t)(co • X) + <r(Vy • (co • X)) 
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by (17.17.3.4), and finally 

[<tX, Y] = -(d Y -o)X+a[X, Y], 
a • [aX, Y] = ~(6y- a)(a • X) + <r(© ■ [X, Y]) 
by (17.14.4.2). Hence the result. 

Since (17.19.3.1) is an alternating bilinear function of (X, Y), there exists a 
unique C°° differential 2-form on N with values in E, called the covariant 
exterior differential of a (relative to C) and denoted by da, such that for any 
two C 00 vector fields X, Y on N we have 

(17.19.3.2) da • (*a Y) = V x • (a • Y) — V y • (a ■ X) — a • [X, Y]. 

(17.19.4) This result generalizes easily to differential /(-forms on N with values 
in E, where p> 1. We take the analog of the formula (17.15.3.5) by proving 
that if a is a C” differential /(-form on N with values in E and if X 0 , X u ..., 
X p are p + 1 C 00 vector fields on N, then the C°°-lifting of/to E 

(17.19.4.1) 

i (-iy'V Xj • (a • (* 0 A • • • A Xj A •• • A x p ) 

j~o 

+ X (-l) ,+y Wp„^]AloA-A^A-Al ; .A-Al f ) 

0 5a f < j£p 


has at each point ze N a value which depends only on the values Xfiz) of the 
vector fields X s at z (0 Sj S P )• The method of proof is exactly the same: we 
replace each Xj successively by aX } . In this way we establish the existence 
and uniqueness of a C 00 differential (p + Inform dto on N, with values in E, 
such that do • (X 0 a • • * a X p ) has as its value (17.19.4.1); do is said to be the 

covariant exterior differential of co (relative to C). 

o 

Finally, since by convention /\ T(N) = N x R (16.16.2), a C°° differential 
0-form on N with values in E is identified with a C°° lifting G of / to E. For 
each C 00 vector field X on N, the value of V x * G at a point z e N depends only 
on X(z) by definition (17.17.3). Hence there exists a unique differential 1-form 
of class C 00 on N, with values in E, which is called the covariant exterior 
differential of G and is denoted by dG, such that 


(17.19.4.2) 


dG X = V* G. 
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(17.19.5) With the notation and hypotheses of (17.19.2), let u : N x -»• N be a 
C”-mapping, and consider the composite mapping f x =/° u : -*■ M. It is 

p 

clear that the pair (f u ©0, where © x = © ° /\ T(«), is a morphism of vector 
bundles. The differential p-form © x on N x with values in E is called the 
inverse image of © by u. 

Now suppose that we are given a connection C on E. Then the covariant 
exterior differentials relative to / and to f x = f ° u satisfy the relation 

P P+1 

(17.19.5.1) d(o a /\ T(u)) = (<f©) ° /\ T(u) 

for any C 00 exterior differential p-form © on N with values in E. We shall give 
the proof only for p = 0 and p = 1 (cf. Problem 1). For p = 0, in view of the 
definition (17.19.4.2), the formula (17.19.5.1) reduces to (17.17.2.6). For p = 1, 
since the question is local with respect to N, N t , and M, we may assume that 
M, N, N x are open subsets of R m , R", R" 1 , respectively, and that E = M x R 4 . 
Then © may be written as (z, h)i— >(/(z), A(z) • h), where zt->A(z) is a 
C°°-mapping of N into if(R”; R 4 ); this implies that DA(z) is an element of 
if 2 (R"; R 4 ) ((5.7.8) and (8.12)). It now follows from the formula (17.17.2.2), 
the definition (17.19.3.2), and the rules for calculating derivatives in vector 
spaces (Chapter VIII) that do is the mapping 

(17.19.5.2) 

(z, h a k)i->(/(z), DA(z) • ((h, k) - (k, h)) 

+ r /<z) (Df(z) ■ h, A(z) ■ k) - r /(z) (D/(z) • k, A(z) ■ h)). 

(Incidentally, this • calculation provides another proof of the fact that 
(17.19.3.1) depends only on the values X(z) and F(z).) Likewise, © x may be 
written as (z lt hi)i~K/i(zi), zl 1 (z 1 ) • hj), where f\=f°u and 

M z i) = A(u(zi)) 0 Dw(zi). 

We have then D/ 1 (z 1 ) • hj = D/(u(z 1 )) • (D u(z^} ■ h t ) ; also the mapping 
h 1 i-»Dzf 1 (z 1 ) - (hi, k x ) is the derivative of z^A^Zy) • k t ; consequently, in 
view of the definition of A lt we have 

DAyCZy) • (hj, ky) = DA(u(Zy)) • (Du(Zy) ■ h,, D U(Zy) • ky) 

+ A(u(zy)) ■ (D 2 u(Zy) ■ (h x , k 1 )). 

Inserting these values of D/ 1 (z 1 ) and D Ay(zy) into the expression for do t 
analogous to (17.19.5.2), we obtain, using the symmetry of T> 2 u(zy) (8.12.2), 

(d©i)(zi, hy a k t ) = (do)(z, h a k), 

where z = u(zy), h = D u(zy) • hj, k = Du(z x ) • k 4 . This proves (17.19.5.1) in 
the case p = 1. 
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PROBLEMS 


1 . Prove the formula (17.19.5.1) for arbitrary p , as follows. To calculate the value of the 

p+i 

left-hand side at a (p + l)-vector k 0 A A • • • A k p e A T^N^, consider separately 
the cases where the vectors T zl (u) • kj (0 <*j <,p) are linearly independent or linearly 
dependent. In the first case, reduce to the situation where Nx is a submanifold of N of 
dimension p -f 1 by use of a chart, and use the fact that in calculating the value of 
(17.19.4.1) we may assume that the Xj are fields of tangent vectors to Nj. In the second 
case, we may assume that T 21 (w) • k 0 = 0 and that the fields Xj such that Xj{z x ) = k, 
for 0<:j<p are such that [Xj , X h ] = 0; use the formula (17.17.2.6). 

2. Let M be a differential manifold. Given two integers p ;> 1, q ^ 0, and M-morphisms 
P : f\ T(M) -* T(M), Q : A T(M) —> T(M), we define an M-morphism 

P A Qi^A 1 T(U)-^T(M) 


by the formula 

(P 7\ Q) • (X t A X 2 A •' ■ A X p+q „i) 

— } 771 I XI £<jP ' (.Q ' A * * ' A X a (q)) A X a (q + 1) A * * ‘ A X a (p + q- i)). 

(p- 1 ) 1^1 ^Sp +,-1 

(When q = 0, Q is identified with a vector field X, and Q • (A^u A * • • A X aiq) ) has to be 
replaced by X .) 

Likewise, for each scalar-valued differential j?-form a on M, we define a(p -f q — 1 )- 
form a A Q by the formula 

<aACJiAl2A-AW 

== / 777 i X2 G * (^a(l) A * * * A X a (q)) A X 0 r(« + i) A * * * A -t-«— 1)^ 

(j p 1 ) <f 1 

(with the same convention for q 0). Extend this definition to the case p = 0 by putting 
/ A 0 ~ 0 for all functions /e <f(M). Show that: 

(a) If p §: 1, q gjs 1 and if a is a scalar-valued r-form, we have 

(a A P) A 0 - a A OP A G) * (-1 ) (p - ,)rt “^((a A QVK P - * 7\ (Q A P)). 

(b) 1 t(m> AQ-G; PA 1 t(m> =pP . 

(c) If k, I? are endomorphisms of T(M) (1-forms with values in T(M)), or tensor fields 
of type ( 1 , 1 ), then 


a A 17 — M o 17, uT\X—U'X 


for any vector field X . 
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(a) The mapping a^a A C of the exterior algebra d of scalar-valued differential 
forms on M into itself is an antiderivation of degree q— 1 which is zero on <^ 0 . This 
antiderivation is denoted by /q. Conversely, every antiderivation of of degree 
q— 1 which vanishes on is of this form. (Observe that such an antiderivation is a 

differential operator from T(M) to A T(M).) 

(b) The mapping 

D : oc^(dot) A Q + (-1 Ma A Q) 

of s# into itself is an antiderivation of degree q such that 

(1) Dorf=(-l)*rfoD. 

(We have D = iq ° d— (— 1)* ~ x d o i Q .) This antiderivation is denoted by cIq . Con¬ 
versely, every antiderivation D of s/ of degree q which satisfies condition (1) is of the 

4 

form d Q- (Observe that D is a differential operator from M x R into A T(M).) 

(c) Every antiderivation D of stf of degree r can be written uniquely as D = ip 4- dQ , 

r + 1 r 

where P (resp. Q) is an M-morphism of A T(M) (resp. A T(M)) into T(M). (Deter¬ 
mine Q by the condition that d Q coincides with D on <^ 0 ) ( Frohlicher-Nijenhuis 
theorem.) 

(d) If Q is a vector field X (i.e., if q — 0), then iq coincides with the interior product i x . 
If Q is an endomorphism u of T(M) (i.e., if q — 1), then 

<Su • a, Xi A * * • A X p ) = X <a, X x A * * * A (u • Xj) A • • * A X p > 

j~i 

and, in particular, /i X(M) * a = poc. 

If Q is a vector field X , then dQ coincides with the Lie derivative B x . We have 
<A X( m) ~ d (exterior differentiation in sf). 

r \ P + 4 

(e) With the same notation, there exists a unique M-morphism [P, Q] of A T(M) into 
T(M) such that 

( 2 ) [dp^dq] — d iFt qj. 

We have 

[{2,J > ]==(-l) M+1 [P, GL 
[1t(m> > Q] — 0, 

(-lrt^ to,«] + (~irtQ, w,p]] + (-im, ip, aa = o. 

(f) If P — X and Q = Tare vector fields, then [P, Q] is the usual Lie bracket [X, Y]. 
For each Q , [X, Q] is the Lie derivative 6 X * G (where Q is identified with a tensor field 
of type (1, q)). If P = u and Q = v are endomorphisms of T(M), then 

[*,»]• QT A Y)=[uX,V‘ Y]+[vX,U' Y] + u-(v[X 9 Y]) + » • (if • [X 9 T]) 
-u * [v • X, Y]-V * [u • X, Y] - u • [X, v • Y] - v ■ [X 9 u • Y] 


and, in particular, 

llu 9 ul-(XA Y)=[u-X,u- Y] + u-(u-[X 9 Y))-u-[u-X y Y] - u • [X 9 u • Y] 

(the Nijenhuis torsion of u). 

(g) Show that 

Uq , dp] = </ A G + (~ 1) p 4p, Q] • 
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4. Let M be a pure differential manifold of dimension n. Consider the canonical exact 
sequence (Section 16.19, Problem 11) 

0 -* T(M) x M T(M) i T(T(M)) ^ T(M) x M T(M) -»■ 0. 

The endomorphism / = A ° /x is called the vertical endomorphism of T(T(M)). Its local 
expression relative to a chart of M at a point x is 

(*» h *> u x,k hjc )i->(x, h x> 0, u x ). 

It is a T(M)-morphism for the vector bundle structure on T(T(M)) with projection 
^t(M) , but not for the bundle structure with projection T(o M ). It is of rank rt at every 
point, and we have J °J — 0. 

(a) With the notation of Problems 2 and 3, show that 

J7\J=~0, = 0, 

[0> dj] = 0, [d,dj] = 0, dj o dj ~ 0. 

(b) Show that, for all vector fields Z, Z' on T(M), we have 

Uj , H] = ~ fj. z • 

20. CURVATURE AND TORSION OF A CONNECTION 

(17.20.1) Let E be a vector bundle over M, let C be a connection in E, let 
/: N -* M be a C 00 -mapping and G : N -► E a C 00 -lifting of / Since dG is a 
C 00 differential 1-form on N with values in E, we may consider the differential 
2-form d(dG) on N with values in E. By contrast with the case of the exterior 
differential (17.15.3.1), however, d(dG) is not identically zero in general; but, 
for all h 2 , k z in T Z (N), the vector d(dG) • (h z a k z ) e E /(z) depends only on the 
value G(z) e E /(z) of G at the point z (and not on its values in a neighborhood 
of z). To see this, let X , Y be two C 00 vector fields on N such that X(z) = h z 
and Y(z) = k z . Then the vector d(dG) • (h z a k z ) is by definition ((17.19.3) 
and (17.9.4)) the value at z of the following lifting of/to E: 

(17.20.1.1) V x ■ (V y • G) — V y • (V* • G) - V cx , y] ■ G. 

By the same argument as in (17.19.3), it is enough to show that if a is any 
C 00 scalar-valued function on N, the value of (17.20.1.1) for <xG is obtained 
by multiplying the corresponding value for G by o{z). Now, by virtue of 
(17.17.3.4), we have 

V* * (V y • (<rG)) = V x • (( 0 Y • cr)G + <x(V y • G)) 

= (0 X • (0y • <t))G + (Oy • <x)(V x • G) 

+ ( 0 X • (T)(Vy • G) + <j(V X • (Vy • G)). 
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Interchanging X and Y in this formula, and remembering that 

^ix, y] * = (Otx, y] * + a (V[x, y] * &)> 

it follows that our assertion is a consequence of the definition of [ X , F] 

(17.14.3). 

(17.20.2) The expression (17.20.1.1) is clearly a linear function of G. Hence 
there is an endomorphism R z (h z a k z ) of such that 

d(</G)-(h 2 Ak 2 ) = i? z (h z Ak z )-G( Z ). 

Furthermore, it is immediately seen that the mapping 

(17.20.2.1) r f : h zA k 2 h> l? z (h z a k z ) 

2 

is such that (/, r f ) is a vector bundle morphism of /\ T(N) into Hom(E, E) = 
E* ® E (in other words, r f is a differential 2-form on N with values in 
E*®£). 

(17.20.3) Now let u : N x ->N be a C 00 -mapping. By applying the formula 

(17.19.5.1) for p = 0 and p = 1 we obtain 

(17.20.3.1) d(d(G o u )) = (d(dG)) o /\ T(w). 

In the notation introduced in (17.20.2), this takes the form 

(17.20.3.2) r foU ^r f o^T(u); 

for if : N t E is any lifting of /° u, and if z x e N l9 then there exists a 
lifting G of/to E such that G{u{zf}) — 6 1 (z 1 ) ((16.15.1.2) and (16.19.1)). 

(17.20.4) Consider in particular the case where N = M and /= 1 M . The 
M-morphism r lM is denoted simply by 

r:/\T(M)->E*®E 

and is called the curvature M -morphism (or simply the curvature) of the con¬ 
nection C in E. Knowledge of this morphism determines all the differentials 
d(dG ), by virtue of (17.20.3.2); in other words, with the notation of (17.20.1), 
if G is any C 00 -lifting of f we have 

V* • (Vy • G) - Vy • (V X * G) — Vj- Xf y] • G 
= ( r * ((T(/) * X) a (T(/) • 7))) • G. 


(17.20.4.1) 
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When M is an open set in R m and E = MxR', then we have h, = (x, h) 
and k, == (x, k) with h, k e R m for all x e M ; if u, = (x, u) is any element of 
E,, an easy calculation using (17.17.2.2) and (17.19.5.2) gives 

(17.20.4.2) 

(r • (H, a k,)) ■ u, = (x. Dr, • (h, k, u) - Dr, • (k, h, u) 

+ r,(h, r,(k, U )) - r,(k, r,(h, u))). 

(Since xi-»r x is a mapping of M into -Sf 2 (R"', R*; R 4 ), it follows that Dr, 
belongs to Jz?(R m ; ^? 2 (R m , R 4 ; R*)), identified with the space of trilinear 
mappings & 3 (JT, R m , R’; R s ).) 

(17.20.5) Consider in particular the case where E = T(M), so that C is a 
linear connection on M. Then the curvature morphism r of C defines a bilinear 
M-morphism (h,, k,) h-*- r • (h, a k,) of T(M) © T(M) into T}(M) and hence 
may be identified with a tensor field r of type (1, 3) (16.18.3), called the curva¬ 
ture tensor field (or, by abuse of language, the curvature tensor ) of the connec¬ 
tion C. If (U, <p, m) is a chart of M, and the basis of ^'J(U) over 

<?(U) associated with this chart (16.15.4.2), then from (17.20.4.2) we have 

(17.20.5.1) 

(r • (x, a x k )) ■ x t = £ - §+£ (x* u Pj„ - r^r'*))*,, 

from which we obtain the corresponding components of the curvature ten¬ 
sor r: 


nr 1 nr 1 

(i 7.20.5.2) + Ir;„ - r* r;,). 

(17.20.6) Again assume that E = T(M). The identity mapping 1 T(M) of 
T(M) can be considered as a differential I -form on M with values in T(M). Its 

covariant exterior differential t = d(l T(M) ) is therefore an M-morphism of 
2 

j\ T(M) into T(M), which is called the torsion M-morphism (or simply the 
torsion) of the linear connection C on M. So, by definition (17.19.3), we have 

(17.20.6.1) t • (X a Y) = V x • Y - V y * JT - [X, Y) 

for any two C 00 vector fields X, Y on M. This morphism defines a bilinear 
M-morphism (h x , k x ) k* * • (h x a k x ) of T(M) © T(M) into T(M), and hence 
may be identified with a tensor field t of type (1,2), called the torsion tensor 
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field (or, by abuse of language, the torsion tensor ) of the connection C. If 
(U, <p> m) is a chart of M and (X^ ^ the basis of ^(U) over $ (U) associa¬ 
ted with this chart (16.15.4.2), then from (17.18.1.5) we have 

(17.20.6.2) * • (Xj aX ( ) = E (r** - It,)*,, 

i 

from which we obtain the corresponding components of the torsion tensor t: 

(17.20.6.3) 4 = r‘*~rv 

If/: N -> M is any C 00 -mapping, T(/) is a lifting of /to T(M), and we may 
write it as T(/) o 1 T(M) . The formula (17.19.5.1) consequently shows that, for 
any two vector fields X, Y of class C 00 on N, we have 

(17.20.6.4) 

V* * (T(/) ■ Y) - V y ■ (T(/) • X) - T(/) • [X, 7] 

= t * ((T(/) * X) a (T(/) • Y)). 

(17.20.7) Let C', C" &e two //wear connections on M, t' t" t/ze/r respective 
torsions. If B w t/ze bilinear M -morphism of T(M) ® T(M) into T(M) which is 
the difference of C' and C" (17.16.6), then we have 

(17.20.7.1) t* • (Xa Y) - t' • (Xa Y) = B(X, Y) - B( Y, X). 

If we denote by and the covariant derivatives relative to C and C", 
respectively, then it follows immediately from (17.17.2.1) that 

VL • Y - • y = Ty ix) (-C' x (h x , Y(x)) + C%h x , Y(x))) 

= -B x (b x , Y(x)) 

from the definition of B. Hence we have 

(17.20.7.2) * Y — Vx * Y = -B(X, Y) 

and the formula (17.20.7.1) follows immediately from this and the definition 
(17.20.6.1) of the torsion. 
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MULTILINEAR ALGEBRA 


(The numbering of the sections in this Appendix continues that of the 
Appendix to Volume I.) 


8. MODULES. FREE MODULES 

(A.8.1) None of the results of (A.1.1)~(A.3.5) inclusive involves the field 
structure of K, and therefore ail these results remain valid without modifica¬ 
tion when K is replaced by an arbitrary commutative ring A (with identity 
element). In place of K-i sector spaces we speak of A -modules (in (A.2.3), h x 
is bijective if and only if A is invertible in A). By abuse of language, the elements 
of an A-module are sometimes called vectors and the elements of A are called 
scalars. 

(A.8.2) The definitions of a free family and of a basis of a vector space, 
given in (A.4.1) and (A.4.4), require no modification for an A-module, and 
the same is true of (A.4.3). On the other hand, the condition given in (A.4.2) 
for a family to be free is no longer valid in general (in the Z-module Z, for 
example, the number 1 does not belong to the Z-module 2Z generated by 2, 
but (1, 2) is not a free family). An A-module possessing a basis is said to be 
free. 

(A.8.3) Everything in (A.5.1)-(A.6.6) inclusive, on determinants and 
matrices, also remains valid when the field K is replaced by an arbitrary com¬ 
mutative ring A. In (A.6.4) it is merely necessary to choose the form f Q so that 
it takes the value f 0 (b x ,..., b n ) = 1 for a basis (£>*) of E. We remark that these 
results prove that any two bases of the same A-module E (assumed to have a 
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finite basis) necessarily have the same number of elements (which one might 
call the “dimension” of E, but it should be realized that most of the results 
concerning dimensions of vector spaces do not generalize to free modules). 
The determinant calculations in (A.6.8) and (A.7.4) are also valid for an 
arbitrary commutative ring A. 


9. DUALITY FOR FREE MODULES 

(A.9.1) If E is an A-module, the A-module Hom(E, A) of linear forms on E 
(A.2.4) is called the dual of the module E and is often written E*. If x e E and 
x* e E*, we shall often write (x, x*y or <;t*, x > in place of **(;*:). The mapping 
( x , x*)h-^<x, x*y is a bilinear form, called the canonical bilinear form, on 
E x E*. For each x e E, the mapping x*\-+(x, x*y of E* into A is a linear 
form on E*, in other words an element c E (x) of the bidual E** = (E*)* of E, 
and the mapping c E (called the canonical mapping) of E into E** is linear. 

(A.9.2) Suppose that E is a free module having a finite basis ( e i)i^„ (also 
called a finitely-generated free module). For each index i, let e* be the linear 
form on E (called the zth coordinate function ) such that <£*, e* ) = 5 (Kron- 

n 

ecker delta). Then for each x = £ e t e E, where e A (1 ^ i g n), we have 

i- 1 

(x, efy = f £ . Hence (A.5.1) is a basis of the dual A-module E*, 

called the basis dual to the basis (e £ ). From this definition it follows immediately 
that if (e?*)ist;g/t is the basis of E** dual to (ef\ then we have c E (e £ ) = e** 
for all i, and hence c E is an isomorphism , by means of which we shall identify 
E** with E, so that each element jcg E is regarded as a linear form on E*, 
namely the form x*t-> x*>. 

(A.9.3) Let E and F be two A-modules and u a linear mapping of E into F. 
Then for each linear form y * e F*, the function y* ° u is a linear form on E, 
hence an element of E*, and it is immediately verified that the mapping 
y* h-* y* o u of F* into E* is linear. This mapping is called the transpose of u 
and is denoted by f u. Clearly we have 

(A.9.3.1) \u x + u 2 ) = % + , \Xu) = A • *u 

for all u u u 2 , w e Hom(E, F) and AeA. If G is another A-module and 
v : F -> G a linear mapping, then 


(A.9.3.2) 


*(v O u) = f u o f t). 
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The definition of the transpose is contained in the fundamental duality 
formula: 

(A.9.3.3) OO), y*> = O, *w(y*)> 

for all x e E and y* e F*. If u is an isomorphism of E onto F, then f u is an 
isomorphism of F* onto E*. Its inverse t u~ 1 (which is also the transpose of 
w" 1 ) is called the isomorphism contragredient to u. It satisfies the relation 

(A.9.3.4) <w(x), t u~ 1 (x*)y = <x, jc*) 

for all x e E and x* e E*. 

(A.9.4) Suppose now that E and F are free modules with finite bases 
(adizizn and respectively. If £/=s(a Ji ) is the matrix of u with 

respect to these bases (A.5.2), then a 7i = (u(a^), b *>, and the formula (A.9.3.3) 
therefore shows that <a i5 x u (&*)> = oe 7i . Since (a t ) is the basis dual to (af), 
the matrix of f u with respect to the bases (bj) and (a*) is obtained by inter¬ 
changing the rows and columns of the matrix U of u (it is called the transpose 
of U and is denoted by *U). Further, it is immediately clear that 

(A.9.4.1) t ( t u) = u. 

(A.9.5) Suppose that the finitely-generated free A-module E is the direct sum 
M©N of two finitely-generated free A-modules (A.3.1). To the canonical 
projections p : E M, # : E -> N (A.2.3) there correspond by transposition 
canonical injections ( p : M* -> E*, x q : N* -► E*, such that E* is the direct sum 
of the submodules N° = *p(M*) and M° = ^(N*). To see this, we take a basis 
of E consisting of the elements of a basis (a^ of M and a basis 
of N. It is then immediate that if (a?) and (bj) are the bases dual to (a t ) and 
(bj), respectively (A.9.2), the elements ( p(af) and r #(fr*) form the basis of E* 
dual to the chosen basis of E. The submodule M° (resp. N°) can also be defined 
as the set of linear forms x* e E* such that <x, x*> = 0 for all x e M (resp. all 
x e N), and is called the annihilator of M (resp. N) in E*. By reason of the 
identification of a finitely generated free module with its bidual, it is clear that 
(M°)° = M and (N°)° = N. Finally, note that if i : M -► E and j : N -► E are 
the canonical injections (A.2.3), their transposes x i: E* M* and x j : E* -► N* 
are the canonical projections, when we identify E* with the direct sum 
M* © N*. 

(A.9.6) If E is a finite-dimensional vector space over a (commutative) field K, 
every vector subspace M of E admits a supplement N in E, and the results of 
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(A.9.5) can be applied to the direct sum decomposition M © N of E. The 
annihilator M° of M in E* does not depend on the choice of the supple¬ 
mentary subspace N. It is clear that 

(A.9.6.1) codim M° — dim M, 

(A.9.6.2) (M°)° = M. 

Also, if Mi, M 2 are two subspaces of E, 

(A.9.6.3) (M x +M 2 )° = M?nM 2 °, (M t n M 2 )° = M? + M 2 ; 

this is easily seen by taking a basis of E as in (A.4.12). 

Let F be another finite-dimensional vector space over K, and let u : E -* F 
be a linear mapping. Then, with the same notation, we have 

(A.9.6.4) (Ker u)° = Im(*w), (Im u)° = Ker(*«) 

as is easily shown by decomposing E into the direct sum of Ker(w) and a 
supplementary subspace, and F into the direct sum of Im(w) and a supple¬ 
mentary subspace. It follows that 

(A.9.6.5) rk (*u) = rk(w). 

10. TENSOR PRODUCTS OF FREE MODULES 

(A.10.1) Let E 1? ..., E r be A-modules, and for each index j let xj e E* be a 
linear form on E j. Then the mapping 

r 

(x u x 2 ,..., x r )\-+ J] <Xj , x*y 
j= 1 

of Ej x E 2 x • * • x E r into A is an r-linear form (A.6.1), which is called the 
tensor product of the forms x*,..., x* and is denoted by 

(A.10.1.1) x* ® x* ® * * * 0 x*. 

The set ..., E r ; A) of all r-linear forms is an A-module, and it follows 

directly from the definition that the mapping 

(A.10.1.2) (x* x*, • • •, *?) jc? ® x* 0 • • • <g) x r * 


of E* x E* x “ * x E* into ..., E r ; A) is r-linear. 
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(A.10.2) Suppose now that each Ej is a free A-module with a finite basis 
(e jk )i ikgnj- Then it follows from (A.6.2) that the mapping (A.10.1.2) is bi- 
jective and that the elements 

(A.10.2.1) 

form a basis consisting of n k n 2 ■ ■ ■ n r elements of the A-module 
.Sf/Et,..., E r ; A). This A-module is called the tensor product of E*, ..., E*, 
and is denoted by E? ® A E* ® A • • • (§> A E*, or simply E? <g> E* 2 ® • • • ® E*. 

(A.10.3) Since, under the hypotheses of (A.10.2), E, is identified with E** 
(A.9.2), it follows that we may define in the same way the tensor product 
E x ®a E 2 ® a ''' ®a Er (° r E x ® E 2 ® ® E r ) which has a basis consisting 

of the n k n 2 n r elements 

(A.10.3.1) e 1>ki ® e 2 ,/t 2 ® "• ® 

(1 S kj g Hj, 1 ^ r). The fundamental property of this A-module is the 

following: 

For every r-linear mapping u of E x x E 2 x • • • x E r into an arbitrary 
A-module F, there exists a unique A-Iinear mapping v of E x ® E 2 ® ® E r 

into F such that 

(A.10.3.2) v(x r (g) x 2 ® ® x r ) = u{x u x 2 ,..., x r ) 

for all Xj e E j (1 g r). 

For if u(e Ukl , e 2> kl , ..., e r _ kr ) = c klk2 ... K e F, we can define v by the condi¬ 
tions 

®(«1 , t. ® e 2. ® ' • • ® «r, J = Ckikr-kr , 

and the mapping v so defined clearly has the required properties. 

If E and F are two finitely-generated free A-modules, and if ^ and 
(fj)izj£n are bases of E and F, respectively, then the e t ® fj form a basis of 
E ® F, and hence every element of E ® F is therefore uniquely expressible in 

the form z = ]jT ®fj. This expression can also be written as 

u 


(A.10.3.3). 


z = 


Z x j®fj = Z^® yt> 

j » 1 I* 1 


where the Xj (resp. y t ) are elements of E (resp. F) uniquely determined by z. 
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(A.10.4) The above definition implies the existence of canonical isomorphisms 
between tensor products of finitely-generated free A-modules. If E 1? E 2 , E 3 
are three finitely-generated free A-modules, there is a unique isomorphism 
(the associativity isomorphism) 

(A.10.4.1) (E x ® E 2 ) ® E 3 E x ® E 2 ® E 3 

which maps ( x x ® x 2 ) <8> x 3 to x x ® x 2 ® x 3 . It can be defined by this property 
for the basis elements (e Xfkl ® e 2 k: ) ® e 3 k3 of the left-hand side. Likewise, 
there is a unique isomorphism (the distributivity isomorphism) 

(A.10.4.2) (E x © E 2 ) ® E 3 (E x ® E 3 ) © (E 2 ® E 3 ) 

which maps (x x © x 2 ) ® x 3 to (x x ® x 3 ) © (x 2 ® x 3 ); it is defined in the same 
way as before. 

(A.10.5) We have already seen (A.10.3) that there is a canonical isomorphism 
of Hom(E 1 ® E 2 , F) onto the A-module <Sf 2 (E x , E 2 ; F) of bilinear mappings 
of E x x E 2 into F. Moreover, there is also a canonical isomorphism 

(A.10.5.1) Hom(E l5 Hom(E 2 , F)) -► Hom(E 1 ® E 2 , F). 

For if x x v Xl is a linear mapping of E x into Hom(E 2 , F), then 
(x l5 x 2 )^v Xl (x 2 ) is a bilinear mapping of E x x E 2 into F, and we apply 
(A.10.3). 

Now let E t , E 2 , F l3 F 2 be four finitely-generated free A-modules. To each 
pair of A-linear mappings u x : E x -► F l5 u 2 : E 2 -► F 2 we associate the bilinear 
mapping (x j5 x^i-^w^Xj) ® u 2 (x 2 ) of E x x E 2 into F x ® F 2 ; to this bilinear 
mapping there corresponds (by (A.10.3)) a linear mapping 

u x (x) u 2 : E x ® E 2 ->F x ® F 2 

such that 

(A.10.5.2) {u x ® w 2 )(x i ® x 2 ) = u x (x x ) ® u 2 (x 2 ). 

Furthermore, the mapping (u l9 u 2 )^u x ®u 2 is bilinear; hence (A.10.3) 
there corresponds to it a linear mapping 

(A.10.5.3) Hom(E 1 , F x ) ® Hom(E 2 , F 2 ) HomtEi ® E 2 , F x ® F 2 ), 

which is in fact an isomorphism (and therefore the fact that the symbol u x ® u 2 
has different meanings in the two sides of (A.10.5.3) is unimportant). If (a t ), 
(bj), (c h ), 04) are bases of E Xi E 2 , F l5 F 2 , respectively, if v ih e Hom(E 1? F x ) is 
defined by the conditions v ih (a^ = c h , and v ih (a m ) = 0 for m # i, and if likewise 
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w Jk e Hom(E 2 , F 2 ) is defined by w jk (bj) = d k , w Jk (b„ ) = 0 for n * j, then it is 
immediate that the linear mappings v ih ® w Jk form a basis of 
Hom(E, (g) E 2 , F t (g) F 2 ). 

In particular, taking F x = F 2 = A, since A <g) A is canonically isomorphic 
to A (considered as the free A-module with basis consisting of the element 1), 
we obtain a canonical isomorphism 

(A.10.5.4) E? OEf-KE^Ej)*. 

If on the other hand we take F t = E 2 = A, we obtain a canonical isomorphism 
(A.10.5.5) E* <g) F -► Hom(E, F) 

under which x* <g> y (where x* e E* and y e F) corresponds to the linear 
mapping xv-* <x, x*)y of E into F. 

(A.10.6) Let B be a commutative ring containing A which is a finitely- 
generated free A-module and has the same identity element as A. If E is any 
finitely-generated free A-module, there is a unique B-module structure on 
E ® a B such that (x® P)1 = x ® (fiX) for all xeE and p, 1 e B. For if 
(edxsiin 's a basis of E, every element of E ® A B is uniquely of the form 
Y, e i®P i with Pt e B > and the B-module structure required may be defined by 

i 

e t ® ® (Pi®)- This B-module is said to be obtained from E by 

extension of the ring of scalars to B and is denoted by E (B) . The elements 
e t ® 1 (1 Sj^n) fo™ a basis of E (B) , and E may be identified with the 
sub-A-module of E (B) generated by these basis elements, by means of the 
canonical injection xhx <g> 1. Every A -linear mapping/of E into a B-module 
G extends uniquely to a B -linear mapping/of E (B) into G, such that/(x ® P) = 
f(x)p. We may define / by the conditions J(e t <g) 1) = /(e ( ) for 1 g / g n. 

In particular, if F is another finitely generated free A-module and if 
j: F -* F (B) is the canonical injection, then to each A-homo morphism u : E -»F 
there corresponds the extension of j ° u to E (B) , which is a B-linear mapping 
w (B) : E (B) -* F (B) such that w {B) (x <g) p) = u(x) ® p. In this way we define a 
canonical isomorphism 

(A.10.6.1) (Hom A (E, F)) (B) -> Hom B (E (B) , F (B) ), 

which, in particular, gives an isomorphism 


(A.10.6.2) 


(E*)( B) -> (E (B) )*. 
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Finally, there is also a canonical isomorphism 
(A.10.6.3) E(b) ®b F(b) —► (E ® a F)(b) > 

where E, F are finitely generated free A-modules; the element 
(x ® ft) 0 (y 0 p') (x s E, y e F, p 9 /?' e B) 
is mapped to (x 0 y) 0 (/?/?')• 

11. TENSORS 

(A.11.1) If E is a finitely generated free A-module, we denote by E® n or 
T n (E) or TJ(E) the tensor product of n copies of E, for n^2. This A-module 
is called the nth tensor power of E. We also define Tq(E) to be E itself and 
Tq(E) to be the ring A, considered as an A-module. Likewise we denote by 
T°(E) the tensor product (E*)®", with the convention that Tj(E) = E*. 
Finally, if p and q are two integers >0, we denote by T£(E) the tensor product 
(E*)® € 0 (E® p ). The elements of TJ(E) (resp. T°(E)) are called n-fold contra- 
variant (resp. n-fold covariant ) tensors ; the elements of TJ(E), for p > 0 and 
q > 0, are called mixed tensors of type (p, q), and p (resp. q) is the contravariant 
(resp. covariant ) index. 

It follows from (A.10.5.4) and (A.10.5.5) that T£(E) may be canonically 
identified with Hom(E® € , E® p ). Hence by (A.10.5.3) we have a canonical 
isomorphism 

(A.11.1.1) Tf(E) 0 TJ(E) - Tf£(E) 

in which the product u 0 v of a tensor u = x* 0 • • • 0 x* 0 x x 0 • • • ® x p 
and a tensor v = y* 0 * • * 0 y * 0 y x 0 * * * 0 y r corresponds to the tensor 

x* 0 * • * 0 x* 0 y* 0 • • • 0 y* 0 Xi 0 • • • 0 x p 0 y j 0 • * * 0 y r . 

When p — ^ = 0 or r = 5 = 0, the isomorphisms (A.11.1.1) are the linear 
mappings corresponding to the bilinear mappings (2, z)\-+2z and (z, X)\-*Xz, 
respectively. With these definitions it is immediate that for any three tensors 
w, v, w we have 

(A.11.1.2) (u 0 v) 0 w = u 0 (v 0 w). 

Again, by reason of the identification of a finitely generated free module 
with its bidual, and the canonical isomorphism (A.10.5.4), we have a canonical 
isomorphism 


(A.11.1.3) 


(T'(E))*-TJ(E) 
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such that, if the dual of T'(E) is identified with T«(E) by means of this iso¬ 
morphism, we have 

(A.11.1.4) <xT® •••®x*®x 1 ®---<®x p , 

= (n<*.-> rf>)(noo. xpy 

(A.11.2) If (e,)i sign, is a basis of E and (£■*) the dual basis of E* (A.9.2), the 
elements 

(A.11.2.1) e* ® e* ® • • • ® e% ® e h ® e h ® • • • ® e ip 

of TJ(E), where the indices i h and j k run independently through the set 
{1,2,..., m}, form a basis of T£(E) which is called the basis associated to (<?,). 
A tensor belonging to TJJ(E) then has a unique expression of the form 

X <^ e h ® ■ ■ • ® e u ® e tl ® • • • ® e ip 

the sum being over all m p+q families of indices (A, i p ). 

(A.11.3) Given two indices ij such that 1 g i g p and 1 gy g q, there exists 
a unique linear mapping 

4:T'(E)->T;i}(E), 

called the contraction of the contravariant index i and the covariant index j 
such that, for x u ..., x p e E and x*, ..., x* e E*, 

(A.11.3.1) 

Cj(x* (g> • • * ® X* 0 X! ® • • • ® x p ) 

/X /S 

= <*«, xj}x* ® * • • ® X* ® • • • ® X* ® x t ® • • • ® x* ® • • • 0 x p , 

wherein the circumflex accent signifies that the term underneath it is to be 
omitted from the tensor product. The mapping Cj may indeed be defined by 
this formula for the basis elements (A.11.2.1). 

In particular, taking p = q = 1, we have c\(x* ® x) = <x, x*> e A. The 
elements of E* ® E correspond canonically to the endomorphisms of E 
(A.10.5.5); the value of the contraction c\ for the tensor corresponding to an 
endomorphism u is called the trace of u and is denoted by Tr(w). If (with the 
above notation) u corresponds to the tensor ej ® e t , i.e., if u is the endo¬ 
morphism xk <x, ejye n then its trace is d t j (Kronecker delta). It follows 
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easily that if U = (a, 7 ) is the matrix of u with respect to the basis (e,), then 
(A.11.3.2) Tr(«) =:£<*«> 

i 

the sum of the diagonal elements of the matrix U ; this is also called the trace 
of the matrix U and is denoted by Tr(t/). It is immediately verified that, for 
any two endomorphisms w, v of E, we have 

(A.11.3.3) Tr(uo V ) = Tr(vo U ) 

(it is enough to consider the case where u , v correspond to “ decomposed ’* 
tensors a* ® a and b* 0 b). 


12. SYMMETRIC AND ANTISYMMETRIC TENSORS 

From now on we shall assume that the ring A contains the field Q of 
rational numbers, so that for each a e A and each integer m # 0 the element 
m~ 1 oi belongs to A and is the only element £ e A such that = a. 

(A.12.1) Consider the A-module T rt (E) of w-fold contra variant tensors over 
a finitely-generated free A-module E. We define an action of the symmetric 
group ©„ on T"(E) as follows. For each permutation o e S n , the mapping 

(*1, X 2 , . . . , X B )H->X,-i (1) 0 *,-i( 2 ) ® ® *,-!(«) 

of E" into T*(E) is n-linear, hence factorizes as 

(x l5 x 29 0*2 0 •* *® X n \-+a * (*! 0*2 0 * •• ® X n ), 

where a is an endomorphism of the A-module T"(E), defined by 

(A.12.1.1) (J * (*i 0 *2 0 • * * 0 x n ) = x a -i ( i) 0 *,- 1 ( 2 ) 0 * * ’ 0 *,-!(„) • 

From this definition it follows immediately that, if cr, x are any two permuta¬ 
tions in © n , we have 

(A.12.1.2) t * (cr * z) = (rcr) * z 

for all z e T"(E). 

A tensor z e T"(E) is said to be symmetric (resp. antisymmetric ) if a * z = z 
(resp. a*z = fi ff z, where e a is the signature of the permutation a) for all 
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a e . If we take the basis of T W (E) associated with a basis (ej) of E (A.11.2), 
a tensor is symmetric if and only if its components satisfy the conditions 

(A.12.1.3) a /er< l )l<x<2)-••!<*(„) = 

and antisymmetric if and only if 


(A.12.1.4) a /ff(l)i<r(2)--»<r(n) £ <r 

for all indices i t , i 2 ,..., i n and all a e S B . It is sufficient that these relations 
should be satisfied for all transpositions teS r 

(A.12.2) If z is any tensor belonging to T"(E), we obtain from z a symmetric 
tensor (called the symmetrization of z) 

(A.12.2.1) s • z = £ o- • z 

<T€©„ 


and an antisymmetric tensor (called the antisymmetrization of z) 
(A.12.2.2) a z = £ e<,(^ ' *)• 

<T6 ® n 


It is evident that s • z is symmetric; to show that a ■ z is antisymmetric, we 
observe that, for any peS„, 

p • (a ■ z)= £ e(J (p o ( CT • z)) = e p • £ <V((P 0 ') * z ) 

or € @n «r e @n 

= V (a • z )- 

If z is already symmetric, then 
(A.12.2.3) s • z = «!z, 

and if z is already antisymmetric, 

(A.12.2.4) a • z = nlz. 

The/i-linear mapping (x t ,..., x^\-*s(x x ® • * * ®x„) of E n into T"(E) is 
symmetric , and the /^-linear mapping (x t ,..., x n ) h* «(** ® * • • ® x n ) of E" into 
T n (E) is alternating (or antisymmetric). In particular, if x t = x } for some pair 
of distinct indices /, j, then a(x x ® ’ * * ® *„) = 0. 
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(A.12.3) If 2 eT(E) and z* e T"(E*), then for each permutation (ieS„ we 
have 

(A.12.3.1) <<r • z, z*> = <z, a~ 1 • z*) 

by virtue of the formula (A.11.1.2), because 

n n 

FI (Xff-i(i) -> Xj } ^ FI -> 

i = 1 i= 1 

If we identify covariant tensors with multilinear forms on E (A.10.3), we have 
therefore 


(a • z*)(x u ..., x n ) = z*(x , a) ,..., x c{n) ); 

consequently, symmetric (resp. antisymmetric) covariant tensors may be 
identified with symmetric (resp. antisymmetric or alternating) multilinear 
forms (A.6.3). 


13. THE EXTERIOR ALGEBRA 

All the tensors considered in this section are contravariant. 

(A.13.1) Let E be a finitely generated free A-module, (e^ ^ t ^ m a basis of E. 
The antisymmetrization a(e h ® e h ® • • • ® e in ) is zero whenever two of the 
indices i k are equal (A.12.2). On the other hand, if the indices i k are all distinct 
(which requires that n ^ m), there is a unique permutation a e <5 n such that 
4(n < 4(2) < * * • < 4 (ii) • F° r eac h subset H = {i u i 2 , ..., /„} of n elements of 
the set (1,2, such that h</ 2 <** , <4, the elements e H = 

a • (e h ® £; 2 ® * • * ®£/ m ) therefore form a fois/s (consisting of elements) 

of the A-module A n (E) of antisymmetric tensors of order n over E. 

(A.13.2) Given two antisymmetric tensors z p e A p (E), z q e A^E), their ex¬ 
terior product , denoted by z p Az q , is defined to be the antisymmetric tensor of 
order p + q given by the formula 

(A.13.2.1) z, a z, = ~ a(z p ® Zq ). 

We shall prove the following two fundamental properties: 
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(A.13.2.2) (Anticommutativity) If z p e A p (E) and z q e A,(E), then 

Z ,AZ P = (-1) P %AZ,. 

(A.13.2.3) (Associativity) If z p e A p (E), z q e A,(E), z r e A r (E), then 

£ p A (z, A Z r ) — (Z p A Z 4 ) A Z r . 

To begin with, we shall establish two preliminary results: 

(A.13.2.4) If t p (resp. t q ) is a tensor of order p (resp. q), then 

a (. a (t p ) ® t q ) = p\a(t p ® tq), 

a(t p ® a(t q )) = q\ a(t p ® t q ). 

We have 

a ( a (tp) ® t,) = Z £ <r Z £ *' ((t ' t p ) ® t s ) ; 

+ , te@ p 

but we can identify <5 P with the subgroup of ® p+4 which fixes the integers 
>p in {1, 2,..., p + q}. We have then 

«(«(tp) ® tq) = Z ( Z £ <n(<n) • (tp ® t,)) 

(T60p + , \T60p / 

= />'• Z £ pp-( t P <S> t q) = P'-a(tp®tq). 

pG®p + q 

The other formula is proved in the same way. 

(A.13.2.5) If t p (resp. t q ) is a tensor of order p (resp. q) then 

«(tp ® tq) = (-1 ) M a(t q ® t p ). 

Let r be the permutation in S p+4 defined by 

t(i) = p + z for 1 ^ i | t (<7 + z) = i for 1 g i g p. 

Then by definition we have e t = (—1) M , and in the particular case where 
t p = x i ®x 2 ®---®x p , t q — x p + t ®x p+2 ®---®x p + q , with Xj-eE 
(1 £j^p + q), 

«(tp®t,)= Z e <rt^t(n® ' ‘ ‘ ® •*„<,) ® *„(<,+n ® •••®^« ( p+,) 

a e <S P + 4 

= (-0” Z £ .-*<r< P +l>® •••®*a(p + 4 )®^(l)®'"®**(p)- 

<re0 p + , 
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On the other hand, if we put y ( = x t(i) , then the permutation a' such that 
y„ V) - x„ t(j) is equal to so that e a . = s a . Consequently 

Z e <r X *(p+ 1) ® • • • ® x a(p+q) ® *<r(l) ® ® *<,(,) 

<re<3p + q 

ff'eS p + , 

= a(t q ®t p ). 

The general case now follows by linearity. 

(A.13.2.6) To prove (A.13.2.2) and (A.13.2.3) it is now enough to observe 
that 


z p ~ ~j a ( z p)> z , = ^j«( z «)» z r = ^a(z r ). 

The relation (A.13.2.2) is then an immediate consequence of (A.13.2.5). As to 
(A.13.2.3), we have 


Z p A(z.AZ r ) 


1 


p!(q+r)! v p ^ v * 

1 


a(z p ®(z q Az r )) 

a(z p (g) a(z q ® z r )) 


p\(q + r)\q\r\ 

= ^i7\ a(z '’® z ‘‘® Zr) 

by the second formula of (A.13.2.4). Similarly the first formula of (A.13.2.4) 
gives us 


(z p AZ q )AZ r = 


-J—a{z p ®z q ®z r ) 


and (A.13.2.3) is therefore proved. 

This proof shows, by induction, that for any family of h antisymmetric 
tensors z Pk e A / , fc (E) (1 ^k^h), 


(A.13.2.7) z pi a z p2 a ••• a z j 


• a(z Pi ® z p 




1 z 


In particular, for n vectors x s e E (1 <L n), we have 
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(A.13.2.8) x,ax 2 a ••• ax„ = a(jc! ® x 2 ® • • • <g>*,). 

Consequently 

(A.13.2.9) x a(l)^ x a(2)S\ A X a („) = E a X 1 AX 2 A ••• A X„ 

for all permutations a e S„ ; and if x t = Xj for two distinct indices i, j, then 
x x ax 2 a ••• ax„ = 0. 

(A.13.3) By reason of the last formula, the module A„(E) is called the nth 
exterior power of the finitely-generated free A-module E, and is denoted by 

n n 

A E - The basis of A E associated with the basis (e t ) of E consists of the 
elements 

(A.13.3.1) e H = e u a e H a ■■■ a e in , 

where H runs through the set of subsets {/,, i 2 of {1, 2,..., m), and 

h<h< '' ‘ < 4 • 

The fundamental property of this module is the following: 

For each alternating n-linear mapping u (A.6.3) of E" into an arbitrary 

n 

A-module F, there exists a unique A-linear mapping v : /\ E F such that 
(A.13.3.2) v(x y Ax 2 A ••• Ax n ) = u(x^ x 2 , . x n ) 

for all Xj g E. 

For if u(e h , e ix , ..., e in ) = c H e F for i x < i 2 < • • • < /„ in {1, 2,, m}, 
we define v by the conditions i<e H ) = c H ; clearly v has the required properties, 
in view of the hypothesis on w. 

(A.13.4) Consider two finitely generated free A-modules E, F, and let 
u : E -> F be an A-linear mapping. Then the mapping 

(■* 1 » ’>••••» %n) 1 * tl{Xi ) A tl(X 2 ) A *** A u(X„) 

n 

of E" into /\ F is clearly alternating and n-linear. By virtue of (A.13.3), there 

n n 

exists therefore a unique linear mapping v : /\ E -+ /\ F such that 
v(x t A X 2 A * • ’ A X n ) == u(x x ) A u(x 2 ) A mmm A u(x „) 
for all Xj e E (1 Sj S w). The mapping v is called the nth exterior power of u 

n 

and is denoted by /\ u. 
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Let (ej)isj£m be a basis of E, and let (fdisisp be a basis of F. Suppose 

n 

that n :g inf(m, p) (otherwise /\ u = 0) and let X = (a l7 ) be the matrix of u 
(with p rows and m columns) relative to these two bases. We shall calculate 

n n n 

the matrix of J\ u relative to the associated bases (e K ) of f\ E and (/ H ) of /\ F, 
where K (resp. H) runs through the set of all subsets of n elements of 

{1,2 , (resp. {1,2,..., p}), these (resp. sets being arranged 

in an arbitrary order. We have by definition 


«(<?;) = Z *ijfi (1 Sj^m) 

i= 1 

so that, if K = {j\,j 2 with j x <j 2 <■■■ <j n , 

(A “)(%) = (A «yt/i) A (E A ''' A 


= E o 
(* 1 , 


' ' ' «injJh A fh A ••• A /i„> 


the summation being over all sequences (i l9 i 2 ,.. •, i») of n distinct elements 
of the index set {1,2,..., p}. Now group together all the terms in the sum for 
which the set H = {i u i 2 ,..., /„} is the same; among the n \ sequences having 
H as underlying set there will be one for which i t < i 2 < • • • < i n , and the 


others will all be of the form (z ff(1) , i a(2) 
hence, by virtue of (A.13.2.9), we have 


,..., /*(„)), where a runs through ; 


(A u )(%) = E ( a E £ <r , 

where H runs through the set of subsets of n elements of {1, 2, ..., p}. The 
scalar factor multiplying f H is the determinant of the n x n matrix X HK = 


(Phk)i*i,,kzn, where p h 


(A.6.8.1). Hence, with this notation, we may 


(A.13.4.1) (A «)(%) = E det(X HK )/ H 

n 

and therefore the matrix of f\u relative to the bases (e K ) and (f H ) is the 
matrix (det(X HK )) formed by the n x n minors of X . 

m 

In particular, if x t = £ tJ ej are n elements of the A-module E, these 
j=i 

considerations can be applied to the mapping u : A" -+ E which maps the 
elements a u a 2 , ..., a n of the canonical basis of A" respectively to x i9 x 2 ,..., 
x n ; we obtain 
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(A.13.4.2) x t a x 2 a • • • a x„ = £ det(Z H )e H , 

H 

where H runs through the set of all subsets of n elements j\ < j 2 < * * * <j n 
of {1,2, and X H is the nxn matrix (r} hk ), where */** = for 

l <^h,k ^n. 

In particular, if n = m, 


(A.13.4.3) x x ax 2 a A^ m = det(Z)^ a^ 2 a ••• Ae m , 


where X is the square matrix whose jt h column consists of the components 
j (1 ^ i ^ m) of Xj. 

(A.13.5) The definition of the exterior product (A.13.2.1) enables us to define 
a structure of an (associative) A -algebra on the A-module which is the direct 
sum of the exterior powers of E, 


0 12 m 

(A.i 3 . 5 . 1 ) a e = A E ©A E ® A E ©-“© A E 

0 1 

(where conventionally /\E = A and /\ E = E )> the multiplication being 
defined by the formula 


(A.13.5.2) 



= IX z j A z 'k) 

j,k 


J 

for all Zj, z'j in /\ E. (When j = 0, Zj is an element X of A, and the product 

ZjAz' k is taken by definition to be Xz' k in the module A E ) Associativity 
follows directly from (A.13.2.3), and the identity element of A is also the 
identity element of A E - This algebra is called the exterior algebra of E; as 
A-module it admits a basis consisting of the 2 m elements e H , where H runs 
through the set of all 2 m subsets of {1, 2, ..., m} (we define <? 0 to be 1 e A). 
The multiplication table for this basis is given by 


(A.13.5.3) 


A A e K = 0 if H n K # 0, 

, e n Ae K = Pn,K e HuK if H n K = 0, 


with p H k ~ ( — 0\ where v is the number of pairs (/, j) e H x K such that 
i > j. This follows immediately from (A.13.2.9), by considering the permuta¬ 
tion which is the product of the transpositions z u (where x u (i) — j, r 0 ()) = i, 
and r ij(h) = h for h ^ /, j in H u K) for i e H, j 6 K, and i >j. 
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It follows immediately from above that if E is the direct sum of two 

n n 

submodules M, N, then f\ M and /\ N may be identified canonically with 

n 

submodules of /\ E. 

(A.13.6) Let B be a commutative ring which contains A, has the same 
identity element as A, and is a finitely-generated free A-module. Then the 
isomorphism (A/10.6.3) generalizes to an arbitrary finite number of factors, 
and in particular gives rise to a canonical A-module isomorphism 

(A.13.6.1) T"(E (B) )^(T«(E)) (B) . 

It is immediately clear that this isomorphism transforms antisymmetric tensors 
into antisymmetric tensors, and therefore induces a canonical isomorphism 

(A.13.6.2) A( e <b))-(A e )(B) 

which is a B -algebra isomorphism, as is easily verified. 

(A.13.7) If E is a vector space of finite dimension m over a field K, the notion 
of exterior product enables us to express in a simple form the linear indepen¬ 
dence of n vectors x l9 ..., x n in E: a necessary and sufficient condition for this 
is that 

(A.13.7.1) x x ax 2 a **• ajc„#0. 

For it is clear that the exterior product x t a x 2 a * * * a x n will vanish if one 
of the Xj is a linear combination of the others. Conversely, if the Xj are 
linearly independent, then there exists a basis of E in which x u ..., x n are the 
first n vectors (A.4.8); hence x x ax 2 a • • • Ax n is an element of the basis of 

n 

f\ E associated with this basis of E, and therefore is ^0. 

p 

The elements of f\ E are often called p-vectors (even when E is a module 
over a ring A). 


14. DUALITY IN THE EXTERIOR ALGEBRA 

(A.14.1) Let E be a free A-module with a finite basis (e^i ^ w . It follows 
from the definitions (A.13.1) that the A-module T"(E) of /z-fold contravariant 

n 

tensors over E splits up into the direct sum of the submodule /\ E = A /J (E) 



14 DUALITY IN THE EXTERIOR ALGEBRA 365 

and the submodule spanned by the basis elements e ix ® e h ® • * • (g) e in for 
which the sequence (i l9 i 2 , ..., i n ) either has two terms equal, or all terms 
distinct but not in increasing order. Hence (A.9.5) every linear form on the 

n 

A-module A„(E) = /\ (E) is the restriction to this submodule of a linear form 
zi-><z, t*} on T"(E), where t* e T"(E*) (A.11.1.4). Now, by virtue of 
(A.12.3.1), we have <z, t *> = e a O • z, **> = <z, a” 1 * t*} for all z e A„(E) 

and cr e 6 n ; summing over all permutations <r, we obtain 

(A.14.1.1) <z, t*y = ^ <z, a(t*)}. 

In other words, if for each z* e A„(E*) we denote by <5(z*) the restriction 
of the linear form zh> (l/n !)<z, z*> to A„(E), then <5 is a surjective linear map¬ 
ping of A W (E*) onto the dual (A„(E))* of A„(E); but <5 is also injective , because 
if z* e A„(E*) is such that <a(0, z*) = 0 for all t e T"(E), the same argument 
together with the fact that a(z*) =n\z* gives <7, z*> = 0 for all t e T n (E), 
that is to say, z* = 0. 

n 

The mapping <5 therefore identifies the exterior power f\ (E*) with the 

dual ( f\ e)*. If Xj(\ Sj S «) are elements of E and x* (1 g n ) elements 

of E*, then by virtue of (A.14.1.1) we have 

A X 2 A * * * A X n , X* A X* A * * * A X*> 

= 0(x x ® X 2 ® ® X„), X* ® X 2 ® * * * ® X*> 

= Yj ^^(1)’ ■ X T^ >< C- X: <t( 2) > *2/* " * ( X <r(n)> X n) > 
er € <3„ 


that is to say (A.6.8.1), 

(A.14.1.2) <x t a x 2 a * * • a x n , x* a x 2 a • • • a x*> = det«x f , x*». 


If (e *) is the basis of E* dual to (e { ), and if (e H ) and (eft) are the bases of /\ E 

n 

and /\ E* associated with (e t ) and (ef), respectively, then it follows that 
(A.14.1.3) Oh , <?£> = <5 hic (Kronecker delta) 


for any two subsets H, K of n elements of {1, 2, ..., m). In other words, (ej[) 

n n 

is the basis dual to (^ H ) when f\ E* is identified with the dual of /\ E. 
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The elements of /\ E* may be canonically identified with the alternating 
n-linear forms on E* (A.13.3); these are also called exterior forms of degree n 
on E, or n-forms (or n-covectors when E is a vector space). 

(A.14.2) Suppose that E is the direct sum M © N of two finitely generated 

n it 

free modules M, N. We have seen (A.13.5) that /\M and /\N may be 

n n 

identified with submodules of /\ E. For each z* e /\ E*, considered as a 

n n 

linear form on /\ E, we may therefore speak of the restriction of z* to f\ M 
(or, as is also said, the restriction of z * to M, considered as an alternating 
n-linear form on M). 

p a 

Let p, q be two integers >0, let u e /\ M, v e /\ N, and let u* be an ele- 

p a 

ment of /\ E* and v* = x* ax* a * * • ax* an element of /\ E* such that the 
linear forms x* (1 Sj S q) are zero on M. Then we have 

(A.14.2.1) <uav , u* Av*y = <w, w*X^, v*y . 

It is enough to verify this relation when u = a l Aa 2 A * • • a a p and v = 
b 2 Ab 2 A * • * a b q and u* = c* a c* a • • • a c* , where the a t belong to M, the 
bj to N and the cf are arbitrary elements of E*. The formula then follows 
from (A.14.1.2) and the rule for calculating the determinant of a matrix by 
blocks (A.7.4.1), since <<z f , x*} = 0 for 1 ^ i S P and 1 ^ k q. 


15. INTERIOR PRODUCTS 

(A.15.1) We retain the hypotheses and notation of Section 14. Let p, q be 
two integers ^0 and let z q e T*(E) be a contravariant tensor; then the map¬ 
ping v p \-*v p (g) z q ofT p (E) into T P+<Z (E) is linear , and its transpose (A.9.3) may 
therefore be identified with a linear mapping of T P+ *(E*) into T P (E*), which 
is denoted by 

Mp + q^ * Zq —I U p + q 

and is called the interior product of z q and u p+q . From this definition we have 

(A.1 5.1.1) » Zq —J Up + qy = (P p ® Z q , ^p^f^ 

for all v p e T P (E) and u p+q g T p+q (E*). Since, by virtue of (A.11.1.4), 

<c fl ® ® e ip9 (e Jt ® • • * ® e Jq ) J « ® * * * ® < +g )> 

= ^ii » * * * (pi p > ^kp+^y ’ * ‘ + 
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it follows immediately that 

(A.15.1.2) (e,, ® • • • ® e Jq ) J (e* ® • • ■ ® < J = 0 

unless j h = k p+h for 1 <i h ^ q\ and that 

(A.15.1.3) (e Jt ® • • • ® e jq ) J « ® • • • ® < + ,) = e t * ® • • • ® e* 
if/* = fcp+kfor 1 

(A.15.2) It follows directly from the definition (A.15.1) and the associativity 
of the tensor product (A.11.1.2) that, for any three integers p, q, 0, 

(A.15.2.1) z' J (z r * J u; +q+r ) = (z;® <) J u* +?+r . 

In particular, the interior product J «* +1 by an element xe E is 

sometimes denoted by i(x). The interior product by a tensor 

Xi ® x 2 ® • - ®x p e T P (E) 

may therefore be written as i(x t ) ° i(x 2 ) ° • • • ° i(x p ). 

p p + q 

(A.15.3) Now consider the linear mapping v„i->-v p a z, of /\ E into /\ E, 

q 

where z^ is an element of /\E; its transpose, which is a linear mapping of 
/\ E* into /\ E*, is denoted by 

and is called the interior product of z q and u* +q . However, it should be re¬ 
marked that this interior product is not the same as the restriction to anti¬ 
symmetric tensors of the interior product defined in (A.15.1) (this double use 
of the same notation does not in practice cause any confusion). Hence we have 
now 

(A.1 5.3.1) <t> p , Zq J U* + ,> = <l> p A Zq, U* + q > 

p p + q 

for all v p e /\ E and u* +q e f\ E*. With the notation of (A.13.5), we have 
<<? H , e K J eZ > = <<? H a e K , ef) 
and therefore, by virtue of (A.13.5.3), 


e K-l e L=° if K£L, 

e K -1 e * — Pl-k.k^l-k if KcL- 


(A.15.3.2) 
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(A.15.4) From the associativity of the exterior product (A.13.2.3) we deduce 
immediately 

(A.15.4.1) z' _l {z" t J u* +q+r ) = (z' q Az" r ) J u* +q+r . 

The interior product k* + 1 h*x J «* +1 by an element xeE is denoted by 
i(x), so that the interior product by x 1 ax 2 a ••• a x p may be written as 
/(xj o i(x 2 ) o • • • o i(Xp). In particular, 

(A.15.4.2) i(x) o i(x) = 0. 

Explicitly, i(x) is given by the formula 

(A.15.4.3) 

p +1 XS 

i(jc)(xf AX% A ••• A X* +1 ) = ^(-l) i+1 <x,xf>x? A ••• A xf A ••• A X* +1 

i= 1 

with the usual convention that the symbol below the circumflex is to be 
omitted. By linearity, it is enough to consider the case where x = e s and 
x* = ef k , where i x < i 2 < * * * < i p +i, and then the above formula follows from 
(A.15.3.2). 

16. NONDEGENERATE ALTERNATING BILINEAR FORMS. SYMPLECTIC 
GROUPS 

(A.16.1) Let E be a vector space of dimension m over a (commutative) field K, 

and let B be an alternating bilinear form on E x E, so that B may be identified 
2 

with an element of f\ E*. We shall show, by induction on m, that there exists 
a basis (e,-)i of E and an integer r ^ 0 such that, if (ef) is the dual basis 
of E*, then we have 

(A.16.1.1) B = e* Aet a e* + ••• + ^ r _ 1 Ae*.. 

We may assume that B ^ 0, or there is nothing to prove. Then there 
exists a bivector e x a e 2 such that B(^, e 2 ) # 0. The vectors e l9 e 2 are therefore 
linearly independent, and by multiplying one of them by a nonzero scalar we 
may assume that B(<? ls e 2 ) = 1. Let F be the subspace of E consisting of the 
vectors x such that B(e 1? x) = B(e 2 , x) = 0. Then F is of codimension ^2 in 
E (A.9.6); and if P is the plane spanned by e x and e 2 , then P n F = {0} (for 
if B(e u oce 1 + fie 2 ) = B(<? 2 , oce x 4- Pe 2 ) = 0 we obtain jS = 0 and —a = 0). 
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Hence the subspaces F and P are supplementary. If is the restriction of B 
to F x F, then by the inductive hypothesis there exists a basis (<?y) 3 of F 
such that 


Bi = 4a 4 + - + 4- iA 4 

In view of the definition of F, we conclude that 


(A.16.1.2) 


B( e 2j-i, <?2j) = -B0 2i , e 2J _ 1 ) = 1 
B(e*,e t ) = 0 


for 1 

for all other pairs (A, k ), 


which is equivalent to (A.16.1.1). 

The number r is independent of the basis (e { ) satisfying (A.16.1.1), for it 
follows from this relation that if B AS denotes the product of s bivectors equal 
to B in f\ E*, then B A(r+1) = 0, because this product is a sum of products of 
2r + 2 factors taken from the set {< e ?,..., e 2r }, and each such product must 
contain a repeated factor and therefore vanishes. On the other hand, since 
the bivectors e*i-i a e 2l and e *j-i Ae *j commute, we have 

(A.16.1.3) B Ar = r! e* a e 2 a e* a e* a • • • a e* r ~i a e 2r ¥= 0. 

The integer 2 r is called the rank of B, and if 2 r = m, then B is said to be 
nondegenerate. Equivalently, B is nondegenerate if and only if there exists no 
vector x ¥= 0 in E such that B(x, y) = 0 for all ye E. 

When m = 2r and B is nondegenerate, a basis (e^ of E for which 
(A.16.1.1) holds is called a symplectic basis of E (relative to B). 

(A.16.2) For each xeE, i(x){ B) = 4>(x) is a vector belonging to the dual 
space E*.IfB is given by (A.16.1.1), it is immediately seenthat<J>(6 2j -) = 
and ®(e 2J -. 1 ) = e 2j for 1 ^ r, and that <S>(e k ) = 0 for k > 2r (A.15.4.3), 

so that <D is a linear mapping of rank 2r (A.4.16) of E into E*. Consequently 
O is bijective if and only if B is nondegenerate. 

(A.16.3) Suppose for the rest of this section that B is nondegenerate (so that 
m = dim(E) is even). Two vectors x, y e E are said to be orthogonal (relative 
to B) if B(x, y) = 0; by (A.15.3.1), this is equivalent to <y, <D(x)> = 0. If V is 
any vector subspace of E, the set of vectors ye E orthogonal to all x e E is a 
vector subspace V 1 of E, which is equal to ^“ ^V 0 ) in the notation of (A.9.6), 
and is called the orthogonal supplement of V (relative to B). Since <E> is bi¬ 
jective, it follows from (A.9.6) that: 


(A.16.3.1) 


codim V 1 = dim V, 
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(A.16.3.2) 

(V 1 ) 1 

= V, 

(A.16.3.3) 

(Vj+V^V^ nVi, 

(V, n V 2 )^ = Vf + Vi 


A subspace V of E is said to be isotropic if V n V 1 ^ {0}, and totally 
isotropic if V c V 1 . Every one-dimensional subspace of E is totally isotropic. 
If V is isotropic, then V n V 1 is totally isotropic by virtue of (A.16.3.2) and 
(A.16.3.3). It follows from (A.16.3.1) that if V is totally isotropic, then 
dim V g \rn, and this upper bound is attained by the subspace generated 
by the vectors e u ..., e r (where 2 r = m) of a symplectic basis of E. 

(A.16.4) The bijective linear mappings u : E -► E such that B(w(x), w(y)) = 

2 

B(x, y) for all x, ye E (or, equivalently, such that /\ (*w)( B) = B) are called 
symplectic automorphisms of E (relative to B) and form a group called the 

symplectic group of E (relative to B), which is denoted by Sp(E, B). The 
2 

relation J\ 0«)(B) = B implies immediately (A.13.3.2) that 

A C w )(B Ar ) = B Ar , 

where r = \m\ hence, from (A.16.1.3) and (A.13.4.3), we have det(w) = 1 for 
all u e Sp(E, B). In other words, Sp(E, B) is a subgroup of the special linear 
group SL(E) c GL(E) (the group of automorphisms of the vector space E 
which have determinant equal to 1). 

Relative to a symplectic basis of E, the matrices of symplectic automorph¬ 
isms are the matrices U which satisfy the relation 

(A.16.4.1) t UJU = J, 

where J is the square matrix of order 2r = m\ 


/ 

0 

1 

0 

0 •• 

0 

0 \ 



-1 

0 

0 

0 •• 

0 

0 



0 

0 

0 

1 •• 

0 

0 

/ = 


0 

0 

-1 

0 •• 

0 

0 



0 

0 

0 

0 •• 

0 

1 



0 

0 

0 

0 •• 

-1 

0 / 


All the symplectic groups Sp(E, B) relative to different nondegenerate alter¬ 
nating forms B on E x E are therefore isomorphic . The group of matrices U 
satisfying (A.16.4.1) is denoted by Sp(m, K) (it is therefore defined only for 
even m). 
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17. THE SYMMETRIC ALGEBRA 

The developments of (A.13) can be repeated by replacing antisymmetric 
tensors throughout by symmetric tensors, and the antisymmetrization operator 
a by the symmetrization operator s. The A-module S„(E) of symmetric tensors 
of order n has a basis obtained as follows: For each integer p S; 1, let ef p 
denote the tensor product ® • • • <g) e t with p factors, and for each multi¬ 
index a = (<*!,..., a m ) e N m , put 

e* = s(ef°“ ® ef n ® ® e®*"). 

Then the e* such that \a\ —n form a basis of S„(E). 

Next we define the symmetric product z p z q of an element z p e S p (E) and 
an element z q e S 4 (E) by the formula 

(A.17.1) z p z 4 = -L; s(z p ® Zq ), 

and just as in (A.13) one proves that 

(A.17.2) z p z q = z q z p (commutativity), 

(A.17.3) (z p z q )z r = z p (z q z r ) (associativity). 

In particular, for n elements x u ..., x n of E we have 

(A.17.4) x x x 2 * * * x n = $(*! ® x 2 (g) • • • ® x n ). 

For this reason the module S„(E) is called the /zth symmetric power of E. 

The (infinite) direct sum of the symmetric powers of E: 

(A.17.5) S(E) = S 0 (E) © S a (E) ® • • • © S W (E) © • • •, 

where S 0 (E) = A and S^E) = E, becomes a commutative and associative 
A-algebra with the multiplication defined by 

(A- 1 7.6) z n) =Z(z p <) 

(when p = 0, so that z p = X e A, the product z p z q is taken to be the product 
Xz q in the A-module S q (E)). This algebra S(E) is called the symmetric algebra 
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of the A-module E; it has a basis consisting of the e x , where a e N m (and e° is 
taken to be the identity element 1 of A), and the multiplication of basis 
elements is given by 

(A.17.7) e a e p = e x+p . 

This proves that the symmetric algebra S(E) is isomorphic to the polynomial 
algebra in m indeterminates A[X 1? ..., X m ]. 

Finally, as in (A.14), we can put S„(E) and S n (E*) in duality, in such a way 
that 

(A.17.8) 

<re©„ 

but it should be remarked that S(E*) is only a submodule of the dual of S(E). 


18. DERIVATIONS AND ANTIDERIVATIONS OF GRADED ALGEBRAS 

(A.18.1) In this and the following section, the algebras under consideration 
will not be assumed necessarily to be associative. An algebra E over a com¬ 
mutative ring A with identity element is therefore an A-module E together 
with an A-bilinear mapping E x E -*E, denoted by (x, y)^>xy. 

The algebra E is said to be graded if E is the direct sum of a sequence 
(Efi)n^o of submodules, such that 

(A.18.1.1) E m E n cE m+ „ 

for all pairs of integers m, n g: 0. If E admits an identity element e (so that 
ex = xe = x for all x e E), we assume also that e eE 0 . 

The elements of E n are said to be homogeneous of degree n. The zero ele¬ 
ment 0 is therefore homogeneous of all degrees, but a homogeneous element 
belongs to only one E rt , and the integer n is called its degree. 

The exterior algebra (A.13.5) and the symmetric algebra (A.17) of a 
finitely-generated free A-module M are graded algebras, graded, respectively, 

n 

by the submodules f \M and S„(M). 

(A.18.2) Let E be an A-algebra. A mapping d : E -» E is called a derivation 
of E if it is A-linear and satisfies 
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(A.18.2.1) d(xy) = (dx) y + x (dy) 

for all x, y e E. 

For example, if E is associative and a e E, the mapping 

(A.18.2.2) ad (a) : x\-+ax — xa — [a, x] 

is a derivation (called an inner derivation). 

If E is a graded algebra, define a linear mapping d : E E by putting 
d(x p ) = px p for all p ^ 0 and all x p eE p . Then d is a derivation, for if x p e E p 
and x q e E q , we have 

d(x p x q ) = (p + q)x p x q = (dx p ) x q + x p (dx q ). 

If E is associative, then by induction on n we obtain from (A.18.2.1) 

n 

(A.18.2.3) d{XiX 2 • • • x„) = £ •'• *i-i (dxi)x i+1 ■■■x n 

£= 1 

for all x l9 ..., x n e E and any derivation d : E E. 

If E has an identity element e # 0, we have 

(A.18.2.4) </(<?) = 0 

because from e 2 = e we obtain = d(e 2 ) = e • J(e) + d(e) • e = J(e) + d(e). 

(A.18.3) Let d u d 2 be two derivations of an algebra E. Then the linear 
mapping 

(A.18.3.1) [d u d 2 \ : xy-+d 1 (d 2 x) — d 2 (d x x) 

■ is a derivation, since we have 

d x (d 2 (xy)) = d x ((d 2 x)y + * (d 2 y)) 

= (d x (d 2 x))y + (d 2 x) (d t y) + (d x x) (d 2 y) + x (d x (d 2 y)) 

and our assertion follows by interchanging the indices 1 and 2 and subtracting. 

(A.18.4) When E is a graded A-algebra, a derivation d of E is said to be of 
degree r (where r is an integer, positive, negative, or zero) if 

(A.18.4.1) d( E„)cE fl+r 

for all n ^ 0 (with the convention that E m = {0} for m < 0). 
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With the same convention, an antiderivation of E of degree r is defined to 
be an A-linear mapping d : E E which satisfies (A.18.4.1) and the relations 

(A.18.4.2) d(x m x n ) = (dxj x n + (-l) mr x m (dx n ) 

for all m, n ^ 0 and x m eE m , x„eE n . An antiderivation of even degree r is 
therefore a derivation of degree r. 

(A.18.5) Let M be a finitely generated free A-module and let E = f\ (M*) 
be the exterior algebra of the dual module M*. For each element xeM, the 

n 

mapping i(pc) is defined on /\ M* for all integers n ^ 1 (A.15.4), and we extend 

it to the whole of E by linearity and by taking it to be the zero mapping on 
o 

A = f\ M*. This mapping is an antiderivation of E of degree - 1. To prove 
this assertion we must show that 

(A.18.5.1) i(x)(u* a <) = (i(x)(uj)) a ii* + (-1 yu* a (i(x)(«J)) 

p q 

for all u*e/\ M* and u* e /\ M*. By linearity, we may assume that u* = 
x* a x* a ax* and u* =x* +1 a Ax*+ q , where the x* are arbitrary 
elements of M*, and then the result follows immediately from (A.15.4.3). 

(A.18.6) If the graded algebra E has an identity element e (necessarily of 
degree 0), then we have d(e) = 0 for every antiderivation d of E, for the same 
reason as in (A.18.2.4). 

Suppose that E is associative and let Xj e E mj for 1 then if d is 

any antiderivation of E of degree r, we have 

(A.18.6.1) 

dixtXj • • • x n ) = X (— + " • • ■ x i _,(dx i )x i+ , 

£= 1 


by induction on n. 

From this formula and from (A.18.2.3) it follows that if two derivations 
(resp. antiderivations) of E of the same degree coincide on a set of homogene¬ 
ous generators of E, then they are identical. 

(A.18.7) (i) If d is an antiderivation of odd degree r, its square do d is a 
derivation of degree 2r. 

(ii) If d t (resp. d 2 ) is an antiderivation of degree r (resp. s), then the linear 
mapping 



(A.18.7.1) x^dfd 2 x) - (-1 ) rs d 2 (d lX ) 

is an antiderivation of degree r + s. 
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Let x be a homogeneous element of E of degree n. Then, for all ye E, we 
have 

d l {d 2 {xy)) = (d l (d 2 x))y + (- l) r(l+n V 2 *My) 

+ (-1 y(d l x)(d 2 y)+(-iy r+ ^ x (di(d 2 y ))• 

If d t = d 2 = d and r = s is odd, this shows that d ° d is a derivation. Next, 
if we interchange d t and d 2 in this equation, we obtain 

dfdiixy)) - (- W^dMixy)) 

= {dfd 2 x))y - {-\T{d 2 (d x x))y 

+ (-1 y+^xid^dz y)) - (-1 r + ^ X (d 2 (d iy )), 

which proves (ii). 


19. LIE ALGEBRAS 

A Lie algebra over a commutative ring A (with identity element) is an 
A-module g endowed with an A-bilinear mapping of g x g into g, usually 
denoted by (x, y], which satisfies the identities 

(A.19.1) [x, x] = 0, 

(A.19.2) [x, [y, z]] + [y, [z, x]] + [z, [x, j^]] = 0 

for all x, y, zeg. The identity (A.19.2) is called the Jacobi identity. From 
(A.19.1) we deduce immediately that 

(A.19.3) [x,y)= -[y,xl 

If E is an associative A-algebra, then the A-module E endowed with the 
A-bilinear mapping (x, y)h->xy — yx is a Lie algebra. 

A subalgebra I) of a Lie algebra g (i.e., a submodule f) of g such that 
[x, y]e\) for all xje I)) is clearly a Lie algebra. If E is an arbitrary A- 
algebra, the subalgebra of the algebra End A (E) of A-module endomorph isms 
of E, formed by the derivations of E, is a Lie algebra with respect to the 
bracket (A.18.3.1). 
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A submodule a of a Lie algebra g is an ideal of g if the relations x e g and 
yea imply [x, y]e a (or equivalently [y, x] e a). If x, y are two elements of 
the quotient A-module g/a (i.e., cosets of a in g), then the values of [x, y] for 
all x e x and y e y belong to the same coset of a in g, because if x' — x e a 
and y' — yea, we have [x', /] - [x, y] = [x', y' — y] + [x r — x, y]. This co¬ 
set is denoted by [x, y], and it is immediately verified that the mapping 
(x, y)h-> [x, y] defines a Lie algebra structure on g/a. The A-module g/a, 
endowed with this structure, is called the quotient Lie algebra (of g by a). 

If g, g' are two Lie algebras, a homomorphism f of g into g' is an A-linear 
mapping such that f([x, y]) = lf(x),f(y)] for all x, y e g. The kernel of / is 
an ideal a of g and the image of / a Lie subalgebra of g', canonically iso¬ 
morphic to g/a. 

If 9i> 92 are two Lie algebras over A, the product A-module g x x g 2 is a 
Lie algebra with respect to the law of composition 

((* 1 , x 2 X (yu y2))*-*([xi, yj, [* 2 , y 2 ]X 

The verification of the axioms (A.19.1) and (A.19.2) is immediate. This Lie 
algebra is called the product of q x and g 2 . The mapping x i h-^(x 1 , 0) (resp. 
* 2 *-*(0 9 x 2 )) is an Isomorphism of g x (resp. g 2 ) onto an ideal of gj x g 2 ; 
usually we shall identify g x and g 2 with these ideals of g x g 2 . The quotient 
algebra (g x x g 2 )/g! (resp. (g x x g 2 )/g 2 ) is then identified with g 2 (resp. g^. 
If/is a homomorphism of g x into g 2 , its graph in q x x g 2 is a Lie subalgebra 
of Qi x g 2 , and the mapping ^i—►(x 1 ,/(x 1 )) is an isomorphism of g x onto 
this subalgebra. 

(A.19.4) Let Qbe a Lie algebra. For each xeg, the linear mapping y [x, y] 
is a derivation of g, denoted by ad g (x) or ad(x). The mapping xv-+ ad(x) is a 
homomorphism of g into the Lie algebra Der(g) of derivations of g. For each 
derivation D e Der(g) we have [D, ad(x)] = ad(Dx). 

In view of (A.19.3), the Jacobi identity may be written in the form 
ad(x) * [y, z] = [ad(x) • y, z] +■ [y, ad(x) • z], 
which proves the first assertion. It can also be written in the form 
a <K[*, y]) * z = ad(x) • (ad(y) • z) - ad(y) • (ad(x) • z), 
which proves the second. Finally, we have from the definitions 
[D, ad(x)] • y = D([x, y]) - [x, Dy] 

= [Dx, y] = ad(Dx) • y, 


which proves the last assertion. 
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A derivation of g of the form ad(x) is called an inner derivation. A sub- 
module a of g is an ideal if and only if it is stable under all inner derivations. 

If a and b are ideals in a Lie algebra g, then a + b and a n b are ideals in 
g. If I) is a Lie subalgebra of g and a is an ideal of g, then 1) + a is a Lie sub¬ 
algebra of g, and (I) + a)/a is the image of I) under the canonical homo¬ 
morphism of g onto g/a, which is canonically isomorphic to I)/(I) n a). 

If a, b are two submodules of a Lie algebra, we denote by [a, b] (by abuse 
of notation) the submodule of g generated by all [x, y] with xea and y e b. 
Clearly [a, b] = [b, a]. If a, b are ideals in g, so is [a, b]; this follows immediately 
from the Jacobi identity. 

A Lie algebra g is said to be commutative if [x, y] = 0 for all x, y e g. In 
that case every submodule of g is an ideal, and every quotient algebra of g 
is commutative. 

The ideal [g, g] is the smallest ideal a such that g/a is commutative. It is 
called the derived ideal of g and is denoted by Sg. The derived series of g is 
the decreasing sequence of ideals defined by induction in the following way: 

0°9 = 9* ® pJrl g=[$ p g, ® p g]. 

A Lie algebra g is called solvable if there is an integer p*z 0 such that 

2> p Q = { 0 }. 
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Analytic manifold defined by a holomorphic 
function : 16.8, prob. 12 
Analytic mapping: 16.3 
Analytically compatible charts : 16.1 
Antiderivation of degree r : A. 18.4 
Antisymmetric tensor : A. 12.1 
Antisymmetrization : A. 12.2 
Apsidal transformation : 16.20, prob. 4 
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Arcwise-connected component: 16.27, 
prob. 1 

Area of a face of a polyhedron : 16.24, 
prob. 3 

Area of the frontier of a convex body : 16.24, 
prob. 4 
Atlas: 16.1 

Automorphism of a Lie group : 16.9 
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Base of a fibration : 16.12 
Basis of a module : A.8.2 
Basis of a tangent (cotangent) space asso¬ 
ciated with a chart: 16.5 
Bernstein’s theorem : 17.8, prob. 3 
Bessel function : 17.11, prob. 2 
Bidual of a module : A.9.1 
Bieberbach’s theorem on injective functions: 
16.22, prob. 5 


Bilinear morphism of vector bundles : 16.16 
Blowing up a manifold at a point: 16.11, 
prob. 3 

Boundary of a current: 17.15 
Bundle: 16.12 

Bundle associated with a principal bundle: 
16.14 

Bundle of antisymmetric (symmetric) ten¬ 
sors of order m : 16.17 


C 

C°-fibration : 16.25, prob. 8 
C°-vector bundle: 16.25, prob. 8 
Canonical basis of the module of differential 
/7-forms on an open set in R": 16.20 
Canonical bisection of T*(E) onto E (E a 
vector space): 16.5 

Canonical bilinear form on E x E* : A.9.1 
Canonical chart on an open set in R": 16,1 
Canonical Lie group structure on a vector 
space: 16.9 

Canonical manifold structure on a vector 
space: 16.2 

Canonical mapping of a module into its 
bidual: A.9.1 

Canonical morphisms : 16.18 
E'©E'-*E'®E* 

E x ® (E 2 ® E 3 ) (Ei ® E a ) ® E 3 
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Ei ® (E a © E 3 ) -> 

(Ei®E 2 )©(E,®E 3 ) 
Horn (E® F, G)-> 

Hom (E, Horn (F, G)) 
Horn (E' © E", F) -*■ 

Horn (E', F) © Horn (E", F) 
Horn (E, F' © F") -> 

Horn (E, F') © Horn (E, F") 
Horn (E', F') ® Horn (E", F") -* 

Horn (E' ® E", F' ® F") 

E-»E** 

■ Horn (E, F) Horn (F*, E*) 

(E ® F)* -> E* ® F® 

E*® F^Hom (E, F) 

E*®E->BxR 

t?(E)®t;(E)->T|+;(E) 

TS(E) ® T;(E) -> Horn (T«(E), T;(E)) 
(TJ(E))*->TJ(E) 

E®”^ A E 
(A E)®(A E) -A E 
(A E)*-a (E*) 

E®(A E*) V/^E* 

E(o ® EJc -> (E ® E') (C ) 

(Horn (E, EO) t o-*Hom (E <c ,, EJq) 
(E*) (C) ^(E (C ,)* 

m m 

(A E) (C) ->A (E<c>) 

Canonical orientation of a complex mani¬ 
fold : 16.21 

Canonical orientation of R”: 16.21 
Canonical trivialization of T(M) (M open 
inR”): 16.15 

Canonical 2-form on T(M)* : 17.15 
Canonical vector bundle over a Grass- 
mannian: 16.16 

Cauchy principal value of an integral: 17.9, 
prob. 1 

Cauchy’s formula for convex bodies : 16.24, 
prob. 4 

Cauchy’s formula for convex polyhedra: 
16.24, prob. 3 

Chart, chart at a point: 16.1 
Class C r , C 00 (functions): 16.3 
Coarse C r -topology : 17.1, prob. 1 
Compatible atlases, charts: 16.1 
Compatible (group structure and manifold 
structure): 16.9 

Completely monotone function : 17.8, 
prob. 3 


Complex-analytic atlas : 16.1 
Complex-analytic fibration : 16.12 
Complex-analytic Lie group : 16.9 
Complex-analytic manifold : 16.1 
Complex vector bundle : 16.15 
Composition of two jets : 16.9, prob. 1 
Cone of revolution : 16.1, prob. 1 
Conjugate of a complex current: 17.8 
Connected sum of two manifolds : 16.26, 
prob.15 

Connection in a vector bundle : 17.16 
Connection on a differential manifold : 17.18 
Contact of order ^>k (of mappings): 

16.5, prob. 9 

Contact transformation : 16.20 
Contingent: 16.8, prob. 5 
Contractible manifold : 16.27 
Contraction of a tensor : 16.18 and A. 11.3 
Contragredient of an isomorphism : A.9.3 
Convergent integral: 17.5, prob. 4 
Convex body : 16.5, prob. 6 
Convex polyhedron : 16.5, prob. 6 
Convolution of a finite sequence of distri¬ 
butions : 17.11 
Coordinate functions : A.9.2 
Coordinates relative to a chart: 16.1 
Cotangent bundle: 16.20 
Covariant derivative: 17.17 
Covariant differential of a tensorfield : 17.18 
Covariant exterior differential of a differ¬ 
ential /y-form with values in a vector 
bundle: 17.19 
Covector (tangent): 16.5 
Covering homology theorem : 16.28, prob. 
10 

Covering space: 16.12 
Critical point: 16.5 
Critical value of a function : 16.5 
Current: 17.3 

Curvature of a connection, curvature mor¬ 
phism, curvature tensor field, curvature 
tensor : 17.20 
Curve: 16.1 


D 

D’Alembertian : 17.9 

Degree of a homogeneous element of a 
graded algebra : A. 18.1 
Derivation in an algebra : A. 18.2 
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Derivation of degree r in a graded algebra : 
A.18.4 

Derivative of a distribution : 17.5 
Derivative of a function in the direction of a 
tangent vector: 17.14 

Derived ideal of a Lie algebra, derived 
series: A. 19 

Diffeomorphic manifolds : 16.2 
Diffeomorphism: 16.2 
Difference of two linear connections : 17.16 
Differentiable action (of a Lie group on a 
manifold): 16.10 
Differentiable mapping: 16.3 
Differential fibration: 16.12 
Differential manifold: 16.1 
Differential manifold underlying an analytic 
manifold : 16.1 

Differential of a function : 16.20 
Differential of a function at a point: 16.5 
Differential operator: 17.13 
Differential /7-form: 16.20 
Differential /7-form with values in a vector 
bundle: 17.19 
Dilatation : 16.20, prob. 4 
Dimension of a chart: 16.1 
Dimension of a convex body : 16.5, prob. 6 
Dimension of a manifold at a point: 16.1 
Dimension of a pure manifold : 16.1 
Dirac /7-current: 17.3 
Direct sequence of vector fields : 16.21 
Direct sum of vector bundles : 16.16 
Distribution: 17.3 

Divisor, divisor of a function: 16.14, prob. 3 
Domain of definition of a chart: 16.1 
Dual basis : A.9.2 
Dual of a module : A.9.1 

E 

Embedding of a manifold : 16.8 
Equivariant actions: 16.10 
£tale mapping: 16.5 
Euclidean sphere: 16.2 
Exact homotopy sequence : 16.30, prob. 5 
Exact homotopy sequence of fiber bundles : 
16.30, prob. 6 

Exact sequence of vector bundles : 16.17 
Extensions of sections : 16.25, prob. 9 
Exterior algebra : A. 13.5 
Exterior differential of a differential /7-form : 

17.15 


Exterior powers of a finitely-generated free 
module: A. 13.3 

Exterior powers of a linear mapping: A. 13.3 
Exterior powers of a vector bundle: 16.16 
Exterior product of antisymmetric tensors, 
/7-vectors: A. 13.2 


F 

Face of a convex polyhedron : 16.5, prob. 6 

Fiber, fiber at a point: 16.12 

Fiber bundle: 16.12 

Fiber product: 16.12 

Fiber-type: 16.12 

Fibered chart: 16.15 

Fibered chart of T(M)* associated with a 
chart of M : 16.20 
Fibered manifold: 16.12 
Fibration: 16.12 

Fibration underlying an analytic fibration : 
16.12 

Field of point-distributions : 17.13 
Fine C r -topology : 17.1, prob. 2 
Finite part of an integral: 17.9 
Frame, frame at a point, framing: 16.15 
Frame dual to a frame of E : 16.16 
Frame of T(M) associated with a chart: 

16.15 

Frame of T(M)* associated with a chart: 
16.20 

Frame of Tg(E) induced by a frame of E : 

16.16 

Free family of elements of a module : A.8.2. 
Frohlicher-Nijenhuis theorem : 17.19, prob. 
3 

Function of class C r , C 00 : 16.3 
Function of support: 16.5, prob. 7 
Fundamental divisor on Pi(C): 16.14, prob. 
3 

Fundamental group of a connected mani¬ 
fold : 16.27 

Fundamental groups of a manifold at a 
point: 16.27 

Fundamental 1-form on T(M)* : 16.20 
G 

Galois covering: 16.28, prob. 2 
Gaussian mapping: 16.19, prob. 8 
Global section: 16.12 
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Graded algebra : A. 18.1 
Grassmannian (real, complex, quaternio- 
nic): 16.11 

H 

Heaviside function: 17.5 
Hessian matrix : 16.5 
.Hessian of a function at a point: 16.5 
Holomorphic mapping: 16.3 
Holomorphic vector bundle : 16.15 
Homogeneous contact transformation : 

16.20 

Homogeneous element: A. 18.1 
Homomorphism of Lie algebras : A. 19 
Homomorphism of Lie groups : 16.9 
Homotopic mappings: 16.26 
Homotopy, O’-homotopy: 16.26 
Homotopy equivalence: 16.26, prob. 2 
Homotopy groups : 16.30, prob. 3 
Homotopy type : 16.26, prob. 2 
Hopf fibration: 16.14 
Horizontal lifting of a vector field: 17.16 
Hypergeometric function : 17.11, prob. 2 
Hypersurface: 16.8 

I 

Ideal of a Lie algebra : A. 19 
Image of a current: 17.3 and 17.7 
Imaginary part of a current: 17.6 
Immersion: 16.7 
Implicit function theorem : 16.6 
Induced covariant tensor field on a sub¬ 
manifold : 16.20 

Induced current on an open set: 17.4 
Induced differential form on a submanifold : 

16.20 

Induced fibration on a submanifold : 16.12 
Induced orientation on an open set: 16.21 
Induced principal bundle on a submanifold : 
16.14 

Induced structure of differential manifold on 
an open set: 16.2 

Induced vector bundle on a submanifold : 
16.19 

Inner derivation in a Lie algebra : A. 19.4 
Inner derivation in an associative algebra: 
A.18.2 

Integral of a differential form along the 
fibers : 16.24, prob. 11 


Integral of an w-form : 16.24 
Interior product of a ^-vector and a (p + q)- 
form : A. 15.3 

Invariant distribution : 17.8, prob. 4 
Inverse image of a covariant tensor field: 

16.20 

Inverse image of a current under a local diff- 
eomorphism : 17.4 

Inverse image of a differential form : 16.20 
Inverse image of a differential form with 
values in a vector bundle : 17.19 
Inverse image of a distribution : 17.5, probs. 
8 and 9 

Inverse image of a fibration : 16.12 
Inverse image of a section : 16.12 
Inverse image of a vector bundle : 16.19 
Invertible jet: 16.9, prob. 1 
Isomorphism of differential manifolds : 
16.2 

Isomorphism of fibrations, B-isomorphism 
of fibrations: 16.12 
Isomorphism of Lie groups : 16.9 
Isomorphism of principal bundles, B- 
isomorphism of principal bundles: 
16.14 

Isomorphism of vector bundles, B-isomor- 
phism of vector bundles : 16.15 
Isotopy: 16.26 
Isotropic subspace : A. 16.3 

i 

Jacobi identity : A. 19 
Jacobi polynomial: 17.11, prob. 2 
James embedding: 16.25, prob. 16 
Jet of order k from X to Y : 16.5, prob. 9 
Jet of order A; of a mapping at a point: 

16.5, prob. 9 

K 

Klein bottle: 16.14 

Kneser-Glaeser theorem : 16.23, prob. 1 
Kronecker tensor field : 16.17 

L 

Lagrange’s method of undetermined multi¬ 
pliers : 16.20, prob. 5 
Laplacian : 17.9 
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Lebesgue measure: 16.22 
Legendre transformation : 16.20 
Lie algebra : A. 19 

Lie bracket of two vector fields : 17.14 
Lie group, Lie group homomorphism : 16.9 
Lie subgroup: 16.9 
Lie’s transformation : 16.20, prob. 4 
Lifting of a mapping to a fiber bundle : 16.12 
Lifting of a path-homotopy : 16.28 
Linear connection : 17.16 
Linear differential operator : 17.13 
Linear representation of a Lie group : 16.9 
Local coordinates at a point: 16.1 
Local diffeomorphism: 16.5 
Local expression of a B-morphism of fiber 
bundles: 16.13 

Local expression of a Hessian Hess x (/): 

16.5 

Local expression of a mapping: 16.3 
Local expression of a morphism of vector 
bundles: 16.15 

Local expression of a /?-form : 16.5 
Local expression of a section of a vector 
bundle: 16.15 

Local expression of a tangent linear map¬ 
ping T x (f) : 16.5 

Local expression of a tangent vector h x : 16.5 
Local expression of a vector field: 16.15 
Local homomorphism : 16.9 
Local triviality : 16.12 
Locally arcwise-connected : 16.27, prob. 1 
Locally integrable /z-form : 16.24 
Locally isomorphic Lie groups : 16.9 
Lorentz group : 16.11 

M 

Manifold : 16.1 

Manifold obtained by patching: 16.2 
Manifold of class C r : 16.1, prob. 2 
Measurable /z-form : 16.24 
Meromorphic function : 16.14, prob. 2 
Mobius strip: 16.14 
Module: A.8.1 

Module obtained by extending the ring of 
scalars: A.10.6 
Monodromy principle: 16.28 
Morphism of differential manifolds : 16.3 
Morphism of fibrations, B-morphism of 
fibrations : 16.12 


Morphism of principal bundles : 16.14 
Morphism of vector bundles, B-morphism 
of vector bundles : 16.15 
Morse index of a function at a point: 16.5, 
prob. 3 

Morton Brown’s theorem : 16.2, prob. 5 
Multiple of a vector bundle : 16.16 
Multiplet layer: 17.10 


N 

Natural continuation of a holomorphic 
function : 16.8, prob. 12 
/z-chain element without boundary: 17.5 
Negative differential form (relative to an 
orientation): 16.21 

Negative sequence of vector fields: 16.21 
Negligible /z-form: 16.24 
Nijenhuis torsion: 17.19, prob. 3 
Nondegenerate alternating bilinear form: 
A.16.1 

Nondegenerate critical point: 16.4 
Nonhomogeneous contact transformation: 
16.20, prob. 3 

Normal bundle of a submanifold : 16.19 
/z-sheeted covering: 16.12 


O 

Open //-chain, open /z-chain element: 17.5 
Operator of local character: 17.13 
Opposite (of a Lie group) : 16.9 
Orbit manifold : 16.10 
Order of a current: 17.3 
Order of a differential operator: 17.13 
Orientable manifold: 16.21 
Orientation of a manifold : 16.21 
Orientation of f~ l (y) induced from those of 
X and Y (/: X -> Y a submersion) : 
16.21 

Orientation of X induced from an orienta¬ 
tion of Y by an etale morphism 
/:X-> Y: 16.21 

Orientation preserving, reversing : 16.21 
Oriented manifold: 16.21 
Orthogonal supplement (of a vector sub¬ 
space relative to an alternating bilinear 
form): A. 16.3 
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Orthogonal vectors (relative to an alterna¬ 
ting bilinear form) : A. 16.3 

P 

Parallelizable manifold : 16.15, prob. 1 

Paratingent: 16.8, prob. 5 

Patching condition for fiber bundles : 16.13 

p-covector: A. 14.2 

Periodic current: 17.9 

p-form : A. 14.2 

Poincare-Volterra theorem : 16.8, prob. 11 
Point-distribution : 17.7 
Poisson bracket of differential 1-forms: 
17.15, prob. 9 

Positive differential form (relative to an 
orientation): 16.21 

Positive sequence of vector fields : 16.21 
Predivisor : 16.14, prob. 3 
Principal bundle: 16.14 
Principal C°-bundle : 16.25, prob. 8 
Principal divisor: 16.14, prob. 3 
Privileged local coordinate system (relative 
to a p-form) : 17.15, prob. 2 
Product manifold: 16.6 
Product of fibrations : 16.12 
Product of Lie algebras : A. 19 
Product of manifolds : 16.6 
Product of orientations : 16.21 
Product of two manifolds over a manifold : 
16.8, prob. 10 

Projective bundle : 16.19, prob. 9 
Projective space (real, complex, quaternio- 
nic): 16.11 

Proper mapping: 17.3 

Pure differential manifold : 16.1 

p-vector: A. 13.6 

Q 

Quotient bundle: 16.17 
Quotient Lie algebra : A. 19 

R 

Rank of a C 1 -mapping at a point: 16.5 
Rank of a vector bundle at a point: 16.15 
Rank of an alternating bilinear form : 
A.16.1 


Real-analytic atlas: 16.1 
Real-analytic fibration : 16.12 
Real-analytic group : 16.9 
Real-analytic manifold : 16.1 
Real-analytic manifold underlying a com¬ 
plex manifold: 16.1 
Real part of a current: 17.6 
Real p-current: 17.6 

Real vector bundle underlying a complex 
vector bundle: 16.15 
Reciprocal polars : 16.20, prob. 4 
Regular value: 16.23 
Regularizing sequence: 17.1 
Relative homotopy groups : 16.30, prob. 4 
Restriction of a chart to an open set: 16.1 
Restriction of a differential operator to an 
open set: 17.13 

Restriction of an atlas to an open set: 16.2 
Retrograde sequence of vector fields : 16.21 
p-extension of a principal bundle: 16.14, 
prob. 17 

Riemann sphere : 16.11 
Riemann surface : 16.1 
Riemann surface defined by a function of 
two variables : 16.8 

Riemann surface defined by a holomorphic 
function : 16.8, prob. 12 
Riemann surface of the logarithmic func¬ 
tion : 16.8 

Rotation group : 16.11 

S 

Sard’s theorem : 16.23 
Saturated atlas: 16.1 

Section of a fibration, fiber bundle : 16.12 
Simple layer: 17.10 
Simply-connected manifold : 16.27 
Singular support of a current: 17.5 
Solid angle: 16.24 
Sonine’s formula : 17.11, prob. 2 
Source of a jet: 16.5, prob. 9 
Space of a fibration : 16.12 
Special linear group : 16.9 
Special orthogonal group : 16.9 
Special unitary group : 16.11 
Sphere oriented toward the outside (inside): 
16.21 

Stationary at a point: 16.5 
Steiner-Minkowski formula: 16.24, prob. 7 
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Stereographic projection: 16.2 
Stiefel manifolds: 16.11 
Stokes’ theorem: 16.24 
Strictly convolvable distributions : 17.11 
Subalgebra of a Lie algebra : A. 19 
Subbundle: 16.17 

Subimmersion, subimmersion at a point: 
16.7 

Submanifold: 16.8 

Submersion, submersion at a point: 16.7 
Summable distribution : 17.11, prob. 1 
Supplement (of a vector subbundle): 16.17 
Support of a current: 17.4 
Surface: 16.1 

Surface measure on S„: 16.24 
Symmetric algebra : A. 17 
Symmetric powers of a finitely-generated 
free module : A. 17 

Symmetric product of symmetric tensors : 
A.17 

Symmetric tensor : A. 12.1 
Symmetrization of a tensor : A. 12.2 
Symplectic automorphism : A. 16.4 
Symplectic basis : A. 16.4 
Symplectic group : A. 16.4 
System of local coordinates : 16.1 


T 


Tangent affine-linear variety : 16.8 
Tangent bundle: 16.15 
Tangent covector : 16.5 
Tangent (functions): 16.5 
Tangent hyperplane: 16.8 
Tangent linear mapping : 16.5 
Tangent plane : 16.8 
Tangent to a curve : 16.8 
Tangent vector at a point of a differential 
manifold: 16.5 
Tangent vector field : 16.15 
Tangent vector space at a point of a differ¬ 
ential manifold: 16.5 
Target of a jet: 16.5, prob. 9 
Tautological vector bundle over a Grass - 
mannian: 16.16 
Tensor: A. 11.1 

Tensor bundle of type ( p,q ) : 16.16 
Tensor (by abuse of language) : 16.20 


Tensor field of typ t(p,q) : 16.18 and 16.20 
Tensor multiplication: 16.18 
Tensor powers of a finitely-generated free 
module: A. 11.1 

Tensor powers of a vector bundle : 16.16 
Tensor product of distributions : 17.10 
Tensor product of elements of free A-mod- 
ules: A. 10.1 

Tensor product of finitely-generated free A- 
modules: A. 10.3 

Tensor product of linear forms : A. 10.1 
Tensor product of linear mappings : A. 10.5 
Tensor product of vector bundles : 16.16 
Thom’s transversality theorem : 16.25, prob. 
17 

Topological manifold: 16,1 
Topological space underlying a manifold : 
16.1 

Torsion, torsion morphism, torsion tensor, 
torsion tensor field : 17.20 
Totally isotropic subspace: A. 16.2 
Trace measure on G x G : 17.5, prob. 10 
Trace of a matrix : A.11.3 
Trace of an endomorphism of a finitely- 
generated free module: A.11.3 
Trace of an endomorphism of a vector 
bundle: 16.18 

Transition diffeomorphism: 16.13 
Transition homeomorphism: 16.1 
Transpose of a homomorphism of finitely- 
generated free modules: A.9.4 
Transpose of a matrix : A.9.4 
Transpose of a morphism of vector bundles: 
16.16 

Transversal at a point, transversal over a 
submanifold (mappings) : 16.8, prob. 9 
Transversal mappings: 16.8, prob. 10 
Transversal submanifolds: 16.8, prob, 9 
Trivial fiber bundle: 16.12 
Trivial principal bundle : 16.14 
Trivial vector bundle: 16.15 
Trivializable, trivializable over an open set 
(bundle or fibration): 16.12 
Trivializable principal bundle: 16.14 
Trivializable vector bundle: 16.15 
Trivialization of a fiber bundle, fibration: 
16.12 

Trivialization of a principal bundle: 16.14 
Trivialization of a vector bundle: 16.15 
Twisted torus: 16.14 
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U 

Unending path: 16.27 
Unimodular group: 16.9 
Unitary group: 16.11 
Universal covering: 16.29 
Universal covering group of a Lie group: 
16.30 

V 

Vector bundle (real, complex): 16.15 
Vector field: 16.15 
Vector part of a section : 16.15 
Vector-valued differential p-form : 16.20 


Vertical tangent vector : 16.12 
Volume, volume form : 16.24 

W 

Weak integral of a variable current: 17.8 
Whitney sum of vector bundles : 16.16 
Whitney’s embedding theorem: 16.25, 
probs. 2 and 13 

Whitney’s extension theorem : 16.4, prob. 6 
Z 

Zero section of a vector bundle : 16.15 
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